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Preface 


The present little volume is not a treatise, but is designed as 
an introductory text book that will serve the purpose of the students 
•appearing at B.Sc., B. Engineering and M.Sc. examinations of all 
Indian and foreign universities. This volume is meant to open doors 
lor the student and to give him understanding and preparation which 
will help him to proceed further to the new frontiers of knowledge 

carrying a fundamental background of the classical Analytical Solid 

eometry. It is the outgrowth of a course taught by me to the under- 
graduate and postgraduate students over the last several years. On the 
basis of my many years of experience as a teacher of this subject, I 
have tried to present it in a manner most useful to the student com- 
mun.ty all over the world. The theory has been developed throuoh 
the powerful tool of vectors. Side by side classical treatment is also 
given. The chapters have been divided into various sections corres- 
ponding to particular principles. At the end of every section, an 
example is added which illustrates the application of the principles 
£iven in the section. At the end of every chapter, a miscellaneous 
revision example is appended, which serves as a complete .review of 
the material of that chapter. Alternative methods have been provided 
at several places. ‘Aid to memory’ is provided at some places for 
assimilation purpose. Most of these problems have been drawn 
from the examination papers of various universities and the standard 

works on the subject. I sincerely acknowledge my indebtedness to 
these sources. 


I take this opportunity to pay my sincere thanks to my fellow- 
friends here and elsewhere who have kept in me the flagrant desire 
of presenting the subject matter in such a novel fashion. I also thank 
the director of Oxford and IBH Calcutta for his zeal and enthusiasm 



in the production of such a matchless book. Lastly, 1 also thank 
the press staff for their efforts in producing this book so nicely. 

Constructive suggestions for the improvement of this book will 
be highly appreciated. 


University of Jodhpur ; 
January, 1969. 


S. M. Mathur 
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1 

The Point in Space. Direction Cosines 


I* I. Origin and Coordinate axes : Def. 

Let X'OX and Z'OZ be two perpendicular straight lines meeting 
in O. Let Y'OY be a line through O perpendicular to the plane XOZ. 
The point O is called the origin, X'OX the axis of x, Y'OY the axis 
of y and Z'OZ the axis of z. 



Note 1. X'OX, Y'OY and Z'OZ arc called the coordinate axes, or simply 
the axes. 

Note 2. If the axes are mutually perpendicular , r hey are called rectangu- 
lar axes, otherwise oblique axes. Unless otherwise is mentioned, we shal itake the 

axes to be rectangular. 

Note. 3 . The positive directions of the axes are X'OX, Y'OY, Z’OZ and 
are indicated by the arrows. 

Note 4. Some writers take the rectangular axes of x, y and z as shown in 
the following diagram. In this book, for classical treatment we shall adhere to the 
old practice and take the axes as shown in Art. TI, and for vector treatment we 
shall take the right-handed system of rectangular axes as shown in the following 

figure. 
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i*2. Coordinate planes : Def. 

The plane YOZ (containing the axes of y and z) is called 
yz-plane. Similarly, the planes ZOX and XOY containing z, x axes 
and y f x axes respectively are called zx-plane and xy-plane. These 
planes together are called the coordinate planes. 


1*3. Coordinates of a point in space : Def. 

Let P be any point in space. Through P draw a plane PQAM 
parallel to the yz-plane cutting OX in A. Also, through P draw 



planes PRBM and PRCQ parallel to zx - and xy-planes respectively 
cutting OY in B and OZ in C. If OA=x, OB=y, OC = z, then the 
three numbers x y y , z taken with proper signs are called the coordinates 
of P, and are written as (x,y, z). 
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Thus, the coordinates of a point in space are the distances of 
the origin from the points of the axes in which the planes through that 
point parallel to the coordinate planes intersect the axes. 

Note 1. Another explanation of coordinates of a point in space. 

(/) /„ ,l, e ctoxe ftgi rc the three coordinate planes amt the three planes through P 
parallel to the coord .rate planes form a rectangular parallelepiped whose ^rect- 
angular faces are in parallel pairs, as (BOCR. MAQP). {OAQC, BMPR) and 
(i OBMA , CRPQ). 

x-coordinate of P—OA = CQ= RP 

= length of the perpendicular from P on yz-plane % 

y-coordinate of P=OB=AM=QP 

= length of the perpendicular from P on zx-plane, 

and z-coordinate of P=OC= AQ=MP 

— length of the perpendicular from P on xy-plane. 

the coordinates of a point P in space are the distances of P 
frem the three coordinate planes >*, z* and xy respectively. 

(ii) The plane PMAQ is parallel to the yz-plane end is therefore perpendi- 
cular to the x-axis. 

Now PA lies in the plane PMAQ. 

PA±OX. 

Similarly, PB±OY and PCJ_OZ. 

x-coordinate of P= OA , y-coordinate of P=OB ami 
z-coordinate of P—OC, where A % B. C are the feet of the perpendi- 
culars from P on the axes of x, y and z respectively. 

the coordinates of a point P in space are the distances from 
origin ofthe feet of the perpendiculars A B and C from P on the axea 

respectively. 

(///) MP=AQ= OC= z-coordinate of P, 

AM=OB= y-coordinate of P, 
and OA=x-coordinate of P. 

If PM be drawn perpendicular to xy-plane meeting it at M and 
through M, MA be drawn parallel YO to meet OX in A, then (OA, AM, 
MP) are called the coordinates of P. 
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Note 2. Position vector of a point whose cartesian coordinates are 

<*» y, z). 

Let P be the point (x, y. z). Let the vector OP be r. 



iDraw PM perpendicular to the xy plane. Draw MN ond ML parallel to 
and YO respectively . Join OM . 


v/t 


Now, r~OP=OM +MP=OL + ON+MP ^ 

Let i, j, k be the unit vectors in the directions OX, OY and OZ respectively . 
-Now, OL=x, LM=ON—y and MP=z. 


OL=x i, ON =y] and MP=zU, 
(/) becomes r=xi,+y}+zk. 


'Thus if the coordinates of a point are (x y, z) 
xl+yj+zk. 


its position vector is 


Note 3 . Origin. The coordinates of the origin are (0, 0, 0). 
Note 4. Convention of signs. 


The x-coordinate , y- coordinate and the z-coordinate are considered positive 
4f they are measured in the direction OX, O Y and OZ respectively. 

Note5. Octants. The three coordinate planes divide the whole of the 
lT e ' n '° Par ' S Thc ° aa '" OXYZ - in wh ‘ cl < "’re, coordi- 

nates \are positive, is called the first octant. 


SECTION I 

DISTANCE BETWEEN TWO POINTS 

*■4. Distance formula. 

To find the distance between two points whose coordi- 
nates are (x 1# y„ z,) and (x 2 , y 2 , z 2 ), the axes being rectangular. 
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Let OP and OQ be the position vectors of the given points P 
and Q whose rectangalar cirtesion coordinates are (x lt y lt z t ) and 
(•* 2 * y 2 > z°) respectively. 

OP=x,i-f-> , 1 j-f Cjk and OQ = x 2 i-f.vd + rjk. 

Now, PQ=OQ-OP=(or 2 -or 1 )i-f-(y 2 ->’ 1 )j + (^-r 1 )k 
p Q= I p Q I = V {x 2 ~x i y i -\-[y 2 -y l y-j-(z 2 -z 1 )\ 

Aliter. Let P (x,, y v r,) and Q (x z , y, t z 2 ) be the given points. 
Let P Q=cJ. Through P and Q draw PM and QN perpendiculars ta 



xy-plane meeting it in M and N respectively. The plane coordinates 
of M and N in the x .y-plane referred to OX and OY as axes are 
l*i. .Vi) and (x 2 , y 2 ). 

.*. by Plane Coordinate Geometry, 

M N 2 = (x 2 - x,) 2 + (y 2 —yj 2 ...(1) 

Y PM and QN are perpendicular to x>»-plane, 

they are parallel and as such they lie in the same plane. 

if we draw a line through P parallel to MN, then it also lies 
in this plane and therefore meet QN in the point R and is also 
perpendicular to it. 

From the right-angled triangle PRQ, we have 


PQ 2 =PR 2 -f QR 2 =MN 2 -KQN — RN) 2 
= MN 2 + (QN — PM) 2 
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But PM = z 1 andQN — r 2 . 

PQ 2 =t 

or d=Vtx3-*i)--t(y2— yi)-+(*2— *i) 2 » 

which is the required distance. 

Cor. Distance from the origin of a point (a,, y M z x ). 

The distance of the point (x lt r.) from the origin is 

V xr + yi"+ z i“- 

Aid to memory. Distance between two points 
«= v \Diff . of x-Coor.")-h(L)iflf. of y-Coor.; 2 -|- (Diflf. of z-Coor) 5 . 

EXAMPLES I (A) 

Ex. i. If A aid B be the points (3, 4, 5) and ( — 1,3, —7) respecti- 
vely, find the locus of a point P snch that 

PA 2 + PB 2 = k 2 . 

Sol. Let P bo (X, n, v )* 

By the condition of the problem, 

(X— 3)2-f(p — 4 ) 2 + (v— 5)2+(X-H ) 2 + (u-3,2 + (v-|- 7)2 = A:2, 
or, 2x 2 +2p- + 2v- — 4X — Hp+4v-f- 109=A 2 . 

locus of (X, (x, v) is 

2x 2 + 2>’ 2 + 2r'- — 4x — 1 4.v+ 4r + 1 09 — A -2 = 0. 

Ex. 2. Trove that the points ( 1, — 2,4), (l, 1, l) and ( — 1,4, 2) are 
collinear. 

Ex. 3 . Show that the points (3. 2, 2), ( — 1, 1, 3). (0, 5, 6 ), (2, 1, 2) lie 
on a sphere whoso centre is (I, 3, 4). 

Also fiud its radius. [Ans. 3.] 

Ex. 4. Find the locus of points which are equidistant from the point 9 , 
(1,2, 3) and (3, 2, l ). (Bihar, 1961 S) 

[Ans. x— 2z = 0.] 


SECTION II 

SECTION FORMULAE 

1 * 5 . To find the coordinates of the print which divides 
internally the straight line joining two given points (x„ y 1} z t ) 
and (x Jt y., 9 z,) in the given ratio m t : ra>. (Bihar, 1960) 

Let P (.Vp v lt r,) and Q(x>, y 2 , z.) be the given points. Let the 
point R(.y, y, :) divide the line joining P and Q in the given ratio 
m x : in.,. 

Let a, b and r be the position vectors of the points P, Q and R 
respectively. 

a = .v 1 i+.V,j + r 1 k, 

b = .Y.,i+j’J + -_k, 

and r— ,vi-f->j+-k. 


THE POINT IN SPACE. DIRECTION COSINES 


7 


where i, j, k are unit vectors in the directions of the positive axes of 
x , y and z. 

PR w, 

N °w, RQ = 

m 2 . PR = m, . RQ, 


or, 

or. 


>w 2 . PR —m l . RQ, 


(PO + OR)=m l (RO + OQ), 


or, 


m 2 (OR — a)=/w 1 ( — OR + b), 


or, ( m x +m 2 ) OR =m 1 b+m 2 a, 

. . ... fm,(x 2 i+>y + z 2 k) + 'w 2 (* 1 i+>ij ±^1 

or, x«+>j + zk= l - 

_ [(/w 1 x 2 -4-w 2 x,)i + (w 1 >> 2 +m,y^j + (m 1 ZoH-w^ 1 )k] 

— m,+w 2 * 

. . m.Xo+WoX, . . 

or, xi+ W + 2 k=- mi + m -- >+ m 1 + m 2 J+ m I+ m 2 

Equating coefficients of like vectors, we have 

m i x 2 +m 2 x 1 m x y 2 -\-m 2 y x 2 _ m x z 2 +m 2 z t 

x ~ mj+Wj ’ y m x + m 2 ’ m x +m 2 

Hence the coordinates of R are 

r m x x 2 + m 2 x x m x y 2 + m 2 y x * m x z 2 +m 2 z x 1 

[_ m x -\-m 2 J 

Aliter. Let A(x„ y x , r t ) and Q (x 2 , y 2 , z 2 ) be the given points. 
Let the point R (x, y, z) divide the line joining A and Q in the given 
ratio Wj : m 2 . 
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Through A, Q, R draw perpendiculars AM, QN and RE to the 
xy-plane. 

V these lines are all perpendicular to the xy- plane, 
they are parallel. 

they are cut by the same line ARQ, 
they lie in the same plane. 

if we draw through R a line parallel to MEN it will lie in 
the same plane and as such it cuts MA produced in D and NQ in C. 

Now, from the similar triangles ADR and RCQ, 

m l _ AR AD DM -AM RE- AM r-z, 

/Wo RQ CQ QN-CN “ QN-RE ~~ 7^7 * 

or > m 1 z=m 2 z— m 2 z x , 

or > z(m x + m 2 ) = m l z 9 +m 2 z lt 

• in j z 2 -f- m 2 z j 

• • z — • 

m 2 iu 2 

Similarly, by drawing perpendiculars to yz- and z.v- planes and 
proceeding as above, we can show that 


and 


m i* g -f m 3 x, 

ZUt + IUo 

y = “jy 2 ± m 2Vl 

m, + m. 


Hence the coordinates of R are 

+ m 2*i . m,y a 4- m2yi miZj-t-moZ, J 


r m,*, 

L m. 


Note 1. — — is positive, then R divides AQ internally , and if is nega- 

2 /fii 

live, R divides AQ externally. 

Note 2. Middle point formula. 

To find the coordinates of the middle point of the straight line 
joining the points (* x , y,. z x and (x 2 , y 2 . z 2 ). 

If m x =m 2 , R becomes the middle point of AQ. 

its coordinates are f ™***± m l** t ” ; »V 2 + /»i.Vi § m 1 z 2 +m l : l ~1 

L w, + m, „i x A-nti ' Wj+Wj J’ 


or. 


_?i +*2 yi+y 2 z i+* 2 ~] 

L 2 • 2- 2 J" 


EXAMPLES I (B) 

Ex. 1. Given that P (3, 2, -4), Q(5, 4 , -6), R 9, 8, -10) arc colll- 
near, find the ratio in which Q divides PR. 

[Punjab (Pakistan), B. Sc., 1956 S.] 
Sol. Lot Q divide PR in tho ratio X : I. 

3. 1 4 9.X 


5 = 


or, 


• • 


A4-1 
4X=2 

the required ratio is 1 ; 2. 


or. 5x+5 = 3 + 9X, 
X=J. 
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Ex. 2. Find the centroid of the triangle whose vertices are (.r r , y r , : T ), 
r=\, 2, 3 is (xi+Xo+Xj), +>' 2 +>’ 3 )» U-i+~2+ : 3 ) ]• 

Ex. 3. Centre of gravity of tetrahedron. 

Show 'that the centroid of the tetrahedron whose vertices are 
(*i» y\* 2 X ), (x 2 , y 2 ; r 2 ), (a- 3 ,>- 3 , z 3 ) and (x u y u z 4 ) is [*(*! + a 2 + a 3 + .v 4 ), ](> a 
+>’2+>'3+>’4)» i( z l+ 2 2 + z 3 + r 4)J- 

Ex. 4. From the point (1, —2, 3) lines are drawn to meet the sphere 
*Hy2+* 2 =4, and they are divided in the ratio 2 : 3. Prove that the points 
of section lie on the sphere 

5x 2 + 5y 2 + 5z 2 - 6x + 1 2y - 1 8z + 22 = 0 

( Delhi Hons., 1963) 

Sol. Let the line through (1, —2, 3) meet the sphere in the point 

(X, p, v2). 

X 2 +p2 +v .a = 4 

Let (a, p, y) be the point which decides the join of (1,-2, 3) and (>., p, y) 
in the ratio 2 : 3. 



. 2 x 4-3 


5 a — 3 

a = 

2 + 3 * 

or. 

X — 2 * 

A 

2 p — 6 


5 p + 6 

P = 

2 + 3 ' 

or, 

M 

II 

=i 


2 v + 9 


5 Y -9 

Y — 

2 + 3 ’ 

or. 

II 

re 

• 


Substituting these values of X. p, v in (1) wo have 
(5a— 3)2+ (53 + 6) 2 + (5y — 9) 2 = 16, 
or, 25a2+25p 2 + 25Y 2 -30a + 60p-90 y+»I0=O, 

Or, 5a2 + 5p2 + 5 Y 2_6a+12p-)8Y+22 = U. 

.*. locus of (a, P , y) * 8 

5x2 + 5>-2 + 572_6x-f 12>- - 18z + 22 = 0. 

Ex. 4. (1) Find the point where the line joining ^2, — 3, 1) and (3, —4, 

— 5) cuts the plane 2x+y + z = 7. 

(Bihar, 1961 S ; Bhaga/pur, 1962). 

[Ans. (1,-2. 7).] 

(//) Find the ratio in which tho join of (2, 1, 5), (3, 4, 3) is divided by 
the plane x+y— z = $. ( Bhaga/pur , 1963) 

[Ans. 5 : 7] 


SECTION III 

DIRECTION COSINES AND PROJECTION OF A LINE 
x'6. Angle between two non- intersecting lines : Def. 

The angle between two non-intersecting lines is the angle between 
two straight lines drawn through any point in space parallel to them. 

X‘7* Direction cosines of a straight line : Def. 

If a, (3, y be the angles which a straight line AB makes with the 
positive directions of axes of x,y, z respectively, then cos a, cos (3, 
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cos y are called the direction cosines of the line AB, and are 
usually denoted bv the letters /, m and n respectively. 



Note l = cos m = cos 0, n—cos y. 

Note 2. Direction cosines of BA. 

. BA makes 180 — a, 180*— (3, 180°— y, the direction 
cosines of BA are cos (180° -a), co* ( 180 °-3) and cos (180°- y) or 
-cos a. -cos fJ, -cos y, or, — I,— m, —n. 

Note ?. Direction cosines of the axes. 

The x-axis makes angles of 0°, 90°, 90° with the axes of x, y 
and z respectively. 

the direction cosines of the x-axis are i f o, o. 
Similarly, the direction cosines of the y-axis and z-axis are 
respectively o, i, o and o, o, I. 

Note 4. Let OM be r . 


a 

r = rr, 


or. 


A 

r 


y 


i+ 7 - 1 + 


r .v 

r r 

where (x, .v, :) arc the coordinates of M. 

= (co 5 o) 0 ) j + (a>j y)k. 

Hence ‘if a unit vector is resolved in terms of 1, j, and k, then the 
coefficients of i, j, k are the direction cosines of that vector. 

i 8. If 1, m, n are the direction cosines of a line OP, where 
OP = r , to show that the coordinates of P are (Ir, mr, nr), O 
being the origin. 

Proof. Let P be the point (.v, y, r). Draw PA perpendicular to 
the .Y-axis meeting it in A. 

OA =x. 


From the right-angled triangle OAP, we have OA--OP cos a 
where a is the angle which OP makes with OX, 
or, x = r cos a = rl=lr. 

Similarly, y=mr, z=nr. 
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the coordinates of P are (/r, mr, nr). 

This proves the proposition. 

*•9. An important relation. If I, m, n are the direction 
cosines of a straight line, to prove that l 2 + m 2 -f-n 2 = 1. 

Proof. 

Let OP be r and | OP j be r. 

Let the coordinates of P be ( x , y t z). 

r=xi-{-y} +- 2 k = /ri-f /wj + nrk (V x=lr, y=mr, z = nr.) 

.*. r 2 =r 2 = (/ri + mrj + /irk) 2 , 

or, r2=r 2 (/ 2 +m 2 + n 2 ), (i 2 =j 2 =^ 2 =I, i.j =j.k=k.i = 0). 

or, l 2 +m*-\-n 2 = 1. This proves the proposition. 


Aliter. 

Let /, m, n be the direction-cosines of the line AB. 

Through O draw a straight line OP parallel to AB. 
the direction cosines of OP are also /, m, n. 
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Let OP be r. Let the coordinates of P be ( x , y , z). 
x=lr t y=mr , z — nr. (Art. 18). 

* 2 +> , 2 +z 2 =/* 2 (/ 2 -f m 2 +/i 2 ), 

or, r » = r 2 (/ 2 +m 2 + n 2 ) (V r*=OP 2 =;c 2 +y 2 +z 2 ) 

I 2 -f-m 2 +n 2 =i. This proves the proposition. 

i'io. Direction ratios : Def. 

A set of three numbers a, b , c which are proportional to the- 
direction cosines /, m, n respectively of a line are called the direction 
ratios of that line. 


Note. How to find the direction cosines of a line, if its direction! 
ratios are given ? 

Let /, m, n be the actual direction cosines and a, b , c be the 
direction ratios of a line 

. = ±\ / F+m- + n* __ ±1 

a b c x'a'--tb--yc* + * 

t ^ a b 

= ± m=± \/Pi 6*+c 2 

c 

"= ± 


If the senses of the line are ignored , /Ac actual direction cosine £ 
°f the line are 

a b r 


xa 2 +b*+c<’ y/ai+b-^C’' Vfl'HAHr 

Aid to memory. To obtain the direction cosines of a. 
line from its direction ratios a, b, c, divide each of them by 

\/ a 2 + b 2 -}-€-• 

Caution. a 2 + b'HcVi. 
in. Projection of a point on a line : Def. 

The projection of a point on a line is the foot of the perpendi- 
cular from that point on the given line. 

Note. The projection of a point on a line is the point in which the place, 
llronyh i hat point perpendicular to the line meets it. 


i 12. Projection of a segment of a line on another line : Def. 

The projection of a segment of a line AB on another line CD is 
the segment PQ, where P and Q are the feet of the perpendiculars from 
A and B on CD. 
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X13. Length of the projection of the segment of a line 
■on another line. 

To show that the projection of a segment AB of any line 
on another line CD is A'B' such that A'B' = AB cos 0 , where 0 
is the angle between AB and CD. 

Proof. Let A' and B' be the points where the planes through 
A and B meets the line CD respectively. 



Now, A' B' = projection of AB on CD. 

Through A draw a straight line parallel to CD to meet the plane 
’through B perpendicular to CD at M. 

V AM is II CD, ZMAB= 8 . 

V BM lies in the plane which is perpendicular to AM, 

/. ^AMB=90°. 

From the right-angled triangle AMB, AM = AB cos 0 . 

But AM=A'B'. 

Hence A'B' = AB cos 0 . This prove the proposition. 

Note. If a broken continuous line consists of a number of segments P X P 2 , 
■P 2 Pa ,P n -\Pn> then the sum of the projections of all the segments, P 1 P 2 , 

■ P 2 P*, Pfi-1 Pn ,tn an y l‘ ne CD is the same the projection of the line P x P n 

■ on CD. 

This is left as an exercise for the students to verify. 

1*14. Direction cosines of the line joining two points. 
To find the direction cosines of the line joining the points 

(*1, y T , *,) and (* 2 , y 2 , * 2 ). 

Let AB be the straight line joining the points A (x„ z,) and 

B (x 2 , y 2 , z x ) respectively. 

Let O be the origin of reference. 
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are 


Now, 


A AB OB-OA (.y,— .y,> I-f^— 
AB- AB - AB AB 




the direction cosines of AB, using note 4, Art. 1*7. 


Aliter, 

Let /, m, n be the direction cosines of the line AB joining- the 
points A (.Yj, y x , zj and B (x>, r.,). 

Let M and N be the feet of the perpendiculars from A and B. 
on the .\*-axis resp.c.ively. 



ON = .Y_,and OM=Yj. 

Now MN = ON — OM=a * 2 — .y,. 

Also, MN = projection of AB on OX 

= AB cos x, where x is the angle which- the line makes 
with OX. (Art. 1*13) 

= /.AB. 


/.AB =.v 2 — Yj, or, l=—± 


-Y.,— ,Y 


AB • 

Similarly, m = ~ 1 and n = ~ 1 . 

AB AB 

Hence 1, m, n are proportional to x 2 — x lt y.. — y u z, — z r 

Aid to memory. The direction cosines of a line joining 
tivo points are proportional to the differences of their x, y 
and z coordinates. 
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1*15. Projection of the line joining two points on a line. 

To find the projection of the line joining the points (at,. 
y u x x ) and (x,, y 2 , z 2 ) on another line whose direction cosines 
are 1, m, n. 

Let OM be a line whose direction cosines are /, m, n. 

Let OM be of unit length. Let A and B be the points ..y : , y., 
z x ) and (x 2 , y 2t z 2 ) respectively. 

OM = li-fmj-fwk, where i, j, k are the unit vectors along 
the axes of x, y and z of a right-handed system. 

Now, AB = OB — OA =(x 2 i -\-y 2 j 4- z,k) — (.y^h-;-, j — r,k) 

= (x 2 — Xi)i -f (y 2 -->'i)j + (z,-r,)k 

The required projection =AB . OM 

= [(** -x x )i 4- Ov -yi)i + (* 2 - z»i^] 

*(/i + mj + wk) 

= l(x 2 — jr, ) + m(y 2 - y, ) + '» (z , - z , ) , 

(V i 2 =j 2 =k 2 = 1 , 

i j=j k = k.i = 0). 

Aliter. 

Let the given points be A(x„ y } , z x ) and BIx.,, y.,, z,) and the 
given line be one having direction cosines /, m, n. 

Through A and B draw planes parallel to the coordinates planes 
to form a rectangular parallelopiped with AB as its diagonal. 

Now, AC=x 2 — x lt CD = AE=y 2 — y l% DB=AG=z 3 -: 1 . 
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The lines AC, CD and DB are parallel to the axes respectively, 
their projections on the line having direction cosines I, m, n 
are (x 2 — x x )l, (yo-y x )nj, (z,—z x )n. 

The lines AC, CD, and DB form a continuous broken line 
joining A and B. 

V the sum of the projections of AC, CD and DB on any line 
is equal to the projection of AB on that line, 

the projection of AB on the line whose direction cosines are 

/, m,w = (x 2 — x Jl + (y 2 — y l )«n+(»a— *x)“* 

k'i6. Angle formula. 

To find the angle between two straight lines whose 
direction cosines are 1 1} m lf Dj and 1.,, m 2 , n 2 . 

Let i, j, k be the unit vectors along the positive axes of x, 
and z respectively of a right-handed system. Let 0 be the required 
angle between the lines AB and CD whose direction cosines are l x% m Xt 
n x and l.,, w 2 , n., respectively. 

Through O draw lines OP, OQ parallel in the same sense to AB 
and CD respectively. 

Let OP be r x and OQ be r 2 . 

Now, ,/POQ = 0 . 

The coordinates of P and Q are (//,, m x r x , n x r x ) and (/ 2 r 2 , m t r t9 
n.,r») respectively. 

.*. OP=*/ 1 r l i+#w 1 r,j+n I r I k and 
OQ = / 2 r.i -j- m 2 r.J -f w 2 r 2 k. 

Now OP.C Q = Uif x i -f m,rj j + n x r x k ).( Lr 2 i + m t r^ + n 2 r« k) , 
or r,r., cos 0 = r x r.(/ x /., T m x nt 2 -\-n x n. 2 ), V i 2 =j 2 = k-=l, 

i.j = j.k = k.i=0. 

.*. cos 0 = /,/ 2 +w 1 w 2 +/»in 2 . 


Aliter. 

Let O be the angle between the lines AB and CD whose direc- 
tion cosines are /*, m x , and / 2 , m 2 , n., respectively. 

Through Q draw lines OP and OQ parallel in the same sense 
respectively to AB and CD. 

Let OP be r x and OQ be r 2 . 
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Now Z_POQ=0 (Art. 16). 

The coordinates of P are (^r,, and that of Q are 

(/ 2 r 2 , m 2 r 2 , n 2 r 2 ). Join p Q- 



From the triangle OPQ, 

PQ2 = oP 2 + OQ 2 — 20P.0Q cos 6, 


or (/ 1 r 1 -WT(»U r .- w 2 r 2 ) 2 -M'Vi-'Vs) 2 

= r l *-\-r 2 z —2r l r 2 cos 0, 




r 1 2 (/ l 2 +w 1 2 +n 1 2 )+r 2 W+<+”* 2 ) - 2r i^ / i / 2+ 

«r 1 2 +/ 2 2 -2r I r 2 cos 0, 

r^ + rjj 2 — 2 r 1 r 2 (/,/ 2 +w»im 2 +/i,/i 2 )=r 1 2 + r 2 2 — 2r x r 2 cos 0. 
Hence cos 0=lil 2 ‘^ m i m 2 _ h ,1 i* 1 2* 

Note. //ere /i, mi. flj and / 2 . m 2 , n 2 ore actual direction cosines. 


1*17. Lagrange’s identity. 


To prove that (l l 2 +m 1 2 + n 1 2 )(l 2 2 4-ma 2 't-«».. ! 2 ) ~(l l l 2 +m 1 m 
4 n 1 n 2 )*=(m 1 n 2 — m 2 n 1 ) 2 -l-(n 1 l 2 — n 2 l,) 2 4-(lina 2 — * 2 m i) 2 » 

Proof. L.Hi.=/ 1 2 / 2 HW+W+M^+' n >^'«iV 

4- «i 2 / 2 2 4 -n l 2 /w 2 2 +«i 2 n 2 2 —l l 2 l % -—m l 2 m 2 '—n l 2 n i 

— 2/ 1 m 1 / 2 m 2 — 2m 1 m 2 n l n. i — 2/ 1 / 2 « l n 2 


3 


3 


= (m,n 2 - w 2 «,) 2 +(« x / 2 - wA) 2 4 2 "»i)* 

= R.H.S. 


This proves the proposition. 

118. To find (i) the sine of the angle, (ii) the tangent of the 
angle between the lines whose direction cosines are 
1„ m j, D t and 1 ? , m 2 , n 2 . 
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Let 0 be the angle between the given lines. 

(/) sin 2 0=1— ccs 2 0 = 1— (/ 1 / 2 +WiJW2H" w i ,I 2) a * (Art. 1 16) 

(Note this step.) 

( V /i 2 + Wl 2 + W l 2 = 1 = 1 2 2 + Wq - 2 + ”2 2 ) 
=(m l n 2 — »i 2 Mj) 2 + (Wi/ 2 — w 2 /i) 2 +(^i w 2 (Art. 1 17) 

sin 0 = ± V tniin.,— m 2 n 1 ) :c -b(njl 2 -n 1 l 1 ) :i -f L m i/ 


(») tan 0 = 


= i V — mon^ 2 . 

sin 0 


cos 0 


tan 0 =±V Sim^o— m 2 n 1 ) a /(lil 8 +m 1 m 2 +n 1 *i 2 ). 
i'll). Condition of parallelism and perpendicularity. 


To find the ccndilicn that the straight lines whose 
direction cosines are lj, m l5 Hj and 1 2 , m 29 n 2 are (i) parallel 
and (ii) perpendicular. ( Kashmir , 1951) 

Let 0 be the angle beiween the lines. 

(/) If the lines are parallel, 0 is zero 
sin 0=sin 0=0, 

or sin 2 0 = 0, or (w,/i 2 - w 2 n 1 ) 2 4-(n 1 / 2 -n 2 / l ) 2 -f (/i»i 8 — / 2 m,) 2 =0, 


i.e., mju-nun^ 0, 

nJ-> /7 2 /j = 0, 

and / x wi 2 — l 2 m x —0 


. Uh .^1 L, 

nu n 2 ’ 

. >h _ lx 

• • — T ’ 

tl 2 4 
• A =!!h 

" h m 2 ’ 


1 m q 

Hence ~= — l — — , which are the required conditions. 

1> mo n.> 

w • •• 

(ii) If the lines are perpendicular, 0 is £0°, 
cos 0 = cos 90° = 0. 


Hence Ijlg-F m 1 m 2 4 n,n 2 =0, which is the required condition. 

Note. If the direction ratios of the /mo lines be a Jt b\, c x and a 2 , b% c 2 and 
the angle between them be 6 , 

then cos O=(oio 2 +0 1 0 2 +c 1 c 2 )/\/( o i 2 +6i 2 +Ci 2 )(O2 2 +08 2 ‘i' c t 2 )» 

sin 0=±\/~n - \/(oi 2 +0x 2 +Ci a )(a2 2 +V+Ca 2 ) 

and tan 9 =±\Z'Z(bic 2 — b 02 + 6 i & 2 + c 1 c 2 ). 
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Also, the conditions of parallelism and perpendicularity are respectively 

am/ a 1 a 2 +6i6o+c 1 c 2 =0. 

#2 ^2 c 2 

The condition of parallelism as well as the condition of perpendi- 
cularity are of the same form for the two cases in which the direction 
cosines and direction ratios are used. 

EXAMPLES I (C) 

Type I. Ex. 1. Find the direction cosines of the lines joining the 
^points (4, 3, —5) and ( — 2, 1, —8). 

Sol. The direction ratios of the required line are 

4+2, 3-1, -5+8. or, 6, 2, 3. 
direction cosines of the line are 

6 2 3 

\/ 36+4+9* V 36+4 + 9 ’ V^+4 + 9 * ° r 
_ 6 _ 2 3 

7 » 7 * 7 • 


Ex. 2. Find the direction cosines of the lines joining the following 


(points : 


(/) (4, 1, 3) and (1. 0, 2). (//) (5, 7, 9), (3, 8, -4). 
r 3 1 1.2 — 1 

Ans * v TP V ii ’ VPTT ’ V 174 '* -y/ 174 


- -2-1 
* V‘74 *J 


Ex. 3. IfP, Q, Karo (2,3, 5), (-1,3, 2) , (3, 5. -2). find the direc- 
*tion-co8ines of the sides of the PQR. (Patna, 1961 S) 

r 2-12 1 2 -7 1 „ 1 “ 


Ans* — *3 


3 ' 3 • 3 ^/nr" ’ 


L» o _L. I 

Vr» V2 U * V2 J 


Ex. 4. Prove that the three points P, Q, R whose coordinates ore 
respectively (3, 2, —4), (5. 4, —6) and (9,8, —10) are coliinear and find the 
ratio in which Q divides PR. (Bhagalpur, 1962 S) 

[Ans. 1 : 2.] 

Type II. Ex. 1. If A. B, C, D are the points (3, 4, 5), (4. 6, 3), (—1, 2, 4) 
and (1,0, 5), find the projection of GO on AB. 

Sol. The direction ratios of CD are 

1 + 1, 0-2, 5-4, or, 2, —2, 1. 

The direction cosinos of CD are 

2 —2 1 

V4+4+1 ’ y/ 4+4+ 1 * V‘H- 4 + l * 

2 -2 1 

"° r > 3 i 3 t 3 • 

•% from Art. l # 15 f the projection of AB on CD 

-O- 3 K-5-X- XtH w X4-) 

2 4 2 _ 4 . 

" 3 8 3 “ 3 
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Ex. 2. If A, B, C, D are the points (6. —6, 0), (—1, —7, 6), (3. —4, 4), 
(2, —9, 2) respectively, prove that AB is perpendicular to CD. 

Ex. 3. If A, B, C, D are the points {2, 3, —1), (5, 2, 3), (4, 3, —5) and 
(_2, 1, —8) respectively, find the projection of AB on CD. 

[Ans. 4.] 

Type III (A) Ex. 1. A variable line in two adjacent positions has 
direction cosines 1, m, n; 1+81, m + 8m, n+Sn, show that the small angle 
between the two positions is given by ( 80 ) 2 =( 81 ) 2 +( 8 m) 2 +( 8 n) 2 . 

(Agra, 1959 ; Punjab, 1954 ) 

Sol. V 1, m, n and 1+81. m+8m, n+8n are direction-cosines, 

... 12 H _ m 2-+n2= 1 and (l + 81)2+(m+8m)2+(n+Sn)2=l, 

or. 12+ m 2 + n 2 =l and (12 + ro 2 + n 2) + [(8l)2+(8rn)2+(8n)2+218l+2m8m 

+2n8n]= 1, 

or, 12+m2+n3=l...(l) and (81)2+(5m)2+(8n)2=-2(181+m8m+n8n) ...(2> 

Now, cos 80=1(1+81) + m(m+Sm)+n(n + 8n). (Art. 116> 

= l 2 4-m 2 +n 2 +181+m8m + n8n 
= l-i[(81) 2 +(Sm) 2 +(6n)2], using (1) and (2). 

or, (8l) 2 +(8m 2 ) + (8n) 2 =2(l — cos 80)=2.2 sin 2 (;$0) 

=4(£80) 2 (V sin 2,80 = 580) 

= (80)2. 

Ex. 2. The coordinates of the angular points A, B, C. D of a tetrahedron 
ore (-2, 1, 3), (3, —1, 2), (2, 4, —1) and (1, 2, 3) respectively. Find the angle- 
between the edges AC and BD. ( Punjab , 1951 Si 

/ 3 

Ans. cos' 1 / — - --- 

Ex. 3. If P and Q aro (2, 3, —6) and (3, —4, 5), find the angle that OP 
makes with OQ. (Utkal, 1964 > 

[a- 

& 

(B) Ex. 1. A line makes angles a, 0, 7, 8 with the four diagonals of a 
cube; prove that cos 2 cc+cos 2 (3 + cos 2 y+cos 2 8 = 4/3. 

(A.M.I.E., 1961; Pakistan (Punjab), 1955; Vikram Engg., 1959; 
Karnatak. 1959; Delhi Hons., 1950; Patna, 1963; Magadh, 1963; 

Punjab B.Sc., 1964) 

Sol. Let (OABC, O'A'B'C') be a cube of side a. 

Take O ns the origin and the coterminous edges OA, OC, and 00' os tho 




coordinates of A, B. C, A', B', C', O' ore respectively (a, o, o) r 
(a, a, o ), (o, a, o ), (0, o , a), (a, a. a), (0, a, a) and (0, 0, a). 

The four diagonals of the cube are AC', OB', CA' and O'B. 
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Tho direction ratios of AC', OB', CA', and O'B uro respectively -a, a, a; 
°» a, a; a, —a, a and a, a, —a. 



direction cosines of AC', OB', CA' and O'B are respectively 

_ _i_ _L L _L _L 1 

v/3’ v/3’ V3 : V3* V3* x/3 ; 

i_ l J_ , _L 1 1 

•V/3' -v/3* V3 QD -y/3 ' V3 ' “ V3 ' 

Let /, w, /i be the direction cosines of a lino which makes angles a (J v, 8 

wilh the diogonals AC', OB', CA' and O'B. 

008 as *^ 3 (-/+«*+«)# 008 (/+m+ii), 

cos Y = ^ 3 O-m+n), cos 8=^ (/+m-n). 

C0s2 a + C082p + C0B2Y + C0S^ = J[(-/-{- m + / ,)2 + (/ + m+/j) 2 + (/_,„ + n) a 

+ (/+m-n)»] 

= i[4(/2+/n2 + „ 2) ] 

= ? (••* /2-fm2 + n 2=l). 

E*. 2. Find tho angle between two diagonals of a cube. 

( A.M.I.E . , May, 1961 ; Gujarat, 1956 ; Punjab, 1964) 

[a„. 0M-1-L] 

Ex. 3 . If tho edges of a rectangular parallelopiped are a, b, c, prove 
that tho angles between tho four diagonals are given by j 

(Punjab, 1952 ; Punjab (Pakistan), 1956 / Bihar, 1963) 
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Type IV. Ex. 1. Show that the lines whose . direction cosines are 

given by the equation al+bm+cn=0 and ul~+vm-+wn‘-=0 are per- 

a 2 

pendlcolar or parallel according as 2a 2 (v-f w) = 0 or S— =0. 

( Kamatak , 1961 ; Nagpur T.D.C., 1962 ; Punjab Hons., 1952 ; Punjab B.Sc., 1964) 

Sol. The given equations are al+bm+cn=0 —(l) 1 

and w/ 2 -f v/n a +M7i 2 =0 ...(2) 

Eliminating n between (1) and (2) we have «/ 2 4 *vw 2 +m'^ — — - — ^ 

or. (c z u+a-w)l z +2abwlm+ (b*w+c z v)m z = 0, 

or, (c 2 u+cfiw) ( — \ +2abw. -- + (6 2 m»+c 2 v)^=0 .. (3> 

\ m / m 


.. (3> 


Let {l lt m it ni) and (/ 2 , m 2 , n 2 ) be the direotion cosines of the lines. 

i * i \ 

— and — — are the roots of (3). 
m x m 2 

/i/a b 2 w+c z v 


.'. — = product of roots = „ g — , 

m x m 2 r c z u+a z w 

or ^V 2 _ — — by symmetry. 

* 6 2 h , H-c 3! v c 2 J/-ffl 2 a’ a z v+b 2 u y y 

(/) The linos will be perpendicular, 
if l x lz+m x m 2 -\-n x n 2 =0, 

if (b-w+ c 2 v) + ( c 2 m+o 2 h-) - f (a 2 v+6 2 w) =0, 

or if fl 2 (v+H>)+6 2 (H’+a)+c 2 (M+v)=0, 

or if 2 o 2 (v4-M')=0. 

(ii) The lines'aro parallel if 

m x m 2 * 

if the equation (3) has equal roots, 

or if o 2 6 2 )v 2 = (c 2 w+a 2 »v)(6 2 ii»+c 2 v), 

or if o 2 c 2 v)v+6 2 c 2 wu’+cJ//v=0, 

a 2 b 2 c* 

or >f — + ~ + “^T on dividing both sides by uvw. 


or if 


or if 


Ex. 2. Show that the straight lines whose direction cosines are given 
by the equations ul-\-vm+wn=Q and fmn+gnl+hlm=0, are perpendicular if 

1r+-f ■ + 4"“° and paral,el if V'ifr+V'vT+^vWj -0- 

Ex. 3. Show that the straight lines whose direotion cosines are given by 
the equations 2/-w+2/i=0 and mn+n/+/ m = 0 are at right angles. 

( Punjab B.Sc., 1965 S) 

4* Fmd the angle between the lines whose direction cosines am 
given by the equations /+m-f n=0, * 2 -f m a -/t 2 =0. 

(A.M.I.E., Nov. 1955 ; Patna, 1959 ; Bihar, 1962 S ; Ranchi 1962 S} 

[a- 8 . or irl 


THE POINT IN SPACE. DIRECTION COSINES 


23 


Type V. (Condition of perpendicularity.) 


Ex. 1 . If two pairs of opposite ed;es of a tetrahedron be at right 
angles, then show that so is the third. ( Punjab , J956S ) 

Sol. Lot O, ABC bo a totrahodron. Let O bo the origin of reference. 
Let the position vectors of A, B, C b) a, b and c. 


or 

or 


or 

or 


AB=b — a. BC=c — b, CA=a — c, 

OAJ_BC, 


• • 


OA. BC = 0, 

a. (c— b)=0, 

a.c = a.b 

OBJ_CA 
— >• — >• 

OB. CA=0, 

b. (a— c)=0, 

b.a=b.c 




From (1) and (2). wo have 

b.c = a.c 

or (b — a).c=0 

c.(b— a) = 0. 


OC is perpendicular to AB. 

A liter. Let O. ABC be a tetrahedron. Let us tako O as the origin. Let 
tko coordinates of A, B, C are (x lt y u -’i). (* 2 . y 2 . z s ) and (x 3 , y 3 , z 3 ) respectively. 

Lot the opposite edges OA. BC and OB, CA be porpondicular. 

It is requirod to show that tho third pair OC and AB is also perpendi- 
cular. 

The direction ratios of OA are x t , yv Z t , that of BC aro (x 3 -x 2 ), (y 3 —yt) 
(z 3 -z 2 ), that of OB are x 2 , y 2 . z 2 . that of CA are (*i— x 3 ), <yi—y»)» ( z i~ 2 3) 
that of OC ure x 3 , y 3 , z 3 and that of AB arc at 2 — )'»—}' i* z 2 ~ z l* 

OAJJ3C, 

.*. Xl . (x 3 -x 2 )+y 1 (y3-y z )+z l (z 3 -: 2 )=0 

OBJ_CA 

.'. x 2 ( Xl -x 3 )+y 2 (yi-y3)+Z2(zi-z 3 )=0 *" (2 > 

Adding (1) and (2), wo have 

■ *a) +y*(yi -yz)+ z 3 ( z 1 - *2) =■ 0 

This shows that OC and AB are also perpendicular. 

Ex. 2. If two edges AB. CD of a tetrahedron ABCD are porpondicular, 
prove that tho distance between tho middle points of AC and BD is equal to 
tho distance between tho middle points of AD and BC. 
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b that 

the three 

lines 

lz« m 3i 

n a ; 1 3 , m 3> 

n 3 , ar< 

ll 

n»i 

ni 

^2 

m 2 

n 2 

Is 

m 3 

n 3 


( Punjab , (Pakistan), 1954S ; Patna, 1960S ; Bhagalpur, 1962) 

Sol. A line through O perpendicular to the plane containing the given 
lines is perpendicular to each of them. Let /, rn, n be the direction cosines of 
that line. 


...( 1 ) 

...( 2 ) 

...(3) 


//j-f mwi 1 -fn/r 1 =0 ...(1) 

//2-j-OTnj-fnnj=0 •••(2) 

and // 8 +mm 3 +/m 3 = 0 ...(3) 

Eliminating l, m, n between (1), (2) and (3), we have 

h m i n i 

/o Wj n 2 =0. 

I 3 n 3 

Ex. 4. Prove that the three lines drawn from the origin with direction 
cosines proportional to 1. —1, 1 ; 2, —3, 0 ; 1, 0, 3 are coplanar. 

(Calcutta, 1963 ) 

Ex. 5. Lines OA and OB ore drawn from the origin O with direction 
cosines proportional to 1, —2, —1 and 3. —2, 3. Find the direction cosines of 
the normal to the plane AOB. (Baroda Engg., 1963) 

v!“ * vW • V 29 -] 

MISCELLANEOUS EXAMPLES ON CHAPTER I 

Find the direction cosines of a line that makes equal angles 
with the axes. j^Ans. /=.m=n=±-L.J 

2. Provo that sin 2 a-f ein 2 Y == 2 f in the usual notation. 

3. The projections of line on the axes ore 2, 3, 6. What is the length of 

the ^ 1 [Ans. 7] 

4. If / rii and / 2 , //7 2 , n 2 are the direction cosines of two mutually 

perpendicular lines, show that the direction cosines of the line perpendicular to 
them both are m 2 ni, n \h— n tlu ^ 2 ™i* 

5. If l\ 9 mi, Hi ; / 2 , Tn^, /z 2 ; / 3 > m 3l n 3 ore the diiection cosines of three 

mutually perpendicular lines OA, OB, OC, the line OP whose direction cosines 
ore proportional to /i-f/ 2 +/ 3 , Wj-f w 2 -f /?j 3 , /^i+// 2 -f ^3 mokes equal angles with 
thexn< (Patna, 1960 ; Ranchi, 1963) 


with the axes. 
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6 There are three straight lines through the origin with direction 
cosines proportional to (1. 2, 2). (2, 3, 6). (3. 4, 12). Find the direction cosines 
of a straight line equally inclined to the three given lines. ^ (Patna, 

~V3' V3 ’ V3* J 

7. Show that the lines whose direction cosines are given by l+m+n=0 

and 2mn+3nl -5lm=0 are perpendicular to each other. ( Magaclh , 1 ) 

8. Can the numbers -L , _L , ± be the direction cosines of any 

directed line ? Give reasons for your answer. ( Calcutta , 1961) 

[Ans. No.J 


2 


Loci and their Equations 


2 *i. To find the locus of the equation f(x)=o. 

Let the given equation be /(x)=0... (1), where y and z are 
absent. 

Let (1) be expressed as (x— a 1 )(.x~a 2 )...=i0. 

Now all the points whose coordinates satisfy (1) lie on one or 
other of the planes x— 0 ^= 0 , x— a 2 =0,..., each plane being parallel 
to the yz-plane. 

Hence f(x)=o represents a system of planes parallel to 
the yz-plane. 

Note 1. f(y)=0 represents a system of planes parallel to the zx-plane, and 
f(z)=0 represents a system of planes parallel to the xy-plane. 

Note 2. These planes may be real or imaginary. 

JV2. To find the locus of the equation f(x, y)=o. 

The given equation /(x, y)=0 ..(1) is the equation of a curve in 
the xy-plane. 

Let A (a, (3) be any point on this curve. 

/(a, (3) = 0 ...(2) 

Through A draw a straight line AB parallel to the z-axis. 

Let P(a, p, z) be any point on AB. 

From (2), P lies on the locus of (1), i.e., any point on the line 
through A parallel to the z-axis lies on the locus of (1), i.e., the whole 
line lies on the locus of (1). 


LOCI AND THEIR EQUATIONS 


27 


the locus of (1) is the assemblage of lines, parallel to OZ 
drawn through the points on the curve / (.v, >0 = 0. 



Hence f(x, y) = o represents a cylinder generated by aline 
which is drawn parallel to OZ and inte rsects the curve whose 
equation in the xy-plane is f (x, y) = o. 

Note, f (y, z)=0 represents a cylinder whose generators are parallel to the 
x-axis and which intersect the curve whose equation in the yz-plane is f(y,z) = 0. 
Also, f(z,x)=0 represents a cylinder whose generators are parallel to the y-axis 
and which intersect the curve whose equation in the xz-plane is f(z, x)—0, 

2 ’ 3 . To find the locus of the equation f (x, y, z) = o. 

The given equation is / (x,y, z)= 0 ...(lj 

Let P be any point (a, (3, 0) on the xy-plane. 

Let, Q (<*, P, z) be any point on the line through P parallel to 

OZ. 

If Q lies on the locus of (1), then 

/(a, (3, z) = 0. 

This equation in z has a finite number of roots. 

/. the line through any point P in the xy-plane parallel to 
OZ cuts the locus of (1) in a finite number of points. 

.*. the locus, which is the assemblage of all such points for 
different values of «, (3, is a surface and not a solid. 

Hence f(x, y, z) = o represents a surface and not a solid. 
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2 4. Equation of a curve. To find the locus of 

f(x, y, z)=o, F(x, y, z)=o. 

The given equations are 

/(*, y, z)= 0, F(x , y, z)=0 ...(1) 

The points, whose coordinates satisfy these equations simultane- 
ously, are common to the two surfaces separately represented by them. 

these points lie on the curve of intersection of these surfaces. 

Hence (1) represents the curve of intersection of the 
surfaces f(x, y, 2) = o and F(x, y, 2) = o. 

Cor. A curve in the xy-plane. 

Y the curve in the Ay-plane is the curve of intersection of the 
cylinder/(A, y) = 0 and the Ay-plane z= 0, 

the equations of the curve in the xy-plane are 

f(x,y)=o, 2 = 0. 

2 5. Cylindrical coordinates of a point in space. 

Let P be any point in space. Draw PN perpendicular to the 
Ay- plane. PN=*z is the z-coordinate of P. 



Join ON. Let ON be u. 

Let ON make an angle 0 with OX. Draw NA and NB respec 
lively at right angles to OX and OY. 

OA=x=u cos 0, OB=y=u sin 0. 
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The cylindrical coordinates of P are (u, 0 , z), where 

y 

u= >/ and 0— tan -1 — . 

Note. (/) z is regarded a s positive if P lies above the xy-p'ane oi the side 
of OZ and is regarded as negative if P is below the xy-plane on the side OZ . 

(ii) u is essentially positive. 

(Hi) 0 varies from 0 to 2~. 

2-6. (Surface of revolution.) To find the surface formed 
by rotating the curve f(y, z)=-o about the z-axis. 

Let /(>>, z; = 0...(l) be the equation of the curve in the 
yz-plane. Let /\0, p, y) be any point on ( 1 ). 

/< E>,r)=o -(2) 

The rotation of (1) about oz produces a surface of revolution. 

As P moves round the surface, y, the z-coordinate of P remains 
unchanged, and «, the distance of P Ironi the r-axis, is always tqual 
to p. 

from (1), the cylindrical coordinates of P satisfy the equation 
J (u, z) =0. 

/. P is any point on the curve, or surface, 

the cylindrical equation to the surface is J\u, z) = 0. 

Hence the cartesian equation of the surface of revolution 
formed by rotating the curve f(y, z) = o about the z-axis is 

f t V x- -t- y *, zj=o. 

Note. Lquation of the form f (\f y*+z*, x)=0 represents a surface of 
revolution whose axis is OX, and f ( y/z-+x*, y)=0 represents a surface of 
reiolution whose axis is O Y. 

Ex. Find the equation of the surface of revolution generared by the rotation 
of the curve ) —f (z). x=-0, about the z-axis. (Delhi Lngg., 1962) 

EXAMPLES II 

Type I. Ex. I. Discuss the form of the surface represented by : 

x 2 + y* = 2az. 

Sol. The given equution in x 2 -f> 2 = 2 az 
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The section of (1) by the plane z=c is 

at 2 +>> 2 — 2ac, z=c. 

This represents a real circle if c>0. It reduces to a point if c=0. 

The section of (1) by the plane y=d is 

x 2 +d 2 —2az, y=d, 

■which represents a real parabola for all real values of d. 

Also, the section of (1) by the plane x<=e is 

y 2 +e 2 =2az, x=e, 

which represents a real parabola for all real values of e. This surface is called 
’the paraboloid of revolution. 


Ex. 2. 

(i) 

W) 

(Hi) 


Discuss the form of the following surfaces represented by 


x 2 +y 2 +z 2 = 

a\ 

X 2 

+ 

y 2 

22 

a 2 

b 2 + 

C* 

X 2 

+ 

y2 

-2 

a 2 

b 2 

~C 2 



Type II. Ex. 1. Find the equations of the cylinders with genera- 
tors parallel to OX, OY, OZ, which pass through the carve of intersection 
-of the surfaces represented by x 2 +y 2 -j-2z 2 =12, x— y+z=l. 

Sol. To obtain the equation of the cylinder with generators parallel to 
the x-axis, we shall eliminate x between the given surfaces. 

.*• we have, (l+y-z)2+y 2 +2z 2 =12, 
or . 2y 2 +3z 2 —2yz+2y—2z— 1 1 =o/ 


Eliminating y between the equations of the given surfaces, the equation 
of the cylinder with generators parallel to they-axis is 

*2+(*+2-l)-t-2r2=12. 

or * 2x 2 +3z2+2xy-2x-2z-ll=0. 

Again eliminating z between the equations of the given surfaces, the 
equation of the cylinder with generators parallel to the z-axis is 

* 2 +>’ 2 +2( 1 — x+y) 2 = 12. 
or » 3x 2 + 3y 2 — 4xy — 4x+4y — 10 = 0. 

Ex. 2. Find what loci are represented by 

(/7) x 2 +y 2 =a 2 ,x 2 =b 2 , ( a>b 2 ;, 

(//) x 2 +y 2 +z 2 =a 2 , x 2 +y2=2az. 


.. TyPC . m E * 1 1 - F “ d the equation to the cone formal by rotating 
the line z — 0, y = a* about OX. [Punjab B Sc., !9XS) 

Sol. From the note of 'Art. 2-6. the equation of the eurfoee of revolu- 
tion having the axis OX is of the form 


/(V> 2 + 2 2 , x)=0. 
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The given lino is z = 0, y= 2x. 

the equation of the required cone is 

y 2 +z 2 =4x 2 , 

or, 4x 2 —y 2 —z i =0. 


Ex. 2. Show that the surface generated by rotating the ellipse 

x 2 y 2 

a 2 + b 2 

ehout its axes are given by 


+ t r — 1. 2=0 


x* 

a 2 


+ 


y^+z* 

b 2 


= 1 , 


x z +z 

a 2 


2 


+ b 2 -1 * 


Ex. 3. Find the equation to the surface generated by the revolution of 
the circle x 2 +y- + 2ax+b 2 =0, z=0, about the y-axis. 

[Ana. {x 2 +y 2 +z 2 +b 2 ) 2 ~*Q 2 {x 2 +z 2 ).] 
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The Plane 

3*1. The plane : Def. 

A plane is a surface such that if any two points be taken on it, 
the line joining them lies wholly in the surface. 

SECTION I 

Forms of Equations of Planes 

3*2. Plane parallel to the yz-plane. 

To find the equation of the plane parallel to the yz-plane 
and at a distance d from it. 

Let P (A, n, v) be any point on the plane a meeting the x-axis 
in Ay so that OA = d. 



Draw PM perpendicular to the yz-plane. 

MP—OA, 

or, 'h=d. 
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Hence the locus of (A, y, v) is x = d, which is the required 
equation. 

Cor. Equation of the yz-plane. 

In this case d= 0. 

equation of the yz-plane is x = o. 

Note 1. The equal ions of the planes parallel to the zx-plane and xy-plane 
and at distances e and f respectively from them arc y = e and z = f. 

Note 2. Equations of the zx-plane an 1 xy-plane a^e respectively y = 0, 


3*3. General equation of the first degree ia x, y, z : Def. 

An equation of the form Ax+ By -\-Cz-\- D=0 is called the 
general equation of the first degree in x, y and z. 

3*4. General form of the equation of the plane. 

To prove that the general equation of the first degree 
in x, y and z always represents a plane. 


Proof. Let P {x x , y, z,) and Q (x„ y,, z.) be any two points 
on the locus represented by the equation Ax f- By + Czf-D =0 ...(1) 

Y Plieson(l), Ax l + By l + Cz l + D=Q ...(2) 

Y Q lies on (1), Ax., + By., + Cz,-\-D = 0 ...(3) 


Multiplying (3) A and adding to (2), we have 



D = 0 



This relation shows that the point 

/ at, +Ax, y, -fAy._, Az 2 \ 

V 1+A » l+A ’ 1+A J 

which divides the line PQ in the ratio A : 1, also lies on the locus of 

0 ). 

V A can have any value, 

/. it follows that the co ordinates of all the points on the line 
PQ satisfy the locus of (1), i.e., the line PQ, joining any two arbitrary 
points P and Q on the locus of ( 1 ), lies wholly on the locus of ( 1). 

/. by del’., Art 3 - J, the locus of (1) roust be a plane. 

This proves the proposition. 
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Note 1. Why is it called the general form ? 

Ax+By+Cz+D=0 is called the general form of the equation of the plane, 
because by proper selection of A, B, C, D it can be made to represent the equation 
of the plane in any form. 

Note 2. Number of constans in Ax+By-f Cz-f D=0. 

The equation Ax+By+Cz+D=0 can be written as 

or, 

1. A A P B r - C 

where A ± e-jy, B x s-—, Qe— . 

This shows that although the above equation contains four constants A, B, 
C, D, but in reality it cor tains only three independent constants. 

Note 3. The plane passing through the origin is Ax+By+Cz=0, because 
in this case D=0. 

3*5. One-point form of the equation of the plane. To 
find the equation of the plane through the point ( x i» Yi» 2 i)* 

Let Ax+By+Cz+D = 0 ...(1) 

be the required plane. 

V (1) passes through (x x y u z,), 

Ax x -\- By x +Cz x +D=Q ...(2) 

Subtracting (2) from (1), we have 
A{x- x x ) + B(y—y x ) + C(z -z,) =0. 

Hence the required equation is 

A (x - »!>+ B(y - y x ) + C(z-z x ) = o. 

3*6. Perpendicular form of the equation of the plane. 
To find the equation of a plane in terms of the length of the 
perpendicular p from the origin upon it and 1, m, n, the 
direction- cosines of this perpendicular. 

Let ABC be the plane. 

Let OA/(«=p) be the perpendicular from O on the plane ABC. 

A 

Let /, tit, n be the direction cosines of OM. Let e be the unit vector 
along OM. . ' 

Let i, j, k be the unit vectors along the positive axes of x t y and 
z of a right-handed system. 
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Let P(x, y, z) be any point on the plane ABC. 


Let OP be r and OP be r. 

r=xi+yj+zk. 


Also, 


But 

vectors.) 

From (1) and 


A 

e=/i-f wj-f/ik 

A 

r e=lx-\-my+nz 

A 



r.e r. 1 .cos POM , (by def. of a scalar product of two 


= OP cos POM=OM=p. 



(2), we have 


then 


lx+my+ nz=p, which is the required equation. 

Note. The vector form of the above equation i s r.e=p. 
If there by any vector e parallel to e and modulus e, 

A 

e = ee. 


Multiplying both sides of r.e=p by e. 

A 

We have e(r.e) = ep, 


<>p » r.e=>ep = q, where p=q/e. 

/ ; T '*V reprc8Cnts a ** of the perpendicular from 

the origin on It is obtained by dividing the R.H.S. by the modnlns of e. 

if a plane be 7x+9y + 3z=ll, 
then the corresponding vector equution is 
(*l+yj+zk).(71 + 9j + 3k)=ll, 

and the length of the perpendicular from the origin on it 

ii n 

V7 2 + 9* + 32~ \ZVc9 


Aliter. Let ABC be the plane and OM=p be the perpendicular 
from O on it. ' 

Let /, m, n be the direction cosines of OM. 

Let P{K (i, v) be any point on the plane. Join OP and PM. 

V 0M is a line perpendicular to the plane and PM is a line 
lying in the plane, 

/_OMP =90°. 
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Now, 0M= projection of OP on OAf, a Jine having direction 

cosines /, in, n 

or p =(A-0)/+(tx-0)w+(v-0)n, 

or /A-f /M(x+ nv== P» 



.*. locus (A, n, v) is Ix-fmy-f nz=p, which is the required 
equation. 

Note 1. Here I, m, n are the actual direction cosines of the normal to the 
plane and p is always regarded as positive. 

Note 2. Why it is called the perpendicular form ? 

It is called the perpendicular form of the equation of the plane because it 
involves the length of the perpendicular from the origin to the plane. 

Note 3. The point , where the perpendicular from the origin on the plane- 
meets the plane, is (Ip, mp, np) . 

3'7- Triple intercept form of the equation of the plane. 
To find the equation of a plane which cuts off intercepts a, b 
aDd c respectively from the axes of x, y and z. 

Let ABC be the plane cutting the axes in A, B , C respectively. 

Let OA—a, OB=b and OC=c. 

Let a, b, c be the position vectors of the points A, B , C. 

Let i, j, k be the unit vectors along the positive axes of x, y and 
z of a right-handed system. 
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or, 


OA=ai, 


AB=b j, 





b=6j, 


c = ck. 


A3=bj — ax and AC = c k — ai. 


.*. the required plane is a plane passing through A and parrallel 
to the vectors (6j— ai) and (ck — ai). 


equation of the plane is 

r = ai + 5(Z)j — ai) -f /(ck — ai)* 

-where r is the position vector of any point P on the plane whose 
cartesian coordinates are (x, y, z) and s, t are variable scalars which 
vary as the point P moves on the plane, 

or, xi -}->’j + zk = ( 1 — 5 — t)fli-l-j6j+/ck. 



Equating the coefficients of like vectors, we have 
x=( 1 — i — t)a, y ~sb, z — tc, 


x . y 

— =1 -s-t, -r =s 
a b 



Adding these re.sults, we have 


T+'h~ + ' f = l’ 

a b c 


■which is the required equation. 


Aliter. Now points P, A, B, C lie in the same plane. 


vectors AP, AB, BC are coplanar. 
their scalar triple product is zero. 


AP. (AB x BC) — 0, 
or, (r — oi)\(b} — ai)x (ck — b})] = 0, 
or, (xi-fyj + zk — ai).[fcci-f acj -f abh] = 0 
or, xbc ■ -fyac-f abz — abc — O, 



> 




Aliter. Let ABC be the plane meeting the axes in A, B and C 
respectively. Then OA—a, OB = b and OC=c. The coordinates of 
A, B, C are respectively (a, o, o,), ( o , b, o) and (o, o, c ). 


*Seo Author’fl New Text \yook of Vector Algebra % Art. 2*11. 
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Let the equation of the plane ABC be 

Ax+By+Cz+D = 0 


• • 



D 


(1) becomes x 


'c+D= 0, or, C=—D/c. 



or —4- - — + - — = i, which is the required equation. 

a b c 

3*8 Three-point form of the equation of a plane. 

To find the equation of the plane through three points 

( x i* Yi» z i)» ( x 2» ys» 2 a)> ( x 3j y 8 > *3)* 

Let a, b, c be the position vectors of the points A(x x , y v z,), 
B(x a , >- a , z 2 ) and C(x 3 , y 3 . z 3 ) respectively. 

Let i, j, k be the unit vectors in the positive directions of the 
axes of x, y and z of a right-handed system. 

a=x 1 i+j',j4- r,k. b=x,i+.y 2 j-f 2,k, 

c=x 8 i+>’ 3 j+z 3 k. 

AB—h — a and AC=c— a. 

The required plane is a plane through the point a and parallel to 
the vectors (b-a) and (c — a). 

its equation is 

r = a+j(b— a) f t(c— a), 

where r is the position vector of any point P on the plane, whose 
cartesian co-ordinates are (x, y, z) and s, t are the scalars. 
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or, r=(l — s— /)a-f sb-(-/c 

or, (xi+yj + zk) =(1 — s-t^xj -hy 1 j -fz x k) 

+s(x 2 i+.y 2 j+z 2 k) 

-M(x,i+T3j+z 3 k). 


and 


Equating coefficients of like vectors, we have 

* 1 )— t{x 3 — *i) = 0, 
{y-y 1 )—s(y 2 -y l )-t{y 3 —y l )=0 
(z—zi) -s(z z — z x ) -t(z 3 -z 1 )= 0. 
Eliminating —s and —t, we have 


01 , 


x—x x 

y-yi 

z-z, 

X — X x 

y-yi 

z-z i 

o 


*2~ 

y*- 

z„— 


*1 
y i 


*3 

y 3 


■y i 


Z,— Z- 


= 0, 


*2~*J 

z 2 -z x 

0 


*3~*1 *1 


■V3-.Fi .Vi 
z 3 z x z x 

0 1 





Adding fourth column to first, second and third columns, we 

have 



A X 2 *3 X x 


x y z 1 

y y 2 y 3 yy 

=0, or. 

*2 y 2 z 2 1 

Z z. t z 3 z x 

/ W • J 

*3 y 3 z 3 1 

1111 


*i yx z i i 


x y z 1 
*1 yy Zy 1 
x t y 2 z % 1 

■* 8 y 3 z 3 1 



which is the required equation. 


Aliter. Let Ax A- By+Cz + D=Q ...( 1 ) 

be the required plane. 

V it passes through (a'„ y lt z x ), 

Ax l + By l + Cz l +D=0 ...(2) 

V it passes through (x 2 , y 2 , z t ), 

Ax 2 -y£y z -j-Cz 2 -hD=0 ...( 3 ) 

V it passes through (x 3t y 3 , z a ), 

Ax 3 -i £y a + Cz 3 +/)=0 ...(4) 


Eliminating A, B, C, D between (1), (2), (3) and (4), we have 


X 

y 

z 

X 

*1 

yi 


I 

*2 

y 2 

z 2 

X 

*3 

y 8 

*3 

X 


which is the required equation of the plane. 
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Cor. Condition of coplanarity of four points. 

The condition that the four points (Xj, y lt Zj), (x 3 , y 2 , z i)» 
(x Zi y 3 , z 3 ) and (x 4 , y 4 , z 4 ) are coplanar is 

*i y* } 

*2 y 2 *2 = o . 

y 3 z 3 j 
** y« *4 1 


REDUCTION OF GENERAL EQUATION INTO TRIPLE 
INTERCEPT FORM AND PERPENDICULAR FORM 


3'g. To reduce the equation Ax-f-By-f Cz +D = o to the 

form (i) — =i (ii) lx-fmy+nz=p. 

a b c 

(i) The given equation is 

Ax-f Bj>-f-Cz-f D = 0 ...(1) 

Transposition gives 

Ax-}-B>> + Cz=— D, 


ABC. 

° r ’ D Z=1 ’ 


X V Z 

° r ’ (-A/D, + (-B/D) + (-C/D) *’ 

which is required triple intercept form. 


(ii) The given equation is 

Ax+B;f+Cz-|-D=0 

...(1) 

If it is the same as 

lx+my+ttz=p, 
or ix+my+nz— p=0. 

• 

...(2) 


then comparing coefficients of like terms in (1) and (2), 

/ _ m n —p 
~A~ B CT _ 1T* 


Now, each 


/= 


VP+mP+n* 

±VA*+B*+'C* 

A 

±VA ! tB ! + C» ; 


1 

iVAHBHC* ’ 

B 

m= ===== 

iVA“tB-+C J 


M = C 

±\/A 2 +B--r-C 2 
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and 


-P 

± v ahbhc * 



Case I. When D is positive. 

V p is always positive, 

J. from (4), the sign of the radical must be negative. 


from (3), /= 


V A" 


— A 
“B* 


rn = 


c- 


- B 

VA 2 + B 2 + C 2 


and from (4), 


-C 

n ~ V A*-t- b 2 +c 2 ' 

-D 

P _v/AMB 2 + C- 


D 

VAHBHO 


A (2) becomes 

A B v C 

\/ A 2 4-B 2 +C ? * \/A 2 +B 2 tC- VA*+B* + C S 

_ D 

VA*+B‘+C* ' 

which is the required perpendicular form. 

Case II. When D is negative. 

V P is always positive, 

/. from (4), the sign of the radical must be positive, 
from (3), 

A _ B 

~ A a -j-B-+c 2 ’ m VA 2 +B 2 +C 2 

c 

~ VS r +B r tC 2 


and from (4), 


-D 

Vahb ; Tc 2 ‘ 


(2) becomes 
x + 


B 


V A* + B 2 +C* VA 2 +B 2 tO 




a/ A»4-B 




D 


VA J +B 2 +C- 


which is the required perpendicular form. 

Note 1. Direction ratios of the normal to the plane. 

( Karnatak Engg., 1961) 
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If Ax+By+Cz+D=0 be the equation of the plane, then A, B, C are the 
direction ratios of the normal to the plane. 

Note 2. The R.H.S. in the above Art. should invariably be positive. 


EXAMPLES 


(A) 


Type I. Ex. 1. Find the ratios in which the coordinate planes 
divide the line joining (—2, 4, 7) and ( 3 , —5, 8 ). ( Pakistan , 1957) 

Sol. The equations of the coordinate planes are 

x=0 ...(1), y=0 ...(2), z=0 ...(3). 

Let the required ratios be : 1, X 2 : 1, X 3 : 1 respectively. 


Xj : 1, X 2 : 1, X 3 : 1 repectively are 


p PXi-2 — 5Xj+4 8x,+7 1 
UrH ’ X 1+ l * X 1+ l J' 

n P*2 ^ — 5 X 2+4 8X 2 +7 “j 

L x 2 +l * X 2 +l ’ X 2 +l J * 


«nd R r 3 X 3 — 2 — 5 * 3+4 8 X 3+7 I 

Ua + l ’ >. 3 +l * X 3 +l J’ 


v P lies on (1), .-. 

A l+* 

2 

or, X 1 =-g-. 

V Q lies on (2), =0, 

, 4 

Of, X 2 =-jr~. 

*•’ R lies on (3), 0 , 

A3+1 

7 

or, X 3 = g-- 


required ratios are 2 : 3, 4 : 5, —7:8. 


Ex. 2. Show that the plane ax+by+cz + d=Q divides the join of 
(*l» .Vi» ^i) and (jt 2 , y a , z 2 ) in the ratio 

— (ax 1 +by 1 +cz 1 +d)l(ax 2 +by 2 +cz s +d). ( Kashmir , 1958 ) 

Ex. 3. Find tho ratios in which the coordinate planes divide the line 
joining the points 

( — 1,2,3) and (3, —4, 5). ( Punjabi 1960) 

[Ans. 1:3; 1:2; -3:5] 

Type II. Ex. 1. A variable plane is at a constant distance p from 
the origin and meets the axes in A, B, C. Through A, B, C, planes are 
drawn parallel to the coordinate planes. Show that the locos of their 
point of intersection is given by * - 2 +y - 2 +x - 2 =p“ 2 . 

[ Karnatak , 1960 ; Vikram Engg., J959; Delhi Hons., 1963; Lucknow {Pass), 1964 ] 

Sol. Lot Ix+my+nz^p ... (1) 

be the equation of the piano, whore l, m, n are the aotnal direction cosines of 
the normal to the plane. 
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This plane meets x-axis (y = 0 = z) at A 


(f.O.o); 


meets r-axit* 


(x=0 = r) at B ^0, 0^ and meats z-axis (jr=0 = y) at C (o, 0, 

The planes through A, B, C parallel to the coordinate planes x = 0, v— ' . 
2 = 0 respectively are given by the equations 


p p p 

x=J r> > *= — 

l m tx 


Let these planes meet in the point (X, [i t v) 

P P i P 

X IX V 


B\'t 


P + m* + lfle*l. 
p2(X-2 + H" 2 + V- 2) = 1. 


locus of (X, ti, v ) * 8 

x-2+y- 2 +z- 2 =p- 2 . 

Ft 2. A variable plane which remains at a constant distanco 3 p from 
the origin, cuts the coordinate axes in A, B, C. Show that the locus of the 
centroid of the triangle ABC is x~ 2 +y~ 2 + z~ 2 =p~ a . 

(Karnatak Engg., 1961 ; Punjab B Sc.. 1958 S. ; Lucknow (Pass), 1961 ; 

Patna, 1963 ; Punjab T.D.C., 1964 .9) 

Ex. 3. A variable plane is at a constant distanco p from the origin and 
meets the axes in A, B, C. 

Show that the locus of the centroid of tho totrahodron OABC is 

x~ 2 +y- 2 -\-z~ 2 =* 1G p~ 2 . 


Type III. Ex. 1. A point P moves on the plane 


+ i 

b c 


which is fixed, and the plane through P perpendicular to OP meets the 
axes in A, B, G. If the planes through A, B, C parallel to the coordinate 
planes meet in a point Q« show that the locus of Q is 


x* y* x* ax by 


by cx 


( Allahabad , 1962) 


Sol. The given fixed plane is 


abc 


•••(») 


Let the point P be (a, (J, y). 


V Plies on (1), 


-X+ JL+ X 

abc 


...( 2 ). 
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Any plane through P is 

A(*-a)+B(y-P) + C(z-. Y )=0 ...(3) 

If it ia perpendicular to OP, then the normal to the plane, whoBe 
•direction ratios are A, B, C, is parallel to OP, whoso direction ratios are a, (5, y. 

~= .2. 

a 0 T * 

(3) becomes a(Ar-a)+?(y-P)+Y(r-Y) = 0, 

or, ax+$y+ yz=<x 2 +£2+y 2 . 


It meet3 the axes of coordinates in points A, B, C whose coordinates are 
■respectively 

*2 + p2 + Y 2 nn l « 2 + P 2 +r 2 ^ fr, «2 + P 2 4-Y 2 


( 


,o,o), (o. 


-,o), (o.O, 


-) 


Planes through A, B, C parallel to YOZ, ZOX and XOY planes are 
•respectively 


x — 


* 2 + 0 2 + Y 2 


_ 0 2 + 32 +y 2 

0 


« 2 +P g +Y g 

Y 

Lot these planes meet in Q (X, p, v). 


^_a 2 + p2 + Y 2 x 2 + 32 +y 2 

A — U. =3 — — ■ - ■■ ■ 


a 2 + P 2 +Y 2 


Now, 


0 

J_ _1_ 1 a 2 + P 2 + Y 2 

X- ‘ r {*2 "»■ v 2 ( a 2 + p2 +Y2j 2 


Y 

1 


a 2 + P 2 +Y 2 


•and 


oX b\L cv 


a 


T+- 

6 c 


-L+ — + — 

X“ ^ u2 ^ V 2 


« 2 +0 a +Y 2 

1 

~^ 2 +0 2 +Y 2 * 




using (2). 


1 


flX biL 


• • 


locus of (X. 11, v) is 


-L+ J_ + _L 

AT- ^ y2 ^ 22 


— + _L + J_ 

OX cz 


Ex 2 A plane triangle, sides a, b, c is placed so that the middle points 
of the sides are on the axes. Show that if a, 0, y are the intercepts on the axes, 

a ‘‘ == B (6 hr a-), 0 2 = |(g- + c 2 — 6 2 ), y 2 = < (a2-j-6 2 — c 2 ) and that the coordinates 
of the vortices are (-*, (5, Y ), (a, -0. y) and (a, 0, — Y ). 

Type IV. Ex. 1. Find the equation of the plane through the three 

points (0, 1, 1), (1, 1, 2), (—1, 2, -2). [ Punjab (Pakistan), 1957 ] 

SoL Hero x 1= =0, x 2 =l, x 3 =-l. 

>'i =1 . ^2=1. >’s=2. 

*1-1. ’2 = 2, -3 = — 2. 
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Using Art. 38 , we have 

x y z 1 
0 111 

= 0 

112 1 

-1 2-2 1 


1 

1 

A 

1 


y 

z 

1 


y 

z 

1 

1 

2 

1 

+ 1 

l 

1 

1 

+ 1 

i 

1 

1 

2 

2 

1 


2 

-2 

1 


i 

2 

1 


or, a [(2 + 2 )— l(l-2)+l(-2 — 4)l + [>-(l + 2) — _-(l— 2)+!(-2-2)] 

+[>*0 — 2) — 2(1 — 1) + 1(2— 1)J = 0, 

or, — * + 3>-+z-4— y+l=0, or, x - 2>— j + 3 - 0. 

Ex 2. Find the equation of the plane through the following points : 

(Jodhpur Engs . 1963) 

(i) (I. 1. 0), (-2, 2. -1) and (I, 2, 1). 

Also find the intercepts the plane makes on the uses. 

(Jodhpur Engg„ 1963) 

(ii) (8, -2, 2). (2, I. —4) and (2, 4, -6). 

[Ans. (/) 2x + 3>-— 3z— 5=0, ;, », _• ; (//) 2 a-2>--3z = 14.) 

Type V. Ex. 1. Prove that the four points (0, —1, 0), (2, 1, — 1 ), 
(1, 1, lj and 3, 3, 0) are coplanar. 

( Delhi Hons , 1950 , Nagpur, J955S; Kamatak Engg., 1961 ; Punjab B.Sc , 1964 S.) 

Sol. Let i, j, k be the unit vectors ulong the positive axos of a, y and z 
of a right-handed system. 

Let the four points bo A, — j ; B, 2i + j— k ; C, i + j + k ; D. 3i + 3j 
respectively. 

Krorn (A) of Art. 3 8, the equution of the piano ABC is 
rr= ( 1 A ’“0( — j) + -*(2i + j— k) + /(i+ j-fk) 

If D lies on ( 1 ), then 

3i + 3j = (2i + /)i + (2j + 2r^i; j + (/_ 5 )k. 

Equating coellicionts of like vectors, wo have 

2s + t = 3, 2* + 2/-l = 3, /-5 = 0. 

Solving first two equations, 

s=\, 1=1. 


These values satisfy the third equation. 
Hence A, B, C, D arc coplanar. 
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Aliter. The plane through the psints (0, — 1, 0), (2, I, —1) and (I, 1, 1) is 

x y 2 \ 

0-101 

= 0 , 

2 1-11 
1111 


or, x 


I - 1 

0 

1 


y 

z 

1 


y 

z 

1 

J 1 

-l 

1 

+2 

-1 

0 

1 

-1 

—1 

0 

1 

j 1 

1 

1 


1 

1 

1 


1 

-1 

1 


= 0 , 


or, X[ — 1 ( — 1 — 1)-+- 1(1-4- 1)] 

+2[>’(0— 1) — r (— 1 — 1)+(— 1— 0)]— l[y(0+l)— z(— 1— 1)+1(1— 0)]=0 

or, 4a:— 2y+4z-2-y—2z- 1=0,3 

or, 4a: — 3y+2z — 3=0. 

The point (3, 3, 0) lies on it. Hence the given four points are 
coplanar. 

Ex. 2. Prove that the following points are coplanar : 

(1) (0,-1. -1), (4,5. 1), (3,9,4), (-4,4,4). 

(«) ( 1 , 1 . 0 ), (- 2 , 2 ,- 1 ). ( 1 , 2 , 1 ), ( 1 . 0 ,— 1 ). 

(Agra, I960 \ Bihar , 1960 ; Punjab B.Sc , 1965) 

Type VI. Ex. 1. Find the equation of the plane that passes through 
( 2 , — 3 , 1) and is perpendicular to the line joining the points (3, 4, —1), 

(2. — 1, 5), (Punjab, 1964 ; Ranchi , 1963) 

Sol. The direction ratios of the join of the points (3, 4, — 1) and 
( 2 , —1, 5) are 3— 2, 4— ( — l), — 1—5, or 1, 5, — 6. 

Now any plane perpendicular to this line will have 1, 5, —6 as the 
coefficients of x, y, z respectively in its equation. 


Lot the piano be a:+5>’— 62 = k. 

V it passes through (2, —3, 1), 

(1) becomes A:+5y— 62 + 19=0, 


...( 1 ) 


.*. *=-19. 


Ex. 2. O is the origin and A is the poinf(o. b, c ). Find the 'direction 
cosines of OA ond deduce the equation of the plane through A at right angles 

to OA. (Patna, 1960) 

[Ans. ax+by+cz^at+tf+c*.] 

Ex. 3. If the axes are rectangular, and P is the point (2, 3, —1), find 
the equation of the plane through P at right angles to OP. 

(A.M.I.E., Nov. 1956 ; Patna , 1962 S .; Sugar B.Sc., 1962) 

[Ans. 2x+3y— r=14.] 
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3 io. Angle between two planes : Def. 

The angle between two planes - and a is the angle which the 
positive direction of a normal to the plane - makes with the positive 
direction of a normal to the plane a. 


and 


3 ii. To find the angle between the two planes A,x-f 

+ C,z-f Dj = o and A 2 x + B 2 y + C 2 z-f-D 2 = o. 

The given planes are A,*-f Bj’-f-Qz+D^O. ...(1) 

A 2 x + B 2 j'-f-C 2 z-f D 2 =0. ...(2) 

Let e be the angle between (1) and (2). 

The angle between (1) and (2) 

=the angle between their normals. 

The direction ratios of the normals of (1) and (2) a^e respec- 


tively 


• • 


cos e 


A i> C, and A*, B 2> C 2 . 

= _ __^i A 2 +B„ B 2 +C, C 2 
VA^+B^+C,* V A a 2 -f B 2 2 -+• C 2 a * 

= cos -1 £ _ A 1 A 2 -EB 1 B e+ C l C, 


Hence 0 - 

Va^+b^+cv VaJ+b^+c 

Note. 1. Complete angle formula. 


2 


.]• 


The complete angle formula is given by 1 

cos 0 = 4 - ( A i^t +BiB 2 +C x C 2 \ 

v y/ A 2 t + B^ + Cz' ) 

Note 2. Angle formula In terms of tan 0. 

cos 0 = [A 1 A 2 -fIi 1 B 2 + CjCa.j/VA^+B^TC^ ^ Z jf + + Ca , 

Also, sin 0 t= V(Pi<-2 — + (A.B, — AoB.l^ 

v/A^-fB^-fC,^ y/ A 2 * + B 2 M-C 2 2 

tan 0 “ [^(BiC*-B 2 C l )* + (C 1 A 2 -C 2 A,)*+(A 1 B 2 -A I B 1 iS]/ 

( Aj A 2 -f Bj B 2 -f C|C 2 ) 

3*ia. Condition of parallelism and perpendicularity 
Find the condition that the planes A,x+ B,y-f-C,z-f D, =o and 
A 2 xTB a y-f C 2 z + D 2 =o are (i) parallel and (ii) perpendicular. 
Let 0 be the angle between the planes. 

(0 If the planes are parallel, 0 = 0. 
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tan e = tan 0 = 0, or, 

[VS(B 1 C !! -B ! c 1 )*/(A 1 A 2 4 b,b 2 + C,C 2 }]= 0, 
or, (BjCj— B 2 C 1 ) 2 + (C,A,- C 2 Aj)* + (AA-A^,)*- 0 
BjQ-BjC^O, C 1 A 2 -C 2 A 1 =0, A,B 2 — A,B,= 0 
A B C 

i=— is the required condition. 

Ag B 2 C 2 

(li) If the planes are perpendicular, 0=90°, 

cos 0=cos 90°=0, 

or Aj A 2 -f-Bi C 2 =o, 

which is the required condition. 

Note I. The converse of the above is also true. 

Note 2. The equation of any plane parallel to the plane Ax+By+Cz+D=0 * 
is Ax+By+Cz+X=0, where X is determined from the additional condition provided! ' 
in the problem. 


EXAMPLES III (B) 

Type I. Ex. 1. Find the angle between the planes 2x— y+z=6». 
x + y+2z=3. ( Delhi Hons., 1945 ) 

Sol. Here Aj=2, Bjta — 1, Cjsl, D,= — 6 ; 

A a = 1, B 2 =l, C a =2, D*=-3. 

Let 0 be the required angle. 

. _ Q ft 2.1-K—l), 1 + 1(2* _ 3 _ 1 

‘ = V'22+(_l)2+l2 y'i2 + iz + (2)a 6 2’ 

0-60°. 


Ex. 2. Find the angle between the planes : 

(/) 2x+2y+z=5, 3x—2y — z=6. 

(//) *— y+- + l=0, y—2x—6z=5. 

[ Ans C08 ' 1 (i7Tr) 00 KVrir}I 

Ex. 3. Prove that the planes 
(/) 3x— 2>-+z+ 17=^0 

and 4x+3y— 6z+25=0 are at right angles. (Raj. Eng i., 196 iy 

(ii) x+2y+2z=0, 2x-\-y—2z=0 are orthogonal. Also find another- 
plane through the origin which will bo perpondioular to each of the planes. 

(Calcutta, 1961) 
[Ans. 2x— 2y+z=0.} 

Type II. Ex. (i) Find the equation of the plane through (0, 1. —2) 
parallel to the plane 2x— 3y+4z = 0. 

(ii) Find the equation of the plane through (—1, 1, 1) and (1,-1, 1) 
perpendicular to the plane x+2y+2z=5. (Bihar, I960S ; Bhagalpur , 1962S)> 
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Sol. (i) Equation of any plane parallel to the given plane is 

2x-3>'+4z+X=0 ...(1) 

V (1) passes through (0, 1,-2), .*. X=ll. 

(1) becomes 2x — 3y+4z + 11=0. 

(//) Let the required plane be Ajr-fB>'4-Cz4-D = 0 ...(1) 

V (1) is perpendicular to the plane x-f-2.y-f-2z = 5. 


-and 


-or 


A + 2B+2C=0 

V (1) passes through (—1, 1, 1) and (1, —1, 1), 

— A-f-B-j-C-f-D=0 

A-B+C+D=0 


Subtracting (4) from (3), we have 

-2A+2B=0, or 


A = B 


From (2), we have 


3B= — 2C, 

2C 
3 

2C 
3 


B = — 


A = — 


From (3), 


D=-^+ 2 £-c=-c. 


or 2P 

(1) becomes x y+Cz— C=0, 


or. 


2x + 2y-3z+3=0. 


...( 2 ) 

...(5) 


Ex. 2. Find the equation of the plane through the 
(/) point (2, —3, 4) and parallel to the plane 2x—5y — 7z=6. (Bihar, 1961) 
(/7) point (1, 2, 3) and parallel to the plane 3x+4 y — 5z=0. ( Paina , 1962) 
(iii) points (2, 2, 1), (9, 3, 6) and perpendicular to the plane 

2x+6>»+6z=9. 


(Patna, 1961 S) 
[Ans. (i) 2x— 5y— 7z + 9=0 ; 
(ii) 3x+4y — 5z + 4 = 0 ; 
(iii) 3x+4y-5z-9 = 0.1 


Ex. 3. Find the equation of the plane through (/) (2,-3, 1) normul to 
the line joining the point* (3, 4,-1) and (3, -1, 5). (Calcutta, 1963) 

[Ana. 5y— 6z+21-=0J 

(ii) the point (2, 5, —8) and perpendicular to each of the planes 

2x-3y + 4z+l=0, 4x+y— 2z + 6=0. (Calcutta, 1962) 

[Ana. x+ lOy-f 7z+4=0.1 


E*. 4. Find the equation to the plane through the point (-1, 3, 2) and 
perpendicular to the planes x+2j>+2z=5 and 3x+3y+ 2z=8. 

(Lucknow (Pass), 1961) 
[Ans. 2x-4y + 3z-f8=0.] 
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section in 

POSITION OF POINTS WITH RESPECT TO A GIVEN PLANE- 

PERPENDICULAR DISTANCE FORMULA 

3*13. To show that the points (x l9 y lt z x ) and (zj, y 2 , z 2 ) lie 
on the same or opposite sides of the plane Ax-f-By+Cz+D=0' 
according as the expressions Ax^Byj+Czj-fD and! 
Ax 2 4-By 2 +Cz 2 -fD are of the same or opposite signs. 

Proof. Let the given plane n be Ax4*By4-Cz4-D=0 ...( 1 ) 

Let P and Q be the given points (jt 1# y 1} z x ) and (x a , y a , z*) 
respectively. 


or, 

or, 


Let the plane tt divide PQ in the ratio A : 1 . 

The point R which divides PQ in the ratio A : 1 is 


( 


Ayt+y, ^ z i 


A 4- 1 ' A+l 

it lies on the plane (1), 
Ax a 4-x 


a+i ) 




■)+, re? )«<??? )«-“• 


A+l J"\ A+l J ‘ "V At 

A ( Ax a 4- * 1 ) 4- B(Ay a + y ,) + C(Az 2 +* 1 ) + D(A+ 1 ) = 0, 
A( Ax 2 4~ By a H- Cz a 4~ D) + ( Axi + By a + Cz x 4- D) = 0, 


or A = — ( A Xx 4- By , + Cz! -r D)/( A a * 2 + By 2 + Cz 2 4- D) 


•••( 2 ) 


Now ( 1 ) If Ax 1 4 -By 1 4 -Czi 4 D, Ax 2 4-By 3 4-Cz 2 4-D are of the 
same sign, then from (2), A is negative. 

.*. PQ is divided externally by the plane, 
i.e. t P and Q lie on the same side of the plane (1). 

' («) If A x x 4- Byj 4- Czx 4- D and Ax, 4- By 2 4- Cz 2 4 - D are of oppo- 

site signs, then from (2), A is positive. 

/. plane (1) divides PQ internally, 
i e$ £ and Q lie on opposite sides of the plane (1). 

This proves the proposition. 

Cor. In case D is positive, the expression Ax 1 4-By 1 4-Cz 1 4-E> 
is positive if (x^y^Zj) and the origin lie on the same side of the plane 

Ax 4- By --I- Cz 4- D = 0, 
and negative, if they lie on opposite sides. 
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3' 14. To find the length of the perpendicular from the 
given point (Xj, y„ zj upon the plane lx-f-my-f nz=p. 

Let P be the point (*„ y lt z x ) and ABC, the plane 

lx+my+nz=p ...(i) 

Draw PL perpendicular on the plane ABC. Let PL be d. Let OM 
be perpendicular from O on the plane ABC. 



OM=/? and the direction cosines of OM are I, m , n. 

Through P draw a plane parallel to the plane ABC to meet OM nro* 
duced in N. y 


ON«=OM+MN=OM-f-LP=/?-|-</. 

The direction cosines of ON are also /, m, n. 

equation of this plane parallel to (I) is 

lx+my + nz=:p + d. U L n 

V it passes through P, ^ t 0 . 

lx 1 -{-my l -^-nz l =p +d. 

Hence d=I,x i + my 1 -fnz 1 — p. 


Note. 

of the plane. 


.I" ! he ° bOVe , " ves “* a 'l°" have taken O and P on opposite sides 
!J (hey he on the same side of the plane , then we shall have 

d = -('*!+ my x + nz L -p ) . 
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g* 15. To find the length of the perpendicular from the 
given point (x 19 y w Zj) upon the plane 

Ax -f By + Cz -f D == o. 



Let P be the poim (*„ y v r,) and ABC, the plane 

Ax+ By+Cz -f-D=0 ' ...(1) 

Draw PM perpendicular to the plane ABC. 

Let PM be d. 

Let us take Q(a, (3, y) any point on the plane ABC. 

Aa+B(H-Cy+D=0 ...(2) 

Join PQ and MQ. 

Let 6 be the angle MPQ. 

Now, angle /_ PMQ=90°. 

.'. PM = PQcos0 ...(3) 

But PM is normal to the plane ABC. 

its direction ratios are A, B, C, 
or, its direction cosines are 

ABC 
V A a -FB i -t-C“ * VaHBHC 2 * VAHBHC 2 ' 

The direction ratios of PQ are x 1 — a, y x — p, z x —y. 

direction cosines of PQ are 

*i~ a yi-P z»-y 

-v/S^-a) 2 * VS(jr,— a) 2 * V 2{x x - a)* 
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a— ^(*i~ g ) + B(,y,-3 >-j-C(2, -v) 

VA^+BW V^Uj-^ap" 

Also, PQ= (Xj —a) 2 . 

(3) gives 


Hence 


Afe.-*)+ B 0'i-PH-C(z,- Y ) 

= As,-fBp,+ Cz,-(A«+BB-t-Cvl 

Va^+b^+c 2 * 

.i__ Ax 1 + By 1 + Cz,+-D 

~ VA 2 +B i! + C a ’ “ Smg < 2 >‘ 


Note. Complete perpendicular distance formula. 

The complete perpendicular distance formula is 
± {AXi + Dy x + CZi+D^Ai+Bi + Ct. 


EXAMPLES III (C) 

Type I. Ex. l.^Show that the two points 2, 
opposite sides of the plane meeting the axes 
centroid of the ^ABC the point (1, 2, 4). 

Sol. Let the plane be 



mooting tho axea in A, B, C respectively. 


3. -5) and (3, 4, 7) lie on 
in A, B, C such that the 

(Raj. Bngg., I963S.) 



co-ordinatos‘ , of A, B. C are respectively 

(o, 0, 0), (0, b, 0). (0. 0, c). 

By the problem, 

o +0+0 . 0+6+0 „ 

i 3 =2. 


0+0 + c 


or a=3, 6 = 6, c=12. 


.*• (1) becomes -^- + ..£__i f_ . n 

a 6 T 12 ~ 


we have 


3 6 12 ...( 2 ) 

Substituting the points (2. 3. -5) and (3,4.7) in the L.H.S. of (2). 


T+T 


or 


12-1 and ^-+± + _Z._ | 


plane. 


—i and 5. 

*.' tho results aro of tho opposite signs, 

th. pointa (2, 3,-5) and (3. 4, 7) lie oa tha opp M it 8 of 
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t . 2. Show that the points (1, 1, 1) and (— 3, 0, 1) lie on opposite sides 
of the plane 3 — 12 z+ 13=0. 

Ex. 3. Are the points (2, 1, 1) and (2, 5,-1) lie on the same or opposite 
sides of the plane x-2y— 3r+4=0 ? [ Ans. On opposite sides] 

Type 11. Ex. 1. Two systems of rectangular axes have the same 
origin. If a plane cuts them at distances a, b, c and b', c' respectively 
from the origin, prove that 

j_ . J. J___ J_ , J_ . JL 

m* + b 2 + c* a ' 2 + b' 2 ^ c' 2 ‘ 

(Agra, 1953 ; Delhi Hons., 1956 ; A M I E. May , i960 ; Vikram 1962 ; 

Aligarh, 1961) 

Sol. Let OX, O Y, CZ and OX lt OY Xf OZ 1 be the two systems of rectan- 
gular axes with a common origin O. 

The equation of the plane with respect to the axes OX, OY, OZ is 

and the equation of the plune with respect to the axes OXj, OYj, OZ x is 

JL+ JL = \ ...( 2 ) 

a' + b' + c' 

Wo know that from u point external to a plane one and only one per- 
pendicular can be drawn. 

tho lengths of the perpendiculars from the origin on (1) and (2) 
representing tho same plane must be equal. 

1 1 


a b c 




(Art. 315) 


or 


1 


1 


1 


fl 2 + 1)1 + c- 


1 , !,i 

a >i~r fr’z'T c -2 


Ex. 2. The sum of tho squares of the distances of a point from tho planes 

x+y+z=Q, 

X-2y+z^0 

b equal to the square of its d it t unco ficm the plone x«=Z. Provo that tho 
equation of the locus of the point is 

y 2 +2zx=0. (Delhi Hons., 1955 ; Patna , 1959 S .) 

Ex. 3. Find tho locus of u point the bum of tho squares of whoso 
distances from tho planes x+y+z=0, 

x — r=0, 

x —'2y + z=0, is 9. [Ans. x2+y 2 +z 2 =9.] 

( Karnatak Engg., 1961) 

Type 111. Ex. 1. Find the distance between the parallel planes 

2x— 2y + a + l=0 
and 4x— 4y + 2z+3=0. 


Sol. Let (Xj, y\, z{) be any point on the plane 

2x~2y +r+l=0 
2x x — ^1+11+1=0 


...( 2 ) 
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Now, 'length of the perpendicular from (x u y lt z,) on the plane 

4x— 4>>4-2z4-3=»0 is 

4 x J ~4y 1 +2z l + 3 

\/lb+16+, 

2 ( 2 x } 2 _> , i+zj)4-3 
6 

•'* the perpendicular distance between the given planes 
_ 2(2x 1 -2>- 1 +z 1 )+3 2(— 1) + 3 . „ 

6 = 6 * Using (2) ' 

1 

6 * 

Ex. 2. Find the distance between the parallel planes : 

(/) 2 x- 2 > , 4 -z + 6 = 0 , 4x— 4_v-f2z-t-7 = 0 . 

(") x 4 - 2 j> 4 - 2 z 4-3 = 0, x+2y+2z + 7=0. 

(Hi) x -2y+2z-Q=0, X -2y+2z+l9=0. 

[Aim. S ; J ; 9.] 


SECTION IV 

PLANES BISECTING ANGLES BETWEEN TWO 

GIVEN PLANES 

3 *6. To find the equations of the planes bisecting the 
•angles between the given planes 

Ax 4- By Cz -f D = o 

A'x-f B'y-}-C'z4-D' = o. 

Let P(A, {x, v) be any point on either of the bisecting planes. 


■and 


Draw PM and PN perpendicular from P on the given planes 


and 


• • 


Ax + By+Cz + D=0 
A'*-fB> + C'z+D'=0 

PM = PN, 


...d) 

...( 2 ) 


or, 


•or, 


± ( AX + B l*+ Cv + D \ , / A'A-fB>- f C'v + D' \ 

V V A z 4-B‘‘ ! 4-C 2 ) \ v/AHB'W ) 

( AA + Btx+Cv + D \ f A/A-+ B' ( x4-C'v-f D'\ 

V VA*4-B‘ + 0 ) rvAHB'HC' 2 )' 

. locus of (A, (X, V) is 

/ A»+By+Cs +D \ _ / A'x + B'y + C'z-fD' 

V \/A*4-B*4-n2 / ± \ VA 77 ^ 




V A 2 4-B 8 -f-C 2 / V y/ A'^4- B ,;4 4- C 
which are the required equations of the bisecting planes. 

Note 1. To distinguish between the two bisecting planes. Let P 

e any point on the plane bisecting that angle between the given planes 
•which contains the origin. 
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P and origin O lie on the same side of both the planes. 

if the equations of the planes be 
Ax+By+Cz+D=0 
and A'x+B'y+C'z+D'=0, 

where D and D' are both positive or both negative, then the perpendiculars from P' 
on the planes must be both positive or both negative ; 

i.c , Ax x +By x + Cz x +D and A'x x +B'y x + C'z x +D‘ must be both positive or both 
negative. 

.*. the bisecting plane of (he angle between the given planes which contains 
the origin is 

Ax+By +Cz+D A'x+B'y+C'z+D ’ 

VA*+B* + C*~ ~ y/A'*+B'*+C'* * 

provided D and D ' are both of the same sign. 

The equation of the other bisecting plane is 

Ax+By + Cz + D A'x+B'y+C'z+D' 

y/A* + B*+&~ = ~ VA^ + B-z + C'Z 

Note 2. (/) If the origin lies in the acute angle between the planes, then the- 
angle between the normals to the planes is obtuse , l.e., cos 0 is negative. 

.’. AA'+ BB'+CC' is negative. 

( ii ) If the origin lies in the obtuse angle between the given planes, then the 
angle between the normals to the planes is acute, l.e., cos 0 is positive. 

AA' + BB'+CC' is positive. 

( The converse is also true.) 


EXAMPLES III (D) 

Type I. Ex. 1. Find the bisecting plane of that angle between the- 
planes 3x — 6y 4-2z 4-5 = 0 and 4x — 12y+3* — 3 = 0 which contains the origin. 

Sol. The equations of the given planes are 

4x-12y + 3z-3 = 0 ...(I) 

and — 3x+6y— 2z— 5 = 0. •••(2) 

.*. equation of the plane bisocting the angle between (1) and (2) whioh 
contains the origin is 

Ax— 12>--f3r— 3 . / — 3.r+6y— 2z— 5 


\/l6+l*4+9 V9 + 36+4 

7(4.x-12y+3z-3) = 13(-3.v+6y-2z-5), 
67 jt — 1 62>- -J- 47r 4- 44 = 0. 


< 


or, 

or, 


) 


Ex. 2. Find the equation of the bisecting plane of the angle between the- 
following pairs of pianos which oontains tho origin : 

(I) x + 2y+tz=9, 4x-3y+12z+13=0. 

(ii) 7jr4-4y4-4z4-3 = 0, 2*4-.V+2z4-2=0. 

[Ana. 25x4-17y4-62z— 78=0 ; 

x+y- 2z=3> 
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Tvoe II Ex 1. Find the bisector of the acute angle between the 
planes 2x-y+2z + 3 = 0, 3 *-2 y + 6z + 8 = 0. < Punjab B.Sc . *«■*.. 1W, 


Sol. The given plano3 are lx— y-{-2z + 3 — 0 
and 3x-2y+6z+8=0 

Equations of the bisecting planes are 

2x-y4-2z + 3 / 3x-2y-f 6z+8 \ 

V V9+4+36 ! 

or. 14x— 7y-l- 14z+21 = i(9x— 6y+18r+24) 

Taking the positive sign, we have 

14x — 7y + Mz + 21 =9x — 6y 4- 18z + 24, 
or 5x-y-4z-3 = 0 

Taking the negative sign, we have 

14 X _ 7y + 14z+21=— 9x-f 6y-18z~24. 
or, 23x-13>> + 32z+45 = 0 

Consider bisecting plane (4) and the given plane. 

Let 0 bo the angle between them. 

2(23) — (1)( — 13)4-2(32) 


...( 1 ) 

...( 2 ) 


-(3) 


.. (4) 


123 


cos 0 = 


Now, tan 0 


^44-1+4 y/ (23) 2 + ( — 13) 2 -+-(32) 2 (3) (\/l722) * 

Zy/*T _ ’ 


/_1L 

\/ 1 72i 


Wvm 'V ,7 ^ V42 ’ 

which is numerically loss than unity. 

... the bisecting plane (4) is the bisecting piano of the acute angle. 

Ex. 2. Find tho bisecting plane of the obtuse anglo between the planes 
3 x+ 4 y _5z+’l=0 and 5x + 12y-l3z = 0. [Ans. 14x-8y + 13 = 0.] 

Ex. 3. Find tho equations ot tho planes bisecting the angles between 

tho planes’ x+2y+2z= 19, 4x-3y + 12z + 3 =0 ; and point out which bisects the 

acute angle. [A- x + 35y- 10z-256=0. 

25x+17y+62r— 238 = 0 ; 

tho latter bisects tho obtuse angle.] 

Type III. Ex. 1. Find the equation of the plane which bisects the 
obtuse angle between the planes x+2y-2z=9 and 4x-3y + 12z+13 = 0. 

Does the origin He In the acute or in the obtuse angle between the planes? 

1959) 


Sol. The given planes are 

-x-2y+2z+9 = 0 
and 4x— 3y+12z+13 = 0 

Now , A A'+BB'+CC' = ( - 1 ) (4) + ( — 2)(-3) + 2( 1 2) -26, 

which is positive, 

... the origin lies in the obtuse angleb etwoon tho pianos. 


• ••(I) 

..-( 2 ) 
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The bisecting piano of the angle between the given planes which contains 
■the origin is 

— x— 2y+ 2z+9 _ + / 4x— 3y+ \2z+ 1_3_ \ 
l -t-4+4 V y/ 16-h9+144 /' 

or, - 1 3x-26y+26z + 1 1 7 = 12x-9.y+36z+ 39, 

or, 2,5x+\ly 4- lOz— 78=0 ...(3) 

V the origin lies in the obtuse angle, 

(3) gives the bisector of the obtuse angle between (1) and (2). 

Ex. 2. Show that the origin lies in the acute angle between the planes 

x+2y+2z~9, 4x—3y+ I2z + 13 = 0. 

'Find the plane biseoting the angles between them, and point out which bisects 
•the scute angle. ( Punjab (. Pakistan ), 1956 S ; Raj., 1954) 

[Ans. 25;t-{-17 i )'-f62z— 78=0 
(bisecting plane of the Jicute angle) ; 

x + 35y-10z- 156-0.) 


SECTION V 


PAIR OF PLANES 


3*17. To find the condition that the equation 

ax 2 -f by 2 -f cz a + 2fyz + 2gzx 2hxy =0 

may represent a pair of planes. 

Let lx+my+nz=0 ...( 1 ) 

and /'^m>+n'z= 0 ...(2) 

be the two planes represented by the equation 

ax 2 -\- by 2 + cz-+2fyz+2gzx+2hxy=0 ...(3) 

•*• a * 2 + by 2 4- cz z + 2 fyz 4 - 2gzx-\- 2 hxy 

=(lx+my+nz)(l'x+m'y+n'z). 


comparing coefficients of like terms, we have 


mm’=b> ...(4) 
nri=c \ 


mn' + m'n=2f) 
and nl'+n'l=2g > 
lrri + l'm=2h) 


Now, 


! / 

i 

0 


i 

l 

0 

m 

m' 

0 

X 

rri 

m 

0 

n 

n' 

0 


ti 

n 

0 



2 W' Im'+l’m l'n+lri 

= Im'+l'm 2 mm’ mn'+m'n 
In' + l'n mri 4 m'n 2 nr! 

(Note this step.) [See Author’s ‘New Text-book of Higher Algebra’.] 
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2//' Im'+l'm Vn + lri I 

Im'+l'm 2 mm' mn'+m'n =0, 
In' In mn'+m'n 2nn' | 

2 a 2 h 2 g | 

2 h 2b 2/ =0, using (4) and ( j), 

2 g 2/ 2c | 


a h g 

h b f 
g f c 



or, a(bc-f 2 )-lt(ch—fg)+g(hf- bg) = 0 , 
or , abc — of 2 — c/z 2 -f / gh 4/ g/z — bg- = 0, 

or, abc + 2fgh — af 2 - bg 2 — ch- = o, 

which is the required condition. 


Note. The converse of the above is also true. 


318. If the equation ax '-'4 by 2 4 cz 2 4 2fyz42gzx42hxy = o 
represents a pair of planes, to find the angle between them. 

Let 0 be the angle between the planes lx+my+nz^0 and 
1 n'z=0 represented by the equation 

ax 2 +by 2 +cz'-‘+2f yz + 2gzx+2hxy - 0. 

.*. as in Art. 347, ll'=a ) mn' + m'n=2f ) 

mm’=b > nl'+n'l=2g > 
nn’ = c J lm' 4 l'm=2h J 

• tan Q — ^V nn '- m ' n ?+( n l'--n' l ) z -* Kim’ -I'm)* 

U' + mm'+nn' 

V (mn’ 4 m'nf—imm'nn' 4-(w/'+#i7)*— 

= +Um' + l'my-- 4ll'mm' 

11' -\-mrri +nri 

= V ‘H/ 14 -6c) + 4(g 2 — ca)44(/z 2 — ab) /( a+b+c ) 

0 = tan _1 [2 V f*4B*H-k* — be— ca— ab/(a4b4c)], 
which is tbc required angle. 

Note. The condition that the two planes represented by the above equation 
are perpendicular /ja-fb + c = 0. 


EXAMPLES III (E) 

Ex. 1. Prove that the equation 2x* — 6y 2 — 12z 2 418yx-f-2zx+xy = 0. 
represent! a pair of planes, and find the angle between them. 

(Punjab, 1957 S ; Punjab D.Sc.. 1963 ; Nagpur, 1956S, 1957 ; Karnatak, 1959) 
Sol. The given equation is 

2x 2 — 6y 2 — 1 2 z 2 -f 1 8 yz 4 2zx 4 xy *= 0. 
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Here fl«=2, b=- 6, c=- 12, f=9, g= 1, h=\. 

abc+2f gh-of2-bg*-ch*=U4+3-\e>2+6+3=0. 

it represents a pair of planes. (Art. 3*17). 

Let 0 be the required angle. 

tan 0 = 2v/Bl + l + ‘_72+24+I7/ (-16) (Art. 3- 18) 
= V 324+4+ 1—288+96+47 / (-16). 

acute angle is given by tan 0 — 


C09 0 


16 
21 ’ 


or, 0 ■=> cos 


- G? )• 


Ex. 2. (/) Prove that the equation 2x*—y*+z z +xy+3zx—2x+y— z 

=0 represents a pair of planes, and find the angle between them. 

[An8. COS -1 J-v/2,] 

(//) Show that the equation 6x*+4y2-l0z*+3yz+4zx— llxy=Q 

represents a pair of planes. Find the equations to the planes and tho angle 
between them. 


[ Ans. 3x-4y+5z=0, 2x-y-2z=0 ; y 1 


Ex. 3 . If the equation 0 (x, y, z) s ax*+ by*+cz*+2fyx+2gzx+2hxy 
represents a pair of planes, prove that the produots of the distances of the 
two planes from (a, (3, y) is 

0 («. 0. Y) -S- V±a*+4Zf *-2Zbc- 

SECTION VI 

PROJECTION ON A PLANE. AREA OF TRIANGLE. 

VOLUME OF TETRAHEDRON. 

3 *9- Orthogonal projection of an area on a plane : Def. 

The orthogonal projection of an area A t bounded by a curve 

ABC on a piane a i3 the area A\ bounded by the curve A'B'C' 

i where A , B CV* are the feet of the perpendiculars from 

A, B, C, on the plane a. 

Note. Important result of Geometry. 

Area of the projection. 

The projection A' of a plane area A bounded by any curve on a plane a is 

A “A cos 0. where 0 is the angle which the plane of the area A makes with the 
plane a. 

3 * 2 o. Important Theorems. 

(A) If A*, A r and A, be the projections of an area A 
on the coordinate planes respectively, then to show that 

A 2 =A 2 X +A 2 ,+A 2 .. 
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i'roof. Let A x , A v and A z be the projections of the area A on 
yz, zx and xy-p Janes respectively 

Let /, m, n be the direction cosines of the positive direction of 
the normal from O to the plane of area A. 

Let a be the angle which the plane of the area A makes with the 
yz-plane. 


•• A*— A cos a — A/, since a is the angle which the normal 

to the plane of the area A makes with 
the A:-axis. 

Similarly, A V =A . m and A,=A . n. 

A A 2 *+A 2 v +A 2 z =A 2 (/ 2 -bm 2 -f h 2 ) 

=A 2 . V t/ 2 -f/w 2 +« 2 =l) 

This proves the proposition. 


(B) To prove that the projection of any plane area A 
on a plane tc is equal to the sum of the projections of A x , A 
and A z on the plane rr, where A x , A w , A, are the projections of 
the area on the coordinate planes, viz., y Z , zx, and 
planes respectively. 


xy. 


Proof. Let /, m, n be the direction cosines of the normal to 
the plane of the area A and /„ m „ be the direction cosines of the 
positive direction of the normal to the plane of projection tc Let 8 
be the angle between these planes. 

cos 0 = ^ 
Let A' be the projection of the area A on the plane 
.*. A' = A cos 0 (Art. 3-19, note) 

= A(/l 1 +m ]+Ml ) using (1). 

But A x = A/ f A t = Am, A a = An. 

(2) becomes A'= A^+A./^-f- A t n, 

= sum of the projections of the areas 
A*. Ay and A, on tha plane tt. 

This proves the proposition. 


3 21. Volume of the tetrahedron. 

(A) To find the volume of the tetrahedron, whose 
vert.ee. are (a,, y„ * l)( (*,, y t , (,,, ya , 2>) _ and ^ y>> ^ 
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Let ABCD be a tetrahedron whose vertices A, B, C and D are 
respectively (x 4 , y lt z A ), (x a , y. z , z 2 ), (x 3 , y 3> z 3 ) and (^, y 4 , z 4 ). 

Let the position vectors of the vertices A, B, C, D be a, b, c, d 
respectively. 

a =^i i + ^,j + z 1 k, b^xJ+y^+Zik, c=x a i+y a i-\-z i h > 
r/=x 4 i+-;y 4 j-t-z 4 k. 

Let V be the volume of the tetrahedron A,BCD. 

DA=a— d, DB=b— d, DC=c-d. 


Volume of A, BCD =*ABCDx height of A from ABCD. 

But A BCD = *DB [x DC =*(b-d)x (c-d), 

which represents a vector perpendicular to the plane BCD. 

volume of tetrahedron A, BCD 

= $(a-d) . |(b-d)x(c-d) 

= J[a-d, b-d, c-d] ...(A) 

= $ [(*1 — x 4 )i + Ckj — >vj + (zi - z 4 )k, (x 2 — * 4 )i + (y a — . y * J 

(+z 2 -z 4 )k > 

(*3- x 4 )i + (y 3 -y 4 ) j 4- (z 3 -z 4 )k] 



*i -*4 yi-y* zi— z 4 

1 

1 x 4 y 4 z 4 

II 

*=-*4 y 2 ~y 4 z 2 — z 4 

-*s> 

II 

0 x 4 -* 4 y,-y 4 z l -z 4 


x 4 y 3 -y 4 z 3 — z 4 


0 x 2 ~x 4 y 2 -y 4 z a -z 4 




0 x 8 -x 4 y 3 -y 4 z 3 -z 4 

- 


Adding first row to each of the others in succession, we have 



1 

x 4 

y 1 

** 


*1 

yi 

Zl 

1 

1 

*1 

yi 


= h 

X* 

y 2 

z 2 

1 

1 

X, 

y 2 


x s 

y 3 

*8 

1 

1 

X 3 

y s 

*3 


X 4 

y* 


7 
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Aliter. Let V be the volume of the tetrahedron (A, BCD) whose 
veatices are A (* lf y lt z,), B(* 2 , y 2 , z 2 ), C(x 3 , y 3 , z 3 ) and D(.v 4i y it z 4 ) 
respectively. 

Lei p be the perpendicular distance of A from the plane BCD. 





(') V-iABCDx/7 ...(1) [from Pure Solid Geometry.]! 

[To find p.] 

(//) The equation of the plane BCD is 

x y z l 

Xo y 3 z 2 1 

*3 y 3 Z 3 1 

x* y * z* l 

(/i/) p = perpendicular from A on the plane BCD. 

y x z x 1 

y s 4 2 1 

*3 y 3 z 3 i 

X4 y 4 z 4 1 
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where 

A = 

y 2 

2 2 

l 


z 8 

*2 

1 



>>S 

Z 3 

l 

,B= 

23 

*3 

1 



3>4 


l 


Z 4 

*4 

1 

and 

C = 

*2 

y 2 

l 







*3 

y a 

l 

• 






*4 

y 4 

l 






(,- V ) Let A be the area of the triangle BCD and Ax, A* and A« 
he its projections on the coordinate planes 

x=0 t y= 0, z=* 0 respectively. 


Ai=i 


y% z a 1 

J'a z 3 1 

^4 2 4 1 





or, A=2A«. 


Similarly, B=2A, and C=2A, 

A 2 +B 2 + C 2 =4(A* 2 + A, 2 + A. a )=4 A 2 


using 3*20 

(A), where 

C/) 

• »■* 

<1 

the 

area of the A BCD 

(v) 

(2) becomes 




P= 


y i 

2 \ 1 




*2 

y* 

z 2 1 

-r 2 A 



*8 

y s 

z 3 1 



1 

*4 

y& 

2 4 1 


<v0 

(1) becomes 





• 

<1 

II 

> 

*1 

y i 

2 i 1 




*2 

y 2 

2 3 1 

1 



*a 

y* 

2 3 1 

* 2 A ' 



*4 

y a 

2 4 1 



..(3) 
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Hence V=-i * Zl 1 

*2 yz *2 1 

9 

x 3 y 3 *3 * 

*4 y 4 z 4 * 

which is the required volume. 

(B) To find the volume of a tetrahedron OABC, the 
lengths of whose edges OA, OB, OC are a, b, c and the angles 
BOC, COA, AOB are respectively A, jx, v, O being the origin. 

Let O, ABC be the tetrahedron in which 

OA— OB = b and 
OC=c. 

Let a, b, c be the position vectors of A, B, C referred to O as 
the origin of reference. 

e* 


it 



Let ( x rt y ri z r ), r= 1 , 2, 3 be the coordinates of the vertices 
A . B, C respectively. 

a=x 1 i+y 1 j+z,k, 
b = x 2 i+y 2 j + ;r a k, 
c^i+yj + zsk. 

Let /.BOC be A, COA be {x and AOB be v. 

rf-ZxA 6 2 =£x 2 2 , c 2 =2x 3 2 . 

Also, a.b=2x 1 x a =OA.OB cos v=ab cos v 

b. c=2x 2 x a =OB.OC cos A =bc cos A 

c. a=2x 3 x 1 =OC.OA cos \i=ac cos [x. 
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Let V be the volume of the tetrahedron O, ABC. 
• V=4- 


v a = 


1 

36 


x 1 yi 

*1 


X 2 }>2 

*2 


*3 y s 

*3 


2*! 2 


2 * 1*2 

S * 2 2 

2 * 2*3 

2 * 1*8 

2 * 2*3 2 * 3 2 


[Art. 3*21 (A)} 



a 2 ab cos v ac cos 

ab cos v b 2 be cos A 
ac cos (x be cos A c 2 



1 cos v 

COS V 1 

I cos [i cos A 


COS (X 

cos A 

1 



, in magnitude. 


(C) Volume of the tetrahedron when equations of its 
four faces are given. 


To find the volume of the tetrahedron the equations 
of whose faces are a r x-f b r y-fc f z-|-d r =o, r=i, 2, 3, 4. 

The equations of the faces are 



aiX+btf+c^+d^O 

...(1) 


a z x+b s y+c t z+d t =0 

...(2) 



...(3) 

and 

a A x+biy+c A z+d A = 0 

...(*) 


Solving ( 2 ), ( 3 ) and ( 4 ), we have 

x _ —y 


b. 

C 2 


a 2 

c i d % 

b$ 

<*a d* 


<*3 

c s d 3 

bi 

c A d A 



c 4 d A 
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Let A = 


-( 5 ) 


•' (5) becomes =sr* 

where A lf B lt C lt D 4 are the co-factors of a v b l3 c, and d x in ^ 

Xss *i „_ B , ._c, 


and 


Dj ' ^ D, ’ z— D, ’ 


one vertex of the tetrahedron is 

Mi ^ c,\ 

V D/ D,’ Dj* 

Similarly, other vertices are 

(A 2 B 2 Cg \ /A, B 3 C 3 \ 

vd 2 ’ d 2 ’ dJ’U 3 ’ d 3 ’ dJ 
Vd; d 4 ’ dJ- 

Volume of the tetrahedron 


A,/D, 

Bj/Dj 


Ci/D, 

1 

a 2 /d 2 

b 2 /d 2 


c 2 /d s 

1 

A 3 /D 3 

B 3 /D 3 


Q/d 3 

1 

a 4 /d 4 

b 4 /d 4 


c 4 /d 4 

1 


Ax 

B, 

Cx 

Dx 

D3 Di 

a 2 

b 2 

c 2 

D a 


a 8 

b 3 

C 3 

d 3 


a 4 

B* 

C 4 

d 4 
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= t*i n A 8 * (From Higher Algebra) 

oDj U2 JJ3 U4 

Hence V= ^ * j ■ ^ - A 8 , which is the required volume. 

6D1 D a Uj l/ 4 

EXAMPLES IH (F) 

Type x. Ex. 1. Find the area of the triangle the coordinates of 
whose vertices are (1, 2, 3), (—2, 1, —4) and (3, 4, —2). 

(Punjab T. D. C., 1965 S) 

Sol. The coordinates of the points of projection in the yr-plane, of the 
three vertices are (0, 2, 3), (0, 1, —4) and (0, 4, —2). In two dimensions, these 
points are (2, 3), (1, —4) and (4, -2). 


A e =Area of the triangle formed by these points 


1 -4 1 
4 -2 1 



Similarly, A y = — ,fA a =— 2. 

a= va.ha,ha.> = \/(ir J +(-f-J+ 4 — IVwiB - . 


Aliter. 

Let A(l, 2, 3), B(— 2, 1, -4) and C(3, 4, -2) be the vertices of the 
triangle ABC. 


* Let A' = 

A 1 

Bi 

Ci 

Di 


A a 

b 2 

C 3 



a 3 

b 3 

Ca 

d 3 


a 4 

b 4 

c 4 

d 4 

AA'= 

A 

0 

0 

0 


0 

A 

0 

0 


0 

0 

A 

0 


0 

0 

0 

A 


=A 4 , 

f. e., A'= A 3 . 

Let i, j, k be the unit veotors along the positive axes of X t y and z of * 
right-handed system. 

OA=i+2j+3k, OB=-2i+j-4k. 


OC=31+4j-2k. 
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••• AB = OB — 0A = — 3i— j-7k. 


AC=OC-OA=2l+2j-5k. 

Now, area of the /\ABC=$[ABx AC] 

= i[(-Si-j-7k)x(2l+2j-5k)] 

= j[_6k-15j-f-2k+5l-14j + 14i] 

= J[191— 29j— 4k] 

area of ^ABC= J | ABx AC | =iv/m87 

Ex. 2. Find the areas of the triangles, whose vertices are the points ; 

(i) (*» 3, —2), (3, 0, 1) and (2,-1, 3). (Poona, 1955) 

(i>) (2, —1, 3), (4, 3, —2), (3, 0, —1). (Bombay, 1952) 

(Hi) (1, 1, 3), (4, 3, 2), (5, 2, 7)- [Ana. J \/l4 ; 5 79 nearly; £ 

(Bombay, 1954) 

Ex 3- Through a point P, (x’ , y' , z'), c plane is drawn at right angles to 

m K eet the 0X65 { - rec,an S^<') in A, B, C. Prove that the area of the triangle 
ABC is r°/2x'y'z / , where r is the measure of OP. 

(Punjab, 1963 ; Vikram Engg , I960 ; Roorkee, 1958) 

Sol. The direction ratios of OP ore y, z'. The equation of the plane 
at right anglos to OP is ^ 


xx'+yy'+zz'=x 

V it passes through P, x=x' 2 +> / 2 + 2 / 2 

•\ (I) becomes xx' +yy'+zz'=x'*+y , i+z , t 
Lot OP bo r. x / 2+y'2 + 2 #2 = r 2 . 

(2) becomes xx'+yy'+zz'=r 2 
Co-ordinates of A, B, C are respectively 

(£.o.o),(o./io),(o.o.£). 




...( 2 ) 


...(3> 


• • 


A* = area of tho projection of tho A ABC on the yz-plano 


i 


0 0 


£ • 


r 2 


= A — 
4 • y'z' 


Similarly, 


1 r4 

T yzr “d A* 


1 

'2 


r* 

x 'y' 9 
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Now, A 2 =A* 2 +Av 2 +A* 8 


2 ' 2 X '2 


x'*y'0 

1 /x’z+y't+z'* \ 1 r 10 

“ 4 ,r x'Zy'Zz't ) 4 x'ty' 




2y>2 Z '2 


1 


x'y’z' 


A — 2 

Ex. 4. Find the area of the triangle included between the plane 

2x-3y+4z=>12 

and the coordinate planes. ( Gujarat , 1958 ) 

[Ana. S-v/'S?.] 


Type II. Ex. 1. A, B, C are the points (3, 2, 1), (—2, 0, —3) 
(0, 0, —2). Find the locus of P, if the volume PABG is 5. {Poona, 1958) 

Sol. Let (a, y, z) be the coordinates of P. 

by the problem, 5= volume PABC 


or, 5=-5 

X 

y 

2 

1 


X 

y 

z+2 

0 


3 

2 

1 

1 

1 

— — 6 

3 

2 

3 

0 


-2 

0 

-3 

1 


-2 

0 

—1 

0 


0 

0 

-2 

1 


0 

0 

-2 

1 


on subtracting the fourth row in succession from first, second and third rows. 



x y z +2 

3 2 3 

-2 0 — 1 


= -[*(-2)— y(-3+6)+(z+2)(0+4)]. 


or, 2x+3y— 4z=38, which is the roquired equation of the locus of P. 

Ex. 2. Find the volume of the tetrahedron formed by the points : 

(/) (1,1. 3), (4, 3, 2). (5, 2, 7) and (6, 4, 8). ( Bombay , 1954) 

(//) (1.0, 0;, (0, C, 1), (0, 0, 2) and (1, 2, 3). ( Gujarat , 1954) 

(Hi) (1. 2, 3), (2, 3, 5;, (—2, —1, 2), (3, 0, —3). 

-H 

Type HI. Ex. 1. Find the volume of the tetrahedron formed by 
the planes whose equations are 

2x+3y+z=6, 2x+3y=0, 3y+z=0 and 2x+z=0. (Raj. Engg 1953) 


[ 


Ans. 


14 

3 


l 

3 


4- : 3 


Sol. The given planes are 


2x+3y+z=6 

...(1), 

3y+z=0 

...(3), 

Solving (,1), (2) and (3), 

x=3. 

Solving (1), (2) and (4), 

A- =3, 

Solving (1), (3) and (4), 

A=— 


2-V -f 3y = 0 • •• (2), 

and 2 a+z=0 ...(4). 

>'=-2, z=6. 

y = 2 

y=2j 


2= — 6. 
2=3 6 . 
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Solving (2), (3) and (4), x=0, y=0, z= 0. 

the vertices of the tetrahedron are (3, — 2, 6), (3, 2, 6), ( 3, 2, 6) 

and (0, 0, 0). 

Let V be the volume required. 


-3 

2 

6 1 


—3 

2 

6 

3 

-2 

6 1 

1 

3 

—2 

6 

3 

2 

-6 1 


3 

2 

—6 

0 

0 

0 1 






*=S [-3(12— 12) — 2( — 18— 18}+6<6+6)] 

_» [72+72] = '“ =24 cubic unit9. 

Ex. 2. Prove that the four planes my+nz= 0, nz+lx= 0, lx+my=0 and 

lx + mv+nz=D. form a tetrahedron whose volume is 2p 3 /3//wn. 

( Punjab , 1961 S ; Baroda, 19^3) 

Ex. 3. Find the volume of the tetrahedron formed by the planes 

y+z= 0, z+x= 0, x+y =* 0 and x+y+z-= 1. 

[Delhi Hons., 1954 ; Punjab [Pakistan), 1954 ) 

[Ans. $] 


SECTION VII 


SYSTEMS OF PLANES 

3*22. To find the equation of any plane through the line 
of intersection of the planes Aac-f By + Cz + D=o and 


A'x+B'y+C'z+D'=o. 

The equations of the given planes are 

Ax+By+Cz+D=0 ...(1) 

and A'x+B'y+C'z+D'=0 -< 2 ) 

Lei us consider the equation 

Ax + By+Cz+D+A (A'x + B'y+C'z+D')=0 ...(3) 

It is a first degree equation in x, y and z. 

it represents a plane. (Art. 3’4) 


The coordinates of the points which satisfy both (1) and (2) also 
satisfies (3) for all values of A. 

(3) passes through all the points common to the planes (1) 

and (2). 

Hence (3) is the equation of the plane which passes through the 

line of intersection of the planes (1) and (2). 

Note. In problems X is determined from the additional condition provided 
in the problem. 
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(G) 


Ex. 1. The plane lx+my =0 is rotated about its line of intersection 
with the plane z=0 through angangle a. Prove that (the equation to the 
plane in its new position is 

h+myi*\/ l 2 +m* tan ec=0. 

(Agra, 1961 ; A.M. 1. E., Nov. 1962 ; Bihar, 1962) 


Sol* Let the equation of any plane through the line of intersection of 


the planes 

lx+my= 0 

...( 1 ) 


and z =0 

...( 2 ) 

be 

/*+my+Xz=0 

...(3) 


V (3) makaa an angle a with (1), 


or. 


cos a= (/2+m2)/\// 2 +m2 \//2+m*+X*, 
cos 2 a= ° r ’ 0082 “=’( /2 + ,n2 ) rin * ®- 


X«= ±V(^+"> a ). tan a 

(3) becomes lx+my±z»>/ / 2 +m 2 . tan a=0, which is 

equation. 


the required 


Ex. 2. Find the equations to the line through (f,g,h) which is parallel 
to the plane lx+my+rtz= 0 and intersects the line ax+by+cz+d=*0, 

a'x+b'y+c'z+d'=*0, ( Delhi Hons., 1954) 

[Ans. Ix+my+nz=lf+mg+nh, ( ax+by+cz+d)/(af+bg+ch+d ) 

(a'x+b'y+c l z+d ’) m 1 

= (a'f+b'g+c'h+d') J 

[Hint. The required line is the line of intersection of the (i) plane parallel 
to the plane lx+my+nz=0 and passing through ( f, g, h) and (U) plane through the 
line ax+by+cz+d=0, a'x-\-b'y+c'z+d'=0 and passing through (/, g, A).] 


Ex. 3. Find the equation to the plane through the line 

uaax+by+cz+d= 0 , 

v=a'x+b'y+c'z+d'c= 0 
x y z 

parallel to the line - 7 — = — - = — . 

' l m n 

(Delhi Hons., 1957 ; Lucknow 1953 ; Peshawar , 1955) 


4. Prove that the plane through the point («, 0, y) “d line 
x=py+q=rz+s, is given by 

x py+Q rz+s 

a p$+q ry+s I — 0 . 

1 1 1 


(Delhi Hons., 1955 ; Pakistan (Punjab), 1952 S', Raj., 1951) 
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MISCELLANEOUS EXAMPLES ON CHAPTER III 

1. Show that the point ( — 1, 4, — 3) is tho circumcentre of the triangle 

formed by the points (3, 2, —5), ( — 3, 8, —5) and ( — 3, 2, 1). (Patna, 1961 > 

2. Prove that the planes 7jr+4y— 4z-f 33 <=0, 36* — 5Iy+ 12z+ 17=0, 

14x+8>>— 8z — 12=0 and I2x — 17y-f4z— 3 = 0 form the four faces of a rect- 
angular parallelopiped. ( Lucknow , 1959) 

3. Find the equation of the plane which is perpendicular to the plane 

4x4-5y~ 3z=8, and passes through the line of intersection of the planes x+y + r 
= 6 and 2 x+ 3 >'+ 4 z-j- 5 = 0 . ( Lucknow (Pass), 1963) 

[An6. x+7y+ 13z+96 = 0.] 

4 . Find the equation to the plane through (2, — 3, — 1) normal to the 

line joining (3, 4, — 1), (2, — I, 5). (Jodhpur Engg., 1963) 

[Ans. x + 5y— 6z-f7 = 0K 

5. Find the equation of the plane 

(/) through the point ( — 1, 3, 2) and perpendicular to the planes .v + 2.v4- 

3z=5, 3x+3y+z=9. (Magadh, 1964) 

(it) through (2, —1, 1) and the line 4x— 3y+5=0, y — 2z — 5 = 0. 

(Patna, 1963 > 

(Hi) through the intersection of 2x + 3>'4- 10z=8, 2x — 3y + 7z = 2 and per- 
pendicular to 3x— 2y+4z=5. (Bhagalpur, 1963) 

[Ans. (i) 7x— 8y + 3z+25=0 ; (ii) 4x—y—4z=5 ; (iii) 2y + z = 2.J 

6. Find the equations of the planes through the points (0, 4, — 3), 

(6, —4, 3) other than the plane through the origin, which cut off from the axes 

intercepts whose sum is zero. (Patna, 1963) 

-i. ! or -I.] 


Ans. 



The Straight Line 


SECTION I 

FORMS OF THE EQUATIONS OF LINES 

4' i. Non-symmetrical form of the equation of a straight 

line. 

The two planes ax+by+cz+d = 0 and a'x+ b’y +c'z-f </'=0 
taken together represent the line of intersection of the given planes.* 

a line can be determined as the intersection of two planes 
passing through it. 

Note, x-axis is the line of intersection of the planes xz % and xy . its 
equations are y=0, z=0 taken together. 

Similarly, the equations of the y and z axes are respectively x=0, z=0 and 
v — 0, y=0. 

4 ‘ 2 . Symmetrical form of the equations of a straight 
line. To find the equations of the straight line passing through 
the point (x„ y l9 z,), and having direction cosines, 1, m, n. 

Let AB be the straight line passing through the point 

Let P(A, p., v) be any point on AB. 

Let AP be r. 

Let M and N be the feet of the perpendiculars from A and P 
respectively on the x-axis. 

* *.• any point on the lino of intersection of the planes ax+by+cz+d=* 0 
nnd a r x-\-b'y + c'z+d'=^0 lios on both these planes, its coordinates satisfy both 
these equations. Conversely, any point whose coordinates satisfy the two 
equations of the planes U03 on both these planes and therefore on the line of 
their intersection. 
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OM=x t and ON=A. 

•\ MN=ON~OM=A-x 1 . 



Now MN=projection of AP on the **axis 

=r cos a, where a is the angle which AB makes with 
the *-axis, 

or 7\—x 1 —r cos a =rl. 

Similarly, \y—y x =rm and v— z x —rn. 

• v ~ z x_ r 

/ m n 

locus of (.A, {X, Vj is 

y_ yi _2_2 

I m n 

which are the required equations of AB. 

Note. The vector equation of the line corresponding to the equation 

* 1 y-y\ _ 2-z i 

/ //i /j 

/J r=a + fb, W’/jc're i+^jj + *ik and b = / i + + 


Cor. i. Coordinates of any point on the line in terras 
of the parameter r. 


*-*i _y-yi z-zi 
l m n 


-(I) 


x=--x x + !r, y=y l +mr, z=z l +nr. 

the coordinates of any point on the line (1) are 

+ yrfmr, z x + nr). 

Cor. a. Symmetrical form of the equations of a straight 
line when its direction ratios are given. 
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Let a , b, c be the direction ratios, 
direction cosines are 

a b c 

V a 1 -\-b z -tc £ * y/tf+W+c* * V d l ■+- b* 4- c* 

/. from Art. 4*2, the equations of the line are 

*— *» y-yi z-z-i ' 

ajy/ a? + b z +c 2 b/ c\ y/ a 2 +b z -\-c 2 

a b c 


Note 1. Any point on the line - — — = y Z —~=R is 

a b c 

(xx+aR, y x +bR, z x +cR). 


Note 2. Very imp o nr tan t. 


The symmetrical equations of a straight line are of the same orm whethei 
the direction cosiues'are used or the direction ratios are used. But if the direction 
cosines are used, then r is the distance of the point P(x x +lr, y x +mr, z x +nr) from 
the point (x x , y x , z x ) and if the direction ratios are used, then this point aU, 

y x +bR, z x + cR) is not at a distance R from the point (x x , y x , z x ). 

4 ‘ 3 . Double point form of the equations of the straight 
line. To find the equations of the line through two points 

(*is Yi» *i) and (x 2 , y 2 , z 2 ). 


Let r x and r 2 be the position vectors of the points A (* x , y l9 z z ) 
and B (at 2 , Y 2 * z t) respectively. Let r be the position vector of any 
point P on AB. 


r 1 4-AP=OP=r, 

Also, r t -f AB = OB = r a , 

V AP and AB are parallel, 
where t is any scalar number. 

r~r x =l(r 2 ~r x ) 
Let P be (x t y, z). 


or. 

AP=r— rj 

...(1) 

or. 

AB=r 2 — r x 

...(2) 

• 

• • 

AP=/ . AB, 



...(3) 


.*. r=OP=*i+yj+rk, where i, j, k are the unit vectors of a 
right-handed system of axes. 


Also, r x — x x i-fy,j+ r,k and r 2 =x 2 i+y 2 j-f r 2 k. 
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(3) gives (x— Xj)i + (^— ^ 1 )jH-(z-z 1 )k=/[(x 2 — x 3 )i 

+(y2-y*)*+( z 2~ z M 

V i, j, k are non-coplanar vectors, 

equating coefficient of like vectors, we have 

x-Xj^lXj-X!), y—yi=t(y 2 —yi) and z-z l -=t(z 2 -z x ). 
Eliminating /, we have 

x~*i y -y 1 = z-z X ' 

X 2 — Xi )'2~yi Z 2 r 1 

which are the required equations of AB. 


Aliter. 

The direction ratios of the line joining the given points are 




x 2 -x x , y 2 - )'i, ^2 *• i • 
the line passes through (x lt y x> z x ), 

its equations are 

»-*i _ y-yi = z ~ z i 
* 2 -*i y 2 -yi z 2- z i * 


EXAMPLES IV (A) 


Type I. Ex. 1. Find the distance of the point (-1,-5, —10) from 

, . ,, x— 2 y + 1 x— 2 , , , 

the point of intersection of the line = — — =— ^ and the plaoe 

— (Patna, 1963 S ; Magaclh. 1964 ; Ranchi, 1962 S) 


Sol. 


Let 


x— 2_ >'+_•_ 2—2 
~3 4 _ 12 


any point on this lino is (31<-f 2, 4K — 1, 1 2 IL -f- 2 ) 

If it lies on the plane x— y + 2 = 5, then 
3R+2-4R+l + 12R+2=5, or, R-0. 
point of intersection is (2, —1, 2). 

,\ requirod distance- V (*+ * )* + (- I+5j2 + ( 2 + 10)2 =13. 


Ex. 2. Find the coordinates of the point of intersection of tho lino 
x ~ = = i — p with tho plane 2x+y-\-z=l. 

[Ans. (-1,-2, 5).] 

Ex. 3. Find tho ratio in which the xy-plano divides tho join of 

( — 3, 4, -8) and (5, -6, 4). 

Also, obtain tho point of intersection of tho lino with tho pluno. 

(Jo.lhpur Engg., 1965 S) 
[Ans. 2:1; (7/3, -8/3,0).] 

Ex. 4. Find the distance of the point (1, —2, 3) from the plane 

z y z 

x — y + z = 5 measured parallel to the line -^-= 

(Pakistan ( Punjab ), 1957 S ; Durdwan , 1964 ; Utkal # /9<54) 
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Sol. Equations of the line through (1, — 2, 3) and parallel to 

4- - 4- A - ■ ¥--■¥ - ■ -»• - 

Any point on the line is (1+2R, — 2+3R, 3 — 6 R). 

If it lies on the plane, then 

( 1 + 2 R)— (— 2+3R) + (3— 6R)=5, or, R=$. 

. 4 . / 9 -11 15 \ 

the point is I — , - 7 — , —j 1 • 

required distance = = 1 . 

Ex. 5. Find the coordinates of the points in which the line 

X ~- a = ^ meets the coordinate planes. 

I m n 

(Calcutta, 1961 > 

[ Ans . 

( -£• »• )] 

Type II (A). Ex. 1. Find the coordinates of the reflection of the 
point (2, —1, 3) in the plane 3x— 2y-f-z— 9=0. ( A.M.l.E. , I960) 

Sol. Let A be the point (2, — 1, 3). 

Draw AM perpendicular|to the given plane. Produce AM to B such that 
AB=BM. Then B is the reflection of A in the plane. 

Direction ratios of AM are 3, —2, —1. 

equations of the line AM are 

•V— 2 y+ 1 z—3 

1 -2 =~ =R - soy - 

any point on AM is (2+3R, — 1— 2R, —3 — R). 

If it lies on the plane r A 3x— 2y— z — 9=0, 

3(2+3R)-2(— l-2R)-(3-R)-9=0, 

or, R = ?. 

,. * rv ( 20 -11 19 \ 

coordinates of M are f -y- , — ^ — , ~j~ J • 


Let B be (oc 1# y x , z,) 

20 .x 1 +2 -11 yi-1 

7 2 ’ 7 2 

26 15 17 

.*• ■*! — j • y i — y > ^ i 7 


19 _z x +3 
’ 7 “ 2 


coordinates of B, the reflection of (l) in the given plane are 
/ 26 -15 17 \ 

V 7 * 7 * 7 ) ' 
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Note. We can also find the coordinates of B as follows : 
The coordinates of M as above are ( 20 —11 jg \ 

It* — * t ~ ) ' 

*•* & divides AM externally in the ratio 2 : 1, 
coordinates of B are 


or 


L 2-1 2lT~ 

-['•=£-?]■ 


(£)-'• 1 

2-7 J 


(Poona, 1959 ) 


Ex. 2. Find the image of the point 
(/) (3, 5, 7) in the plane 2x+y + z=6, 

(//) (—3, 8, 4) in the piano 6x — 3y— 2r-f- 1 =0. 

[Ana. (-5, 1, 3) ; (9, 2.0)]. 

(B) [Image of a line in a given plane.] 

No.e. (i) If the line /,*,«/&/,. the given plane. ,he 

Image of Moline in , I, e plane is a straight tine through the image of (a, 0 v) ft, , h e 
plane, parallel to the line itself. ’ 

(//) If the given line • y _ 3 = 2 __Jl is not parallel to the plane, the 

Z7L°{ ‘I!* 5 l r ^ Pl ° ne iS ,he S,raisht ,ine > oini "S lhc Point in which the 
line meets the plane to the image of (a, 3. Y ) in the plane. 

Ex. 1. Find the equations of the image of the line 
x — 1_ y— 3 z — 4 . 

3 “ 5 2~ In the plane 2x-y + z + 3 = 0. 

Sol. The given line is * — = z ~^ 

3 5^ 

Any point ou this lino is (1+3R. 3 + 5R, 4+2R), 

If it lies on tbo piano 2x— y + 2+3=0, then 
2 + 6R— 3— 5R + 4 + 2R+3 = 0. or, R = _2. 

tho point in which tho given lino moots the given piano is 
(~"5, — 7, 0), 

Agom, the lino through (I, 3. 4) perpendicular to the given plane is 
x—1 y—3 z — 4 

‘~1 ...(1). 


(Karnatak, 1957) 


R, suy. 


2 


— 1 


Any point on this lino is (1 +2r„ 3 -r lt 4 +/•,). 

2 + 4r 1 — 3+r 1 -p4 + r 1 -f3=0 ,\ r x = — 1. 

.'. (1) meets tbo given plane in tho point ( 1 , 4 . 3 ). 

Lot ( x lt y j, z x ) be tho image of (1, 3, 4) in tho given plane. 


X\ -f 1 
2 


-1. ^-4. ^.3. 
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*0 


or, *i= — 3, y\— 5, Z\— 2. 

... the image of (1,3,4) in the given plane is (-3, 5, 2). 

The image of the given line in the given plane is the line joining the 
.points ( — 5, — 7, 0) and ( 3, 5, 2). 

its equations are 

x+3 y - 5 z-2 

^12 ~ -2 ’ 

x+3 y — 5 z— 2 

-° r » ~T~~ (T* " 1 * 


2. Find the image of the line 
in the plane 3x+4y+5z=5. 


x +1 _ y + 3 z -2 

1 3 — * 


Ex. 3. Find the image of the line — 
in the plane Sx— 3y+10z=26. 


Ans. 

x-i : 
2 “ 

y-2 

z + 3 

— 1 

-3 

Ans. 

x — 4 _ 
9 


» y+1 I 
11 — — 15 ‘ J 


zr--3 *J 


Type III. Ex. 1. Find the coordinates of the foot of the perpendi- 
cular drawn from the point (5, 9, 3) to the line, 
x— 1 y— 2 z— 3 
~2” = 3 = 4 ‘ 

Sol. Any point on the given line is (l+2r, 2+3r, 3+4r). 

Let M be the foot of the perpendioular from P(5,9, 3) to the given line. 
If (l+ 2 r, 2 + 3 r, 3 + 4 r) are the coordinates of M, then the direction 
ratios of PM are 

1 +2r-5, 2+3r— 9, 3+4r-3, or, 2r-4, 3r-7, 4r. 

... pM is perpendicular to the given line, 

2(2r-4)+3(3r— 7)+4(4r)=0, 

or, 29r-29 r=- 1. 

the coordinates of M are (1+2, 2+3, 3+4), or (3, 5, 7), 

Ex. 2. From the point P(l, 2, 3), PN is drawn perpendicular to the 
straight line Find the distance PN, the equations to 

PN and the coordinates of N. (RoJ. ^95S) 

r 1 x— 1 y-2_z-3 . f32 51_ 1 

[ Ans * yv 3 ; — * — - = 5 - » V 25 ’ 25 * 5 / * J 

Ex. 3. Find the coordinates of the foot of the perpendicular from 
P(l, 4, 12) to the line x+5=* Deduce the equation of the per- 

pendicular from P on the given line. 

[a„.. (-3,5.12);^=^=^.] 
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Type IV. Ex. 1. Prove that the points (4, 0, 4), ( — 2, 4, 2) (7, —2, 5) 
are collinear. 

Sol. The equations of the line joining the points (4, 0, 4) and ( — 2, 4, 2‘ 
x — 4 y — 0 z — 4 


are 


or. 


-2-4 " 4-0 2-4' 

jc— 4 y z — 4 


x— 4 


z— 4 


—6 — 4 — — 2~ ’ ° r# -3 “ 2 -1 

... (7, -2, 5) satisfies (1), .*. the points are coUinear. 


-(I) 


Ex. 2. Find the coordinates of the point in which the line joining 
(2. -3, 1) and (3, -4, 5) meets the plane x+y+2z= 13. 

[Ans. ( a • — S. 2)i] 

Ex. 3. Find the equations of the perpendicular from (3. —1. 11) to the 
line Jx = 4(y-2) = i(z-3). (Punjab, 19S6S) 

T . x-3 y+1 1 

L Ans - ~r“ = 4~’ J 

Ex. 4. Find the equations to the line joining (2, 4, 3) and (—3, 5, 3), 

and show that this line is the intersection of the planes ■x+5>' = 22, 2 = 3. 

(Jodhpur Engi., 1963) 

T . x—2 y-i z—3 1 

I Ans. — _ -p - q • J 


SECTION II 


REDUCTION OF NON-SYMMETRICAL EQUATIONS OF A 
STRAIGHT LINE TO THE SYMMETRICAL FORM 


4 * 4 . To redace the equations of a line, viz., 

ax + by-f cz + d = o, 

a'x -f b'y + c'z + d' = o 

into the symmetrical form. (Punjab, 1962 ) 

The given equations of the line are 

ax+by+cz+d= 0 ,) 

a'x+b'y+c'z+d'= 0) 1 


[To find the direction-ratios of the line (i).] 

The equations of the line through the origin parallel to the given 
line (1) are 


ax+by-\-cz — 0 ) 
a'x-\-b'y + c'z = Oj 

Now, (2) may be written as 

x __ y z 

~bc'—b'c ca'-c'a ab'—a'b ‘ 




82 


A NEW TEXTBCX)K OF ANALYTICAL SOLID GEOMETRY 


The direction- ratios of the given line are 
be'— b'c, ca'- c'a, ab'— a'b. 

[To find the coordinates of one point on the line (i).] 

There are infinite number of points on (1) and we have to 
ehoose any one of these points. For the sake of convenience we may 
choose the point as the point of intersection of the line (1) with the 
plane 0. 

This point is given by the equations 

ax-rby+ d=0 t 
a'x+b'y+d'= 0 , z = 0 

the point is 

/bd'-b'd da' -da \ 

Ub -a'b * ab'-a'b’ °) 

The equations of the line (1) in the symmetrical form are 

/b d'-b'd X da'— d'a 
1 lab' — a'b / y ~ ab'-a'b z 

be'— b'c ~ ca'— c'a = ab'-a'b* 

Note. For finding a point on the given line , it is not always necessary to 
make z—0. We may, if convenient, make x or y zero or even give some other 
suitable value to any of the three variables. This all depends upon the given 
equations of the problem. 

EXAMPLES IV (B) 


Type I. Ex. 1. Put in symmetrical form, the equations of the line 
3x-f 2y— x— 4=0=4x+y— 2 z+ 3, and find the direction cosines. 

( Punjab , 1953) 

Sol. 

The direotion ratios of the line are given by the equations 

3x+2y—z=0 and Ax+y— 2z— 0. 
x . y z 


€ 

• • 


er. 


-4+1 -4+6“ 3-8* 

*_ _2L 2 

"3 -2 “ T* 


we have 


the direction ratios of the given line are 3,-2, 5. 

To find a point on the given line, putting z= 0 in the given equations. 


3x+2y— 4=0 and 4*+y+3=0, z=0 

* y i n 

6+4 “ — 16— 9~ 3-8 ’ * ’ 

x=-2. y= 5, z»0. 
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any point on the given line iaj(— 2, 5, 0). 

equations of the line in the symmetricalfonn are 

x+2 y — 5 _ z 
3 ” -2 5 * 


Ex. 2. Express the equations of the following lines injthe symmetrical 

form : 


(0 x+y+z+ 1=0, 4x+><-2z+2=0. 
(//) 4x+4y-5z=12, 8x+l?y-13z=32 

*+* . y+i 


[[An*. 


1 


-2 


[Punjab (Pakistan), 1953 1 
x -l _ y-2 _ z I 

2 3 4 ‘ J 


Type U. Ex. 1. Prove that the lines x+y— z = 5, 9x— 5y+z=*4 and 
6x— 8y+4z = 3, x+8y— 6z 4-7=0 are parallel. (/?<*/. Engi., I960 ) 


or, 

or. 


or. 


or, 


Sol. The direction ratios of the first line are given by 

x+y— z«=0 and 9x— 5y+z=0. 

x _ y , z_ 

1—5 -9-1 -5-9’ 

x _ y __ z 

—4 -10 = -14 ' 

x y z 

2 “5 “ 7 • 

.*. the direction ratios of the first line are 2, 5, 7. 

The direction ratios of the second line are given by 

6x— 8/ + 4z = 0 and x+8y— 6z=0 


* __ y _ * 


=32" 

4 + 36 

48+8 ’ 

X 

, y 

z 


40 

'“56"* 

X 

y 

z 

2 

5 “ 

T* 




.*. the direction ratios of the second line are 2, 5, 7. 

V the direction ratios of the lines are proportional, 

.*. the two lines are parallel. 

Ex. 2. Show that the line 2x+2y — z— 6 = 0=2* -f-3y — z — 8 is parallel to 
the plane y— 0, and find the coordinates of the point whore it meets the plane 
jc=*0. (Delhi Hons., 1953 ; Baroda, 1953) 

[Ana. (0, 2, -2).] 

Ex. 3. Show that the lines 

3x+2y+-z— 5=0 = x+y — 2z— 3 

and Qx— 4y— 4z=0 = 7x+ lOy — 8z are porpondiculer. 

(Bombay, 1954) 
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Type III, Ex. [J. Find (be equation to plane through the point 
(1, 2, 3) perpendicular to the line 

*— y+2z=5, 3x-f y+z=6. 

( Karnatak , 1952 ; A.M.IE. Moy t 1955} 



Sol. The direction ratios of 1 he given line are given by 

x— y+2z=0 and $x+y+z=Q. 



direction ratios are —3, 5, 4. 


V required plane is perpendicular to this line, 
normal to the plane is parallel to the line. 
Let the plane be Ajt-fBy-f Cr4 D=0 

A B _ C 

*•* (1) passes through (1,2, 3), we have 

A+2B+3C+D-0 


.. ( 2 > 

...<•* 


or. 


Subtracting (3) from (I), we have 

Afx-l)+B(y-2)+C(z-3)=0 

Prom (2) and (4), we have 

-3(x-l)+5(y-2)+4(r~3)=0, 
3x— 5y—4z+19 =0. 


• • 


.(4> 


2. The planes 3x-y+z + 1 = 0, 5x+y+Sr=0 intersects in the line- 
PQ and a plane is diavn thicugh the point (2, 1. 4) peiper.dhular lo I Q. Shew 
that this plane contains the point (2, 3, 5). (Bombey, 1955} 


Ex. 3. 

to the line 


Find the equation of the line through the point (1, 2, 3) parallei 
3x+y+z=6, x —y+2z=5. 

(Magadh, 1963, 1964 ; Punjab B.Sc., 1964 S} 

x-l y— 2 z-~3 


[ 


Ans. 


-3 




Ex. 4. Find the equation of the line through the point (1, 3, 4> 
parallel to the line x+Qy+3z=», 2x+y-z~9. (Gauhati, 1962} 


[ 


Ans 


x-l 


V-3 

-7 


z— 4 


] 
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SECTION III 

CONSTANTS IN THE EQUATIONS OF A LINE 

4*5. To show that the non-sym metrical equations of a 
straight line contains four arbitrary constants. 

Proof. The equations of the straight line in the symmetrical 
form are 


x— a__y— g z-y 
i ~~ m ~ n 

From first and second members of (1), we have 


...( 1 ) 



x-a y-p 
/ m ’ 

or, 

x-a=± (> ,-p), 

or, 


or. 


where 

A = B = a -p. 

m m 

From the second and third members of (1), we have 


y- 3 z-y 
m n 

or, 


or, 

y = C*+D, 

where 

C=— and D=p y 

n n * 


(1) can be written in the form 

* = Ay-t-B, y=Cz-fD, which contains four arbitrary constants. 

.*. the equations of a line contain four arbitrary constants. 
This proves the proposition. 


EXAMPLES IV (C) 

Ex. 1. Prove Chat Che line* 'x = ay-fb, a 
e'y+d' are perpendicular If aa' + cc'-f 1 — 0. 


cyfd, and s^a'y-f-b'. 
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and 


Sol. The given lines are 

x—b y z—d 
a = 1 = c 

x-b' _y z—d' 

a' “ 1 ~ c' * 

If they are perpendicular then aa'+cc'+ lr=»0. 


Ex. 2. Find a, b t c, d so that the line x=ay+b, z=cy+d may pass 
through the points (3, 2, — 4), (5, 4, — 6) and hence show that the given points 
and (9, 8, — 10) are collinear. 

[ Ans. a«=l, 6=1, c=-I, 2.) 


Ex. 3. Find the equations of the l line through the point (1, 2, 3) 
parallel to the line x=ay+b, z—cy+d. 



X-1 y-2 Z-3 1 
fl = 1 ~ c 


SECTION IV 


A PLANE AND A LINE 


4*6. Condition of parallelism and perpendicularity. 
To find the conditions that the line 


« y~P z— y 

1 m n 

is (i) parallel, ( ii ) perpendicular to the plane 

Ax+By+ Cz+D=o. 

The given line is 

x—ct y—$ z—y 
l ~ m ~ n 
and the given plane is 

Ax-f By-f Cz-f D=0 
O') If (1) is parallel to (2), then 

(o) (1) is perpendicular to the normal to the plane (2) and 
(£) the point (a, (3, y) does not lie on (2). 



Now, the direction ratios of the line are /, m, n and that of the 
normal to plane (2) are A, B, C. 

(a) gives Al-fBm 4 Cn=o, 

and (6) gives Aa+Bp+Cy+D^o, 

which are the required conditions. 

(ii) If (1) is perpendicular to (2), then (1) is parallel to the 
normal to the plane (2). 

1 m H 

*= -g «= , which are the required conditions. 
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z — a y — p z— Y 

4 - 7 . To find the conditions that the line — j — =— = — 


may lie in the plane Ax-f-By + Cz + D = o 

The equations of the given line are 

X — a y — p z— y 


•(I) 


l m n 
and the equation of the given plane is 

Ax-f By+Cz + D=0 •••(2) 

If (1) lies in (2), then 

(/) (1) is perpendicular to the normal to the plane (2) and 
( 11 ) the point (a, p, y) lies on (2). 

Now the direction ratios of (1) are /, m, n and that of the 
normal to the plane (2) are A, B, C. 

(0 gives Al-fBm + Cn = o, 

and (//) gives Aa-fBp-f-CY-t-D = o, 

which are the required conditions. 

4 8 . Angle formula for a line and a plane. 

x — a y — P z — y 

To find the angle between the line — 
and the plane Ax + By + Cz-f-D = o. 

The given line and the plane are respectively. 

X— a. y — P Z — y 

/ ~ m " n 

Ax+B^ + Cz-f D=0. 


1 


and 


...(D 

...( 2 ) 


Let 0 be the angle between (1) and (2). 


the angle between (I) and the normal to the plane (2) 

is 90° - 0 . 

The direction ralios of (1) are /, m, n and that of the normal to 
the plane arc A, B, C. 

A I yBm-hCn 


cos (90°— 0) = 


or 


e 


V /* + m* + n 2 VAHBHC- 

A/4-Bw + Oj 


= sin-* 


V A 54 + B a -f- O 


rl- 


which is the required angle. 
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4‘9. To find the equation of any plane through the line 

x— a y — p z — y i 

1 ~ 


Equation of any plane through (a, p, y) is 

A(x--a) + B(y— P)+C(z— y)=0 ...( 1 ) 

V (1) passes through the given line, the normal [to (1) is 
perpendicular to the given line, 

A/-f-Bm + C/i=0 ...(2) 

Hence the equation of any plane through the given line is 

A(x — a) -f-B(y— p)+-C(z— y)=o, 

where Al + Bm+ Cn = o. 

4' IO « To find the equation of any plane through the line 


a y— p z—y 


li 


and parallel to the li 


1^1 

h m 2 


From Art. 4*9, the equation of any plane through the line 


*— « y-p z—y . 
h ~~ m x ~ n. 


is 


A (x -a) + B(y - p) 4 C(z — y) = 0 
where A/j-f B/Wj-f C/i,=0 

V (1) is parallel to the line ~=— =— 

l 2 m 2 n s * 

the normal to (1) is perpendicular to this line. 

1 A/ 2 + Bm 2 -j- Cn 2 =0 


-.( 1 ) 

...( 2 ) 


...(3) 


Eliminating A, B, C between (1), (2) and (3), the equation of 
ihe required plane is 

y-p 


x— a 

ii 

h 


“Y 


= o. 


m 


2 


EXAMPLES IV (D) 

Typel. Ex. 1. Find the equation to the plane containing the line 
+1 y— 3 z+2 

and the p° int (®« 7, —7) and show that the line 


-3 

■ t 'y - »lso lies in the same plane. 


«_ yzl 

1 = -3 


(Punjab, 1960 ) 
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Sol. The equation of any-plane containing the line 

x+l y - 3 z+2 

-3 " 2 " 


2 1 

is A(x+ 1 ) 4- B(y— 3)+C(z+2) = 0, 

where — 3A + 2B-fC=0 

V (1) passes through (0, 7, — 7) 


...( 2 ) 

A + 4B-5C 


= 0 


...(I) 

(Art. 4 9) 

...(3) 


or, 


From (2) and (C'),fwe have 

A B 

-10-4 _ 1-15 “ 
A B C 

T“ l “ i ' 


c 


— 1 2 — 2 


or. 


(1) becomes (x+ 1) + (>> — 3)+ (z-f 2) = 0, 
x+y+z—O 

The direction ratios of the lino 

x y—7 z+7 
1 “-3 “ 2 

are 1, —3, 2 and that of the normal to (4) are 1, 1, 1. 

Now 1.1 + 1. (—3) + 1.2=0. 

lino (5) is perpendicular to the normal to (4). 

Also (0, 7, — 7) satisfies (4). 

line (5) lies in the plane (4). 

Ex. 2. Find the equation to the plane through the line 
ax+by+cz<=Q=a'x + b'y+c'z, 

<xx + fiy+yz=0=a'x + p'y+r'z. 


...(4) 


...(5) 


(Art. 4-7) 


(Punjab, 1959 S) 




An*. 


be* -b'c 

Py'-P'y 


ca —c a 
Y a> — Y ’h 


ab'—a'b 

ap'-a'p 


•] 


Ex. 3. Show that the plane passing through the line 

x y z 
‘ m 


/ 


n 


and perpendicular to the plane containing the lines 


x y z , x 

— a - — and — 

m n l n 


y_ 

/ 


m 


is 2 (m — n) x=0. 


(Karnatak Engg., 1961 ; Lucknow. 1958 ; 

Pakistan (Punjab), 1954 S) 


Ex. 4. Show that the oquation to the plane containing the line 

» I, x=0 and parallel to the lino 


JL+S 

b + c 


x z , A . X y z . 

— — — = 1, y= 0 is hi 

a c a b c 


0 . 


(Karnatak, 1955 ) 
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Ans. x— 2 


Ex. 5. Show that the plane 5x— \0y— 6z— 29=0 contains the line 

{Raj. Engg , 1956) 

Ex. 6. Find the equation of the line through the point (— 2, 3, 4) and 
parallel to the planes 2x+3y+4z=5 and 3;t+4y+5z=6. 

( Jodhpur Engg., 1965 Sup.) 

] 

Ex. 7. Obtain the equation of the plane through the line 

X — I y+2 2 

2 == "^ 3 = " 5 “ 

perpendicular to the plane x—y+z+ 2=0. ( Calcutta , 1961) 

[Ans. 2x+3y+z+4=0] 

Type II. Ex 1. Find the equations of the orthogonal projection of 
the line — on the plane x f-3y+z+5=0. (Poona. 1960) 


[ 


Sol. The projection of the line on a plane is the line of intersection 
of the given plane and the plane through the line perpendicular to the given 
plane. 


The given lino is — — - — ^ = - — ? _ - — i. 

2 3 4 

and the given plane is ,x-{-3>'-|-z-f5=0 


••(I) 
.. ( 2 ) 


Equation of any plane through (t) is 
A(.v — l)-f B(y — 2/ + C(z — 4)=0 
where 2A-f-3B-|--.C=0 


or. 



or, 


If (3) is perpendicular to (2), then 

A + 3B + C-0 

From (4) and (5), we have 

A B C 

3 — 1 2 4—2 " 6-3 ’ 

ABC 
-9“ 2 ~ 3 

(3) becomes — 9(.t - l) + 2(y— 2j + 3(z-4) = 0 
— 9.v + 9 -f 2y — 4 -f- 3z — 1 2 = 0, 

9x-2y-3z -1-7=0 

The equations of the required projection are 

*+3y+z+5=0 and 9*-2y-3z-f 7=0. 




Aliter. 

If A be the point of intersection of the given line and the given plane, 
and B is the projection of any point of the line on the plane, then PQ is 
the projection of the given line on the given plane. 

Any point on the given line is (1 + 2R, 2+3R, 4+4R). If it lies on the 
given plane, then 

1+ 2R+6 f 9R+4+4R+5=0, 
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or. 


are 


I5R = — 16, or R = — Jj*. 

the point A where the given line meets the given plane is 

T 17 6 4 "I 

L 15 ’ 5 * 15 J 

Any point on the given line is (I, 2, 4). 

Equations of the line through (1,2, 4) perpendicular to the given plane*' 

x— 1 y—2 z — 4 

l = T“ = T"* 


Any point on this line is (1 + R,, 2 + 3R lt 4+Rj). If it lies on the giver* 
plane, then 

l+R 1 + 6 + 9R 1 + 4 + R 1 +5 = 0, 
or, 1 1R| = — 16 



the projection of the point (1, 2, 4) on the given^pluno is the point B- 



• equ .tions of the lino of projection are 


X + 

17 

15 

y 

+ 4 

_ 2 + 7T 

5 

17' 


26 

0 28 4 

| 

11 + 

15 


11 + - 

11 + I5 

x + 

17 

15 

y 

+ 4- 

2 + IT 

7 



-12 

29 ' 


Ex. 2. Find the projection of tho lino 


(0 


x—\ y—2 2-4 


on the plane 3x + 4y+5z=0. 


2 3 — 4 

UO 3x— y+2z=l, x+2y— z— 2 = 0 on tho plane 3x+2y+z = 0. 

( Punjab , 1956 > 

(iii) Bx— y—7z— 8=0, .r + y+z— 1=0 on the plane 5x — 4y — z=5. 


[ 


, x 

Ana. — - 


y_ z > x+1 > — 1 z — 1 
1 “-5* 11 = -9 e 


-1 . at— 1 y 2 ~ 
-15’ 1 “ 2 ~-3 . 


E*. 3. 
the lino I 


Find tho equation in tho symmetrical form of tho projection of 
z— 3 

= — (y+l) == on the plane x-f 2y-f z = 12. 


(A.M.I.E., May, 1962 > 


£ Ana. 



Type III. [Equations of the line of greatest slope of a plane.] 
[Note. Line of greatest slope : Def. 
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The line of greatest slope through a point on an inclined plane is the line 
(0 through the point , (//) perpendiculur to the line of intersection of the plane and a 
horizontal plane. 



Let o be the given plane and 1 1 be a horizontal plane. Let AB be their line 
■o' intersection. Let P be any point on the plane a. Draw PM perpendicular to AB. 
Then PM is called the line of greatest slope on the plane a through the point PJ. 

Ex. 1. Assuming the plane 4x — 3y+7z = 0 to be horizontal find 
(i) the equation of the vertical through the origin, and (ii) the direction 
cosines of the line of greatest slope in the plane 2x-f-y— 5z=0. 

(A.M.I.E., 1957, 1961 j Raj. Engg., 1959) 

Also 6nd the equations of the line of greatest slope through the 
point (0, 5, 1) on the plane 2x+y— 5z = 0. 

Sol. v The vertical is a normal to the horizontal plane 4x — 3y+7z=0, 

the diiection ratios of the vertical are 4, — 3, 7. 

Equations of the vertical through the origin are 

x y z 

4 “-3 s 7 * 

The direction ratios of the line of intersection AB of the planes 

4*— 3y + 7z=0 and 2x+y—5z—0 are given by 
4x— 3y + 7z=P, 2x+y— 5z=0. 

x y z 

4 “17 “ 5 • 

•\ direction ratios of AB are 4, 17, 5. 

Let /, m, n bo the direction ratios of the line of greatest slope PM. 

*.* PM lies in the plane 2x+y — 5z<=0, 

2/+m— 5/i=0 

Also, v PMJ_AB, 4/+ 17m +5/1=0 

From (1) and (2), we have 

I _ m n 

90 -30 30 » ’ 3 i~* 
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direction cosines of the line PM are 

3 -1 1 _ 

v/rr ’ v/rr * vn~ * 

The equations of the line of greatest slope through (0, 5, 1) are 

x _ y — 5 _2 — 1 
3 -1 “ 1 • 


Ex. 2. With given rectangular axes, the line 

x _ y _ z 
"2 ^3 — 1 

is vertical. Find the direction cosines of the line of greatest slope in tie plane- 
3x—2y + z=Q. (A. M I 1958, 1964 ; Agra Engg. t 1962 > 

II 16 -1 "I 

3 \J ~ 3 y/Tl ’ 3 \ i2 ' J 

[Note. Any plane perpendicular to the vertical is horizontal. 

2x — 3y+z=0 is the horizontal plane.] 


£ Ans. 


Ex. 3. 


Show that the plane 5x— lOy — 62 — 29 = 0 contains the lino 


x—3 y + 2 z— 1 
1 -1 ” 5 ‘ 


(Poena, 1953) 


Find the angle between this line and the lino of greatest slope in tbo 
given plane, xy plane being assumed to be horizontal. 

(Bombay, 1955 ; Poona, 1953 ; Raj. Engg., 1953 ) 


[ *».. cos-. ( r -= ) . ] 


SECTION V 


COPLANAR LINES -SHORTEST DISTANCE 


4.1 1. Condition of coplanarity of lines. To find the 
condition that two straight lines 





may intersect (or are coplanar). 


Using the note of Art. 4*?, the given equations of the lines are 
r=a-ffb ...(1) and r=a'+jb' ...(2), 

where a = ai + | 3 j + yk* b=/i+mj + nk, 

a'=a'i+p'j+y'k, bWi+ifi'j+n'k. 

These lines pass through the points a, a' and are pararllel to the 
vectors b, b' respectively. 
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=0, which is the required 
condition. 


If (1) and (2) are coplanar, their common plane will be parallel 
to the vectors b, b'. 

Also, this common plane will contain the vector (a'— a). 

.*. a' — a is perpendicular to bxb'. 

•or, (a'-a).(bxb')=0, 

or, [(a'— a), b, b'] = 0 ...(3) 

But a'— a = (a'— a)i + (3' — (3 > j f (y'— y)k. 

(3) gives,| a' — a 3' — 3 y'— y 

l m n 

I' rri ri 1 

Aliter. 

Equation of any plane through the first line is 

A(*-a) + B(y-|3) + C(z-y)=0 ...(1) 

•where A/-f B/w+C/i=0 •••(2) 

If the second line lies in the plane (1), then this line is perpendi- 
cular to the normal to the plane (1), and its point (a', p', y') lies 
on (i). 

A/' + Bm'-f Cn'=0 ...(3) 

and A(«' - a) + B(p' - p) + C(y' -y) =0 ...(4) 

Eliminating A, B, C between (4), (2) and (3), we have 

j*'-* P-P r'-Y 
! / 


r 


m 

m 


n 

n 


= 0, which is the required 
condition. 


Cor. If the above given lines inteersect, to find the 
plane in which they lie. 

From above, the vector equation of the plane containing the 
two given lines is 


(r-a) . bxb'=0 

But r-a = (x— a)i + (y-3)j + ( 2 _ Y )k 

.*. (1) becomes [{(* - a)i 4- O' - P)j + (z- y)k}, b, b'] = 0, 


..( 1 ) 


or, 


*-a y — p z — y 

l m n 


V 


m 


n 


= 0 . 


*« 
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Aliter. Eliminating A, B, C between (1), (2) and (3), the equa- 
tion of the plane containing the given lines is 


I 


x — a 

1 

r 


y-P 



z-y 

n 



Note. We can a ho write down the condition of coplanarity of the given 
lines by writing the equation of a plane through the first line and parallel to the 
second line and satisfying it by any paint on the second line. 

4-i *• To find the condition that the lines 

a i x + b jy + CiZ+ di=o, a 2 x+b 2 y + c 2 z+d 2 =o 
and a 3 x -f b 3 y c 3 z -f- d 3 = o, a 4 x -f b 4 y 4-c 4 z + d 4 = o 

may intersect (or are coplanar). 


Any plane through the first line is 

(a lX +b l y+c l z+d l )+ A(a 2 *+ 4- d t ) = 0, 

or, (a, + \a 2 )x 4- (£, + U 2 )y + (c, + \c 2 )z+ (d x + \d 3 ) = 0 .. . ( l ) 

Similarly, the equation of any plane through the second line is 

(a 3 +|Aa 4 )x + ( 6 3 -f v.b t )y+{c 9 + V .c A )z+{d z + V jd 3 )=0 ...(2) 

If the two lines intersect, then for some values of A and p, (1) 
and (2) will become identical. 


comparing coefficients of like terms, we have 

__ bj+\b a ~ c, -4- Ac 2 _ d } -f- A d 2 
a * + b 3 + y.bt c 3 4- fxc 4 “ d 3 + pdt ~ k% say ' 

ka 3 -\- [dcQi—O 
by 4- \b t + kb 3 + [ikb A = 0 
Ci4**c, +kc % 4 jzA:c 4 = 0 
d\ 4" ~hd 2 4~ kd 3 4- [ikd t = 0 


...(3) 

...(4) 

...(5) 

...( 6 ) 


Eliminating A, k, yJc between (3), (4), (5) and (6), we have 



*1 

a a 

a 3 

*4 

b i 

b 2 

b 3 

b 4 

Cl 

c 2 


C 4 

0. 

d 2 

d 3 

d, 


which is the required condition. 
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Aliter. 

The given lines intersect if the point of intersection of the first 
three planes lies on the fourth plane. 

Let (Xj, y x Zj) be the point of intersection. 

a i- x i + b l y l + c x z x + d x = 0, 
a 2 x x + bj x + c t z x + = 0, 

a t x x + b 3 y x -fc 3 2 l + J 3 =0 
and a k x x + & 4 y t + c t z x +d t =0. 

Eliminating x Xi y x , z x between these equations, we have 

»i bi Ci d, 
a 2 b 2 c 2 d 2 

=o, which is the required 
a 3 b 3 c 3 d 3 condition. 

a 4 b 4 c 4 d 4 

Note. The condition of coplanarity is obtained by eliminating x, y, i 
between the given equations. 

4*13. Skew lines : Def. 

Two straight lines which are neither intersecting nor parallel are 
called skew lines. 


4*14. Shortest distance : Def. 

If two straight lines are skew, then there is one and only one 
straight line which is perpendicular to both of them and this common 
perpendicular is called the shortest distance between the lines. 

4’ *5- T° find the length and the equations of the 
shortest distance between the given lines 

*- g i = y-Pi ^ »-yi 

lj m l n, 

and £=&l = «TT. . 

*2 n 3 

Let AB and CD b* the given lines 


and 



g -Ti 

"1 


Z -Tz 

"a 


respectively. 
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Let the corresponding vector equations of AB and CD be 
r = a, + rb x and r = a 2 4sb 2 

a i = a 1 i + Pij + Yik> bj^/^-f-ziijj+njk 

and a 2 = a 2 i + p 2 j + y 2 k, b, = / 2 i -j- m 2 j 4 n 2 k. 

Let GH be the shortest distance between them. 

V GH J_ both b, and b 2 , 

it is parallel to the vector b, xb,=n, say, whose modulus 

in n. 

Let P («j, p lt Yi) and Q (a 2 , p 2 , y 2 ) be the points on AB and CD 
respectively. 


(Vector form). 


Now, the shortest distance 

GH=the projection of PQ on GH 

=the projection of a, — a 2 on n. 

_ (a, — a 2 ) . n (a,— a,) . (b, x b 2 ) 

n ~ | b, xb 2 

= [(a,-a 2 ), b,, b 2 1 

I b,xb 2 | 

a i“ a 2 Pi “Pa Y1-Y2 
l 2 m 2 n 3 

Now, biX b 2 =(/ 1 i4/wj4 n,k) X (l 2 i-\-m.J -f-« 2 k) 

= (»ii« 2 -w 2 /Ji)i4(«i/ 2 — « 2 /i)j4(/im 2 -/ 2 w 1 )k 

I b, xb 2 | =V2(m,w 2 -m i nj**. 

(1) gives 


4 | bj x b 2 | 


...( 1 ) 


GH = 


«!- a 2 P 1 -P 2 Y 1 -Y 2 


ll 


m 


n 


l 2 m 2 n 2 
which gives the length of the required S.D. 


4 vS(w,« r wi2#*i) 2 . 


*Wc can also find | b x xb 2 | as follows : 

(biXb 2 )2-6i26 2 2 fl in2 0, 

where 6 is the angle between b x and b 2 

=b{ z b 2 2 (I - cos 2 0) = 6 1 2 6 2 2 “( bi . b 2 ) 2 

= (/i 2 +Ml 2 + flj 2 )(/ 2 2 +/n 2 2 +/f2 2 )— /i/2+ w l w 2 + n l n 2) 2 

= 2(Wi/i 2 — m 2 /i|) 2 

1 biXb 2 I ==V2 ("»iW2— 
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Aliter. 

Let AB and CD be the two skew lines and GH be the shortest 
distance between them. Let the equations of AB and CD be 
respectively 



*-«i _ y-Pi = 
h mi "i 

X— _ y -$ 2 


...( 1 ) 

and ^ 'S. •••(2) 

/o m 2 n 2 

Let P and Q be the points (a„ p„ y,) and (a 8 , p 2 , Y 2 ) res P ect ‘ ve ^y* 

Let /, w, ;i be the direction cosines of GH. 

V GH is perpendicular to AB, 

//, 4 mm,-fnn 1 =0 

V GH is perpendicular to CD, 

ll 2 + mm 2 -\-nn 2 =0 

From (3) and (4), we have 


...(3> 


I 


m 


n 


m l n 2 —m„n 1 n x l 2 -n 2 l x l x m t — l l m x 

direction cosines are projectional to m x n 2 —m 2 n x , n x l 2 —n t l x> 




actual direction cosines of GH are 
— — tn 2 n^ 


and 


V £( m x ii 2 -m 2 n x )* V ?,(m x n 2 - m 2 n x ) 2 

l x m. i ~l. 2 m x 
\/S(m ,n t — m^)* 
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Length of shortest distance, GH : — 

GH= projection of PQ on GH 

=(a 2 -ai)/+(p 2 -pi)m + (Y 2 — Yi)« 

_( a2-« 1 )(m 1 n 2 -m 2 n 1 ) + (P 2 -P,)(n 1 l 2 -n g l 1 )-MY 2 -YiV> 1 m,-l 2 m 1 ) 

V Xinijn,- m 2 n ,) 2 
Equations of shortest distance : — 

The equation of the line of shortest distance is the equation of 
the line of intersection of the planes through the given lines and the 
shortest distance. 


The equation of the plane containing the line 

r=a, + /b 1 

and the shortest distance GH which is parallel to b,xb 2 and, there- 
fore, perpendicular to ^x^xb,) is 

(r-a,) . [b,X(b 1 xb 2 )] = 0, 

or » [( r ~ a i)> b lt (b 1 xb 2 )] = 0 ...( 1 ) 

Similarly, the equation of the plane containing 

r=a 2 +sb i and GH is 
( r — b 2 ) . [b 2 x(b,xb 2 )]=0, 


or » [(r-a 2 ), b 2> (b 1 xb 2 )]=0 ...(2) 

The equation of the shortest distance is the equation of the line 
of intersection of (1) and (2), or of 

I *-«i y-$ i 2 - Yi I 





m l n 2 —m 2 n l 




l x m 2 -/ 2 m, 


and 




y-P, 2 -y 2 

m t n z 


m l n 2 —m 2 n x n x l 2 —n 2 l x l x m., — l. i m x 



Aliter. GH is the line of intersection of the planes PGH 
(through PB and GH) and QHG (through QD and GH.). 


The equation of the plane through PB and GH is 


*-«» y-V i z — Yi 
li n x *=0 ...(A) 

' m x n 2 —m 2 n x n x l 2 —n 2 l x l x m 2 — l 2 m x 
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The equation of the plane through QD and GH is 


=0 


...(B) 


x — cu y-fi 2 z-Yt 

l 2 m 2 n 2 

m l n 2 —m 2 n l nj 2 — nj x l x m z — l 2 m l 

equations (A) and (B) determine the equations of the line of 


thortest distance. 


Note 1. The length of the shortest distance can also be written as 

“2-«l P2-P1 Y2-Y1 


mi 


»i 


Note 2. 


-7- \/2(min2— m 2 ni) 2 . 

Ig m 2 n 2 

If the lines are co planar , then the shortest distance between them 


u zero. 


end 


EXAMPLES IV (E) 
Type 1. Ex. 1. Show that the lines 

x+1 _ y — 3 _ z+2 
-3 2 1 

y— 7 x+7 

1 —3 2 


intersect. Find the coordinates of the point of intersection and the equa- 
tion of the plane containing them. ( Punjab , 1957 ; Bombay, 1954) 

Sol. The given lines are 


and 


x+1 y— 3 z+2 

T~~ 1 

* y - 7 z+7 

1 = -3 2 



Any point on (1) is (— 1 — 3R, 3+2R, — 2+R). 

If it lies on the line (2), then 

-1-3R . 3+2R-7 -2+R+7 

1 = -3 “ 2 

— 1— 3R 2R — 4 R+5 

1 ~~ -3 “ 2 * 

From first two members, we have 

3+9R=2R— 4, or, 7R=-7, R— 1. 

This value of R satisfies the equation 

2R-4 _ R+5 
—3 * 2 

Hence lines (1) and (2) interseot. 

The point of intersection is ( — 1+3, 3—2, —2—1), or (2, 1, - 3). 
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The plane containing the lines (1) and (2) ia 

I x+l y-3 z+2 


-3 


-3 


Aliter. 


(x+l)(4+3)-(y-3)(-6-l)+(z+2)(9 

7x+7 + 7y— 21 -f-7z+ 14 = 0, 
7x+7y+7z=0, 
x+y+z= 0. 


The equation of a plane containing (1) and parallel to (2) ia 


x+l 

-3 


y - 3 


z + 2 


= 0 , 


-3 


or . 7(x+ l) + 7(y— -3)-f 7{z+2)«=0, or, x+y+z = 0 

The point (0, 7,-7) lying on (2) satisfies (A), 
the lines ( 1 ) and ( 2 ) are coplanar. 

Tho piano containing the given lines is 

x+y+z = 0. 

Any point on (I) is (_1_3R, 3 + 2R, R-2,. 

Any point on (2) is <R„ 7-3R x< 2Ri~7). 

V (I) and ( 2 ) intersect, 

— 3R— l=aR|, 2R + 3 = — 3Rj + 7 and R — 2 = 2Rj — 7. 

Solving first and second equations, wo have 

R = — I, R 1 =2. 

3 heso values satisfy tho third oquation. 

The point of intersection is (2, I. — 3). 


(A) 


Ex. 2. Provo that tho lines 


und 


x-a' 


x — a __ y—b __ z — c 
a' ^~b 7 ~ t= ~c i ~~ 

and !=£. = ^ 

a b c 

intersect, und find tho coordinates of tho point of intersection and tho equation 
tho piano in which they lio. ( Punjab B.Sc., 1958S ) 

[Ans. (a + a\ b+b', c + c') ; , x y z I 


. 3 . Prove that tho linos 

x - 1 y-2 z— 3 
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and 

are coplanar. 



and 

are coplanar. 
Ex. 4. 


and 


x— 2 v— 3 z— 4 

3 “ 4 o 

[ Punjab , 1961S ; Punjab [Pakistan), 1959 ; Raj. Engg., 1963S ; 

May 1963)] 

x—5 y- 7 z4- 3 

4 4 -5 

x— 8 , y— 4 z—5 

"T" 3 

[Calcutta, 1961) 

Prove that the lines 

x-o+J _ Q = z—a—d 
a— 8 a a+8 

x-fe+c y-b _ z-b-c 

P-Y P 0+Y 


are coplanar, and find the equation to the plane in which they lie. 

[Punjab [Pakistan), 1955 , Allahabad, 1956) 

[Ans. 2y— x— z-=0.] 

Ex. 5. Prove that the lines 

x+\ y-\- 3 z+ 5 

3 “ 5 7 


and 



intersect and find the equation of the plane in which they lie. 

(Punjab B.Sc., 1959S) 
[Ans. x-2y+z=0.] 

Type II. Ex. 1. Prove that the lines x=ay-f b=cz+d and x=ay+P 

■=Y z +8 are coplanar if (y— c)(aP— ba) — (a— a)(c8— dy) = 0. 

(Bombay, 1953) 


Sol. The given lines are 



ac c a 



and 


x 

*Y 




Equation of the plane through (1 ) and parallel to (2) is 


x 

ac 

«Y 




a 



a 


.( 2 ) 


...( 3 ) 
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The lines (1) and (2) are coplanar if the point 

^ f of (2) lies on (3). This requires that 

0 A--JL 

a a c y 

ac c a I = 


or 


• >(4—fX o<:t_ “ y ) =o - 


(a-aH^Y-‘-8)-(c- Y )f6a-flp)=0, 
(Y— c)(oP-6x)-(a-a)(cS-£/y) = 0, 


or, 
or, 

Aiiter. 

The required condition is obtained by eliminating x, y, z from the given 
equations. 

Now x=ay+ b, jc = ay-f(3 gives 

x(a-a)=Aa-ap ...(A) 

Again, x=cz+d, x=y z+t gives 

x{y-c)^dy-c8 ...(B) 

From (A) and (B), on division, we have 

~7 or » (Y-c)(o3-6a)-(a-n)(cS-t/Y)=0. 

E*. 2. Show that the linos x=az-\-b, y=cz+d and x = ay=3y*-f8 

intersect if 0-&)( Y -c) = (8-rf)(a-a). 

Ex 3. Show that the lines x-l =2y-4 = 3z, 3x -5 = 4y-9=»3z meet in 
a point and the equation of the plane in which they lie is 3x — 8y-f-3z+13 <=»0. 

Type III. Ex. 1. The equations of the four a lanes are i-f2y — i— 3=0, 
3*—y-\-lz — l=*0, 2*— 2y-f-3z— 2 = 0 and x — y+z +-1=»0. Show that the line 
of intersection of the first two planes is coplanar with the line of intersec* 
tlon of the latter two and find the equation of the plane containing the 

two ,Ine8 ( AM.I.E May, 1958 ) 

Sol. Solving first throe planes, wo have] 

*— 1.^-4, z=4. 

Now, tbo point ( — 1, 4, 4) satisfies the fourth equation of tho plane. 

• *. tho two lines aro coplanar. 

Aiiter. Tho equation of tho first line in tho symmetrical form is 

* , y- 7/3 z- 5/3, 

5 = 7 


-3 


r..d) 


•The direction ratios of tho first lino are give by 

x+2y—z=’Q and 3x-y + 2z=*0. 
x y z 
-3 “ 5 " 


direction ratios are —3, 5, 7. 

Putting x = 0 in the first two equations, we have 

2y—z— 3^0 and — y+2z — I **0 y-7/3, z-5/3. 

any point on the line is (0, 7/3, 5/3). 
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Any plane through the line of intersection of the last two planes is 
2x-2y+3z-2+X ( X -y+z+ 1)=0 

It is parallel to (1) if -3 (2+X) + 5(-2-X) + 7(3+X)=0, or, X=5. 

the plane through the second line parallel to the first line is 

2x-2y+3z- 2 + 5 (x-y+z+ 1)=0, or, 7x-7y+8*+3=0 ...(2) 

Now, any point (0, 7/3, 5/3) lying on (1) satisfies (2). 

•*. the lines are coplanar. 

The equation of the plane containing them is given by (2). 

Ex. 2. Find the condition that the lines - ~ X 1 — y ~ y * — z ~ z \ 
and ax-\-by-\-cz+d<=Ot=a'x-\-b'y+c':-\-d' are coplanar. (Raj. ,1959) 

[Ans. ( ax x +by x +c Zi +d) ( a'l+b'm+c'n ) 

= ( fl l +b'y 1 +c'z 1 +d') (al+bm+cn)]. 

2 X Sh °J. that the linee 2x-y+3r+3=0, x+10y— 21=0 and 

» „i Z ~ . * nter8ect - Find the coordinates of the point of intersection 

so e equation of the plane containing these lines. (Bombay, 1 956) 

[Ans. (1, 2, — 1), x+3y+r-6=0]. 
Ex. 4 . Prove that the lines -iZlL = >L~jL = -iZ-L- and 4.v-3y+l 
“ ° =5x ~ 3r + 2 coplimar, (Calcutta. 1963) 


Type IV. Ex. 1. Two straight line. • !=*' 

= r-r_»- T - 1 m “ ’ *' 

m / n , are cut by a third line whose direction cosines are X. n. v, 


a — a' 

3-3' 

y-y' 


i 

m 

n 

1 

m 

n 

• 

• 

V 

m' 

n' 

l 

r 

/ 

m 

n ' 


X 


V 


Hence deduce the length of the shortest distance. 

(Allahabad, 1952 ; Agra, 1951 ; Raj., 1960 ; Vikram, 1961 ; Bilur. 1961) 


5ol. Any point P on the first line is (a + /r, p+mr, y +nr) 

Let us suppose that the third line whoso direction ronsincs are X, u, v 
meet the first line in this point (a + /r, p + mr, y+nr). 

the equation of the third line are 

x—(a+lr) _ y-( p + mr) = Z -( y + nr ) 

X jx v 

Let this line meet the second line in P, whose distance from P is d, say. 

coord,DQ tC8 of P, are ( a +lr), p</+ (P+mr), v<f+ ( Y + nr)). 

Again, if the thi rd line meets the second line in the point 

(«'+/>'. P'+mV.Y'+nV), then 

l Xr/+a+/r = a'+/V 


the straight line 
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or, 


tu/-f P+mr 
v*/+Y+ wr 
Xd+x-a'-f/r-/'r' 
yd+Q—Q'+mr—m'r 
vd+y—Y+nr—n' r 
Eliminating r and r' we have 

Xrf+a-a' / V 


/ ' 


V' 

/_/ 


= p'+m'r 

= y'+«>'. 
- 0, 

= 0, 

= 0. 


jiJ+P—P' m m! 
vd+Y-Y' n n ‘ 


= 0, or, d 


+ 


X 

! v 

a— a' 

P“P' 

y-y' 


/ /' 
m m’ 


n 


n 

I 

m 

n 


i 

m‘ 

n 


= 0 , 


or. 



X 


V 



a- 

/ 

- a 

p- 

P' 

Y-Y 

d 

/ 

m 

/I 

- 

— 


/ 

m 


n 


/' 

m* 

/T 




/' 

;»r 


ri 

• 

• • 

£/= 

a — a' 

p 

-P' 

Y- 

$ 

y 


/ 

m 

n 



/ 


m 

n 

• 

• 

/' 

//i' 

ri 



r 


m' 


/ 

n 


X 


V 


.. (A) (in magnitude)' 


to the given linea. 

/. X/+|iW+v/i=0 and X/' + P"»' + vw =0 

X H - V* 2 +n‘+^ 


mri-m'n = ni-n'l Ini' -I’m VZl"*"'— 

1 


\/ 2 l mn' — m'n) 


Now. 


/ 

m 

n 


X 


V 

/' 

rri 

ri 

= 

/ 

m 

n 

X 

V- 

v 


/' 

rri 

/ 

/i 


■>.(mn'-m'n) + y.(nl'-n'l) 

+ v(lm’—lm) 


_ (mn'—m , n) i -\-(nl'—n , l) i +{lm'—J'ni) i __ y/^ mn '—m'n) 2 

(A) becomes, d= shortest distance 

/ 

V 


P- 0 ' 

y-y 

m 

n 

rri 

ri 


-r \Zj^{mn' — m’n) a . 


Aliter. 

Let the third line meet the given lines at P and P' respectively, where 

PP ’<=d, say. Let P bo (o, b, c). 

/. co-ordinates of P' aro {a +">■(/, b + [xd, c+vd). 



106 A NEW TEXTBOOK OF ANALYTICAL SOLID GEOMETRY 


Let A and A' be the points (a, (3, y) and (a', (3', yO respectively. 

AA', PP'. 


Join 


o' 


A'C'c’./sW-) 

I 


\p' 

\0***<*t ***</, C+t/d) 


| I I 

** A r> \** (t** 6, c) 

Lot 00 be the shortest distance between the given lines. Projecting AA' 
■on OO', we have 

shortest d istance = 2 (x— ot') (m/T — m'n ) -f- V £(mn'—m n)~, 
where mu'— m’n, nl'—n'I, Im'—l'm are the direction ratios of 00', 

•or, the shortest distance=2(x— «')(«; n'-m'nj-i-sin 6 ...(1) 

where 0 is the angle between the given lines. 

Again, projecting PP' on OO', the shortest distance 
„ M-aHmn '-m'n) + (/>+ |u/-&) («/'-;»'/) +(c+w/- cl (Im'-I'm) /0l 

sine 

*.* (I) end (2) are equal, 

•\ d[2 t \{mn'— m'/i)]*=2(«— x')(m/T— m'n). 


a— a' 

* 

ax 

i 

ax 

Y-Y f / 

m 

rt 

/ 

m 

» ^ /' 

m* 

n' ••.(A) 

i 

1 r 

rn 

n X 

V- 

v 1 


Now, PP' ( = d) will be the shortest distance if 
m’n— m'n nl'-n'l Im'-I'm 


m'n — mn 


— y = 

sin 0 ’ sin 0 


PP'=shortest distance 

_ S(«— m'n) . , . , 

Z(mn' — m'n)* » from 

sin 0 

-2(«-et')("w , -/n'/?)-r- VL(tnn'— m’n)* . 

Ex. 2. A line with direction cosines proportional to 2, 7, —5 is drawn to 
■intersect the lines, 

y ~ 7 z + 2 . x + 3 _y~3 z - 6 

3 — 1 “ 1 * — 3 ~ 2 — ~4~ * 

Find the co-ordinates of the points of intersection and the length intercepted 

' on ifc * [Punjab (Pakistan), 1955 S ; Raj., 1956) 

[Ans. (2, 8, -3), (0, 1, 2); V 78J 
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Type V. Ex. 1. Find the shortest distance between the lines 
x— 3 y— 8 2-3. x+3 y+7 z-6 

3 “ -1 “ 1 * -3 2 4 ' 

( A.M.IE. , Nov., 1959 ; Kashmir, 1958 ; Vikram Engg., 1959 ; Poona, 1953) 

Find also the equation and the points in which it meets the given lines. 

(Agra, 1953 ; Punjab T.D.C., 1964 ; Banaras, 1961) 

Sol. Let the lino of shortest distance meet the given lines in Pj and P 2 
respectively. Then the co-ordinates of Pj and P 2 may be written as 

(3+3R, 8-R, 3 + R) and <-3-3R', -7 + 2R', 6+4R'). 
direction ratios of PiP 2 a» e 6+3R + 3R', 15 — R — 2R', — 3 + R— 4R • 

*. • P X P 2 is at right angles to the given lines, 

3(6 + 3R + 3R') — (15 — R — 2R') + (— 3 + R — 4R') = 0 
and — 3(6 + 3R + 3R') + 2( 15 — R — 2R') + 4( — 3 + R— 4R') = 0, 

or, 1IR + 7R' = 0 and -7R-29R' = 0, 

R = R' = 0. 

Pj and P 2 are the points (3, 8, 3), ( — 3. —7, 6). 

Also, PjP 2 = V 3b + 225 + 9 =3\/30r 

Further, the equations of PjP 2 are 

x-3 y - 8 2-3 

2 ~ 5 “ -1 ' 

Aliter. We can also find ihe length of the shortest distance as follows : 

The shortest distance is the perpendicular distonce of any point on the first 
line from the plane crown through the set or d line parallel to the first line. 

Tho equation of the piano through the second lino is 

A(x + 3) + B(y+7) + Ctz-G)=0 ...(1) 

where -3A + 2B + 4C=0 ... (2) 

(1) is parullol to tho first line, 

3A-B + C = 0 ...(3) 

From (2) und (3), wo have 

A B C 
2 = 5 “ — I * 

(I ) becomes 2 x + 3) + 5(y + 7) — (z — 6) = 0, 

O, 2x + 5y — z + 47=0 ..(4) 

Any point on the first lino is (3 + 3R, 8 — R, 3 + R). 

/. required shortest distance 

= perpendicular distance of this point from (4) 

2(3 + 3r) + 5(8 — r) — (3 + r) + 47 90 / 

“ v«+2»+i vJr= 3V30 -- 

Aliter. 

Let tho givon lines pass through the points Aj 
• l*=3i+8j + 3k and A*> 2 ~ -3l-7j + 6k, 
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and are parallel to the vectors 

b 1 =3i-j+kandb 2 =-31+2j+4k 

respectively. 


Let PjP 2 be the shortest distance. 

Now biXb 2 =(3l-j+k)x(— 3i+2j+4k) 
=(6k— 12J— 3k— 4i-3j— 2i) 

= (_ 6i-15j+3k) 

PjP 2 = projection of A s Aj on PjP 2 


= (A 2 Aj). (unit vector along P 1 P 2 ) 

, rt (-6i-15j+Sk) 

= (— 6i— 15j+3k) . 


(36+225+9) 

= V^T~ = ^270=3^0 • 

The length and the equations of the shortest distance can also be found as 


under : 

Let A and A' be the given points (3, 8, 3), (—3, —7, 6) on the given 
lines respectively. 

Let X, (x, v be the direction cosines of the shortest distance. 

V The shortest distance is perpendicular to the given lines, 

3x — |i+v = 0 

and -3\+2 f x+4v=0 


Solving, we have 



Now, S.D. = projection of AA' on the line of shortest distance 00' 

=<- 3 - 3) ^ +( - 8 - 7 ' 7M +<6 - 3) - Vm 

12 . 75 3 90 , — 

= V3{T + + \/3o “ V3o““ ^ 30 ‘ 

Now, the equation of the shortest distance is given by the equations of 
two planes AOO' and A'OO' as 



and 


or, 

and 


x—3 

>•-8 

r— 3 


x+3 

y + 7 

3 

-1 

1 

=0 and 

-3 

2 

-2 

-5 

1 


-2 

-5 


(x-3)(— 1+5)— [y- 8)(3+2) + (z- 3)(— 15— 2)=0 
(x+3)(2+20)-(y+7)(-3+8) + (z-G);15+4)=0, 
4.v — 5.v— 1 7z+ 79 = 0 
22x-5y+19z-83=0. 



Ex. 2. Find the longtli and equations of the shortest distance between 
the following lines : 

x+3 y — 6 z . x+2 y z—7 
-4" 6 ~ 2 ' _4=1="T _ - 


(« 


(Marathwada T. D. C , 1961) 
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(«) 


x—3 y— 5 z— 7 x-fl >-+] z+1 

1 “ -2 ~ 1 : 7 “ -6 “ 1 


-2 ~ 1 ’ ? - _6 “ 

(Punjab, 7959 ; 7?o/. £>»**., 1963 \ A.M.I.E., May. 1963) 

Also find the points where the line of shortest distance intersects the 
given lines. (Punjab, 1959 ; Agra, 1962) 

x — 1 y — 2 z — 3 x—2 y~ 4 z— 5 

2~ = 3 “ 4 : 3 = 4 = 5 • 

(Punjab, 1958 S ; Karnatak, 1962 ; Sagar, 1964) 
x — 8 y+9 2 — 10 at — 15 >> — 29 z— 5 


m 


Uv) 


(V) 


3 


-16 


— 5 


x y z x—2 y—l z + 2 

T“=3— r“ nd r-rr--r 


(A. MAE., 1957) 


(A.M.I.E., 1961 ) 


j^Ans. (/) . 16 c-f 1 ly — z = 18, 2x-f 7y+z = 3 ; 

(«) 2v' 29 ; = ^T" : (S’ 5* ?). (— i,— 1,— i); 

MV) lU + 2y-7z+6 = 0, 7x+y — 5z+7 = 0 ; 

(iv) 14, 1 I7x+4y— 4lz = 490, 9jr— 4y— z= 14 ; 

1 


O’) 


4x+y- 5z=0, 7x+y— 8z = 31. 1 


Type VI. Ex. (/) Show that the shortest distance between the line 
ax-f by-f-cz + d = 0 = a'x+b'y + c'z + d' — 0 and the z-axis meets the z-axis at 
a point whose distance from the origin is 

t(db' — d'b)(bc' — b'c)4- (ca' — c'a)(ad'— a'd)] 

-r[(bc' — b'c) 2 + (ca' — c'a) 2 ]. 

(Delhi Hons., 1958 ; Raj., 1952 ; Agra, 1961) 

(ii) Find the S.D. between the axis of z and the line ax + by-f cz -f-d = 0 
a'x + b'y-f c'z-f d' = 0. 

(Delhi Hons., 1958 ; Punjab B.Sc , 1959S; Bombay , 1962) 

Sol. (/) The equation of the first line in the symmetrical form is 

bd'—b'd do'—d'a 

X ab'—a'b y ab'—a'b 


be ' -b'c 


ca' —c'a 


-w=*b =v - soy - 

Any point on this lino is 

W-b'c), d £=£l+T<(co--c‘a), R<„6 ■-a’b)] 

x y z 

Equations of z-axis are — = -q- = — j— = r. 

the coordinates of the point Q on the z-axia at, a distance r from O is 

<0, 0, r). 

Lot PQ bo the line of abortoat distance. The direction ratios of PQ are 
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and 


or, 




bd'-b'd 

ab'—a'b 


+R [bc’-b’c), (o'-c'fl). 

R (ab'-a'b) 


r. 


V PQ is perpendicular to both the lines, 

ibc '- b ' c) 

+ [ s ^ s +r(m '“ c ' o) ] < ca '- c ' a > 

+[R(o&'-a'6)-r] {ab'-a'b )= 0 ...(!> 

[R(flft / -a'6)-r]=0 ...(2) 


Eliminating R between (1) and (2), we have 

{ bc'-b'c)+ W-<' a )W« , -« , « 1(w ,-^).Q 

< 2/7 —CIO ah — a h 


r={bc'-b'c)(db , -bd , ) + (ca , -c’a)(ad'-a'd) 

-H(6c'-6'c)2+ (ca*- c'a) 2 ] 

(//) Equation of the plane through the second line is 
{ax + by + cz +d)+ x ( a'x + b'y+ c’z +d')= 0 
(a+Xa')x+(6+XZ>')>-+(c+Xc')2+(rf+X*/')=0 
Equations of 2 -axis are 

_£ y £_ 

0 “ 0 “ 1 


..(1) 

...( 2 > 


If (1) is parallel to (2), then 

(fl+X fl ')(0)+(6+X6')(0)+(c+Xc')=0, 



(1) becomes (ax+by+cz+d) — (a'x+b'y+c'z+d')=0, 

or, c'{ax+by+cz+d)—c(a , x+b'y+c , z+d , )=0, 

or, x{ca'—c'a)-\-y(cb , —c'b) + {cd , —c'd )= 0 •••(3) 

Any point on the line (2) is (0, 0, r) 

Shortest distance required = length of the perpendicular from (0, 0, r) 

on (3) 

= (cd'-c'd) + V(ca'-c'a)*+(cb’-c'b)*. 

Ex. 2. Find tho magnitude of the shortest distance between the lines 

x—3 y — 4 z+2 
1 -—2 ~ -1 

and the lino 3x— y— 10=0, 2x— z— 4=0. (A.M.I.E., Nov. 1960) 

[Ans. \/35. ] 


Ex. 3. Find the shortest distance between the lines 

x—1 v-4-4 2—2 

2 


(i) 


and 


~ 3 “ 1 

2x + 5y— 8r— 52=0=3.v— 3y+22+27. 

( Bombay , 1955 ; Poona, 1952) 

[Ann. 6\/5.] 

x-3 8 2-3 
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“d 2x+y+z + 7=0=\6x+9y+9z+36. 

{Bombay, 1950 ; Gujarat, 1953) 

[Ans. 9/V-2) 

Type VII. Ex. 1. If the axes arc rectangular, the shortest distance 
between the lines y=az+b, z = ax+(i ; y = a'z+b , z = g x + 3 is 

( g — Otb — b) — (g'ft — aft’) (a — a) 

[aV2(a-a / ) 2 +(*-«') 2 +(a g -aV)2ji’ 

( Punjab , 1952 S ; Roj , 1962) 

Sol. The equations of the given lines are 

X + p/g >> — U Z 
1 — eta ~ g 


and 


x + V!* ' y-b'_ __z 

1 “ o'g' ~ g' 



and 


Let X, (x, v be the direction cosines of the line of shortest distance. 
V it is perpendicular to (I ) aud (2), 

). + flg(x+gv = 0 

X + fl'otV+a'v^O 
From (3) and (4), wo have 

X jx v 

aa'(a — a')~ g — g' — a'n'—aa ' 

Shortest distance 



= projection of the line joining the points ^ — ,b, 0^ 

and ( — b', o') on the line with direction cosines X, u. v 

-(-f +f ) + c*-*-, 


f +£) ^ + «»-»■* 

where D2Eg2g'2(a-a')2 + ( a -a')2+ (aV-ag) 2 
or shortest distance^ 

V***'Ha-a')*+ (g-g'; 2 + (oV-aa)s' 


Ex. 2. Find the equation and magnitude of tho shortest distance 
between tho lines x + a — 2y= — l2z, x =y + 2a = liz—l'a. 

( Karnalak Engg., 1961) 
[Ans. 2a.] 

Ex. 3. Find tho shortest distance between the lines 

x = 2z + 3, y = 3z-\-4 ; *- 4 z+ 5 , y=5 2 +6. 

What conclusions do you draw from your answer ? ( Pcona 9 1955) 


[Ans, zero ; tho lines are coplunar.] 


Type VII. Ex. 1. Show that the shortest distance between any two 
opposite edges of the tetrahedron formed by the planes y-f z = 0, z + x = 0, 

*+>■=0, x+y+z=a ls~. 

VO 

( Kashmir , 1953 ; Jodhpur, 1964 ; Raj., I960 ; Bombay, 1956 ; 

Aligarh, 1962 ; Punjab T.D.C., 1965 S) 
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Show farther that the three lires of shortest distance intersect at 
-the point x =y=z=— a. [ Delhi Hons., 1960 ; Punjab {Pakistan), 1951 ; 

Bombay , 1956 ; Raj , 1960) 

Sol. The two seta of the opposite edges are 

y+z= 0, x-fz=0 ...(1) 

and *+y*=0, x+y+z=a ...(2) 

Equation of the plane through the iine (2) is 

x+y+\{x+y+z—a)=0 —(3) 

Writing (1) in the symmetrical form, we have 



If (3) is parallel to (4), then 

(I + X) + (1+X)-X=0, 

or X=— 2. 

,\ (3) becomes (x+y)—2(x+>’+r—fl)=0 ; 
or — x— y— 2z+2a=0 ...(5) 

Any point on (4) is (r, r, — r). 

shortest distance between (1) and (2) 

= length of the perpendicular from (r, r, — r) on (5) 

_ —r—r+2r+2a _ 2a 

</T+TfT "V6- 

The six sets of edges are 


y+z= o -i 

...(6), 

x+y= 0 -1 

...(7) 

z+x=0 J 

x+y+z=a J 

y+z= o-i 

...(8). 

x +y+z=a I 

...(9) 

*-hv=o J 

z+x=0 J 

x+y+z=a 1 

y+z-= 0 J 

...(10), 

x+y= o •» 

z+x=0 J 

...(H) 


Writing (6), (7), (8), (9), (10) and (11) in the symmetrical form, we have 



x _ y z 

-i~ i = -l 

■x y—a Z 
1 “ 0 = -1 

_x _y_ z 

1 -1“ 37 

x — a z 

0 = I - 3f 

Now, we shall find the equation of the line of shortest distance between 
(12) and (13). 

Let the line of shortest distanoe meet (12) and (13) in points Pj and P 2 
whose coordinates are (r, r, — r) and ( r‘ , —r\ a) respectively. 


..(14) 

...(15) 

..(16) 

...(17/ 
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and 


or, 


The direction ratios of P 3 P 2 are 

r—r', r+r\ —r—a. 

V P 3 P 2 is perpendicular to both (12) and (13), 

(r-r') + (r+r')-(-/— <a)=0 
(r-r')-(r+r') = 0. 

Solving these equations, we have 

r'=0,r= — y. 

.*• Pi P* are and (0, 0, 0). 

.\ equation of the line of shortest distance between (12) and (13) is 

x y z—a 


—o/3 —o/3 o/i— o ’ 

z—a 


x 

T 


y__ 

i 


2 


...(18) 


Similarly, the shortest distances between (14), (15) and (16), (17) are 
respectively 



and 


x—a y z 

2 ” 1“T 



The lines (18), (19) and (20) meet at the point 

x=y=z= —a. 


Ex. 2. Find the shortest distance between the lines 



(') 

3x— 9y+5z=0=x+y— z 


and 


6x + 8>+32-13 = 0=x+2y+z-3. 

(Poona, 1950 ) 




[Ans. 1 1 /v/ 342.] 


(«) 

2x+y—z=0 = x—y+2z 


and 


x+2y— 3r— 4 = 0=2x — 3y+4z— 5. 

(Agra Engg., 1962) 
[Ans. 4/v l4. ] 


Ex. 3. 

Show that the equation to the plane containing the line 



-£-+ l.x-0; 


:ind parallel 

to the line 





f=!.y=o 

— + 1 = 0 . 

c 


l Raj., 1963) 


If 2d be the shortest distance, prove that 

_1_ j I_ 4 . J L 

b* T c* d* * 

(Allahabad, 1950 ; Punjab, 1955 S ; Agra, 1954 ; Raj., 1951 ; Poona, I960, 
Banaras, 1960 ; Karnatak, 1955 ; Kashmir, 1951’, Aligarh 1961) 
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is 


Sol. Equation of any plane through the line 


y_ 

b 


— = 1, x=0 

c 


“c 1 + XJC=0 


...(!> 


Ii (1) is parallel to 


a 


— =•! ,y=o. 

c 


or, 

then 

or 


x 

a 


z+c 


y_ 

0 


..( 2 ) 


A • fl +° • "^" +c * "7"~ 0, 




(1) becomes 


JL+ S. 

b e 


-l 


x=0. 


or. 


x 

a 




..-(3) 


The required shortest distanced length of the perpendicular from 
an y point (a, 0, 0) of (2) on (3), ^ 

or. 


\/ ■= 


+ 6 8 + C“ 


or, 


1 

d 2 


•3T+ V + V 


Type IX. Ex. 1. A square ABCD of diagonal 2a is folded Jong 
,h. diagonal AC so that the plane. DAC and BAC are a. r,gh« angles. 

Find the shortest distance between I956 . Pmjah . Ml ; Poona, 1957) 

Sol Let ABCD bo a square of diagonal 2n. Let it be folded along the 
diagonal AC so that the plane, DAC and BAC are at r'g*>t anries Let O be 
the centre of the square. Let OAX be taken as the O, the orrgm. 

OB and OD be taken as the axes of y and z respectively. 

coordinates of A, B, C, D are respectively (a, 0, 0), (0, fl, 0), 
0, 0) and (0,0, a). 


Equations of AB are 

x—a 


a 


and that of DC are 


x 

a 


y =_£ 

~fl 0 


y 

o 


...(l) 


— A 


...( 2 ) 
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1> 


1? 


r 

Y 




Equation of a plane through (2) and parallel ,1) 


2 — a 


x ( a2 )-y{-a*)+(z-a) (-o2)=0, 

’ x +y-z+a= 0 , (3 . 

The required sborte., di„a„ce = ^.e ieugtl, of ,he perpendicular from 

(a, 0, 0) on (3) 

= a+ a 32a 

Vi + l + 1 ~ \/ 3 ~ * 

- “--rs-;s c - ss 

f fAns. - hc __ ca __ ah 

L Vb~ + c~ ' </ c ~-j-a~' ' 

wlioro a, b, c are tho edges of the solid J 

SECTION VI 

length of the perpendicular from a point 

ON A LINE 

4 '6 To find the length of the perpendicular from 
( x j> Yi» *j) on the line — — _ * - y 

.. , 1 m * *» m > n being the 

direction cosines. 

Let AB be the given line 

L- z ~y 

. 1 m n ...( 1 ) 
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passing through the point A (a, p, y)- Let P be the point (*„ y lt zj. 
Draw PM perpendicular to AB. 

Join PA. 



Now, AM = projection of AP on a line AB 

= (*j-a) /+0' 1 -P)w+(2 1 -y).« 

Also, AP= V (x,- a ) * + Ov - P ) a + (Zi - Y)*- 
From right-angled triangle AMP, we have 
PM 8 =AP 2 — AM 2 

= (*i - a) 2 + (y, - p ) 2 + (*i - y) 2 - [(*1 -«)/+(*- PV* 

+(zi-y )«] 2 

= [(^! - a) 2 + (^1 - P) 2 + (2! - y) 2 ] [l 2 + m 2 -f n 2 ] 

— [(* 1 “ a )/+0'i*“P) m +( z i _ YM 2 (Note this step.) 

= [(^i - P)/ ■ “ (*r “ «)»*] a ■ + [(*i - Y) m (.Vi “ P)«] 2 

*=[(.x 1 -“ a )n— fz,— y) /] 2 » usiog Lagrange’s identity. 

PM = V [(yi“P)i-(*i-*)*“]*+[(*i-r)»-(yi-P)“]* 

+[x 1 -a)n-(z 1 -Y)l] 2 > 


which is the required length of the perpendicular. 


Caution. Here 1, m, n are actual direction cosines. 

Aid to memory. The successive terms in the result are the 

squares of the determinants Xj — a 

►— 

1 

TP 

♦ 

1 

m | 

y x — p Zj-Y » nd Z 1 ~Y 

* 

1 

a 

m n n 

1 


The reqaired perpendicular distance is the square root of 
the sum of the squares of these determinants. 
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EXAMPLES IV (F) 


the line 


Ex. 1. Find the pependicalar distance from the point (—1, 3, 9) of 

x-13 = -3^- - ( Delhi Hons., 1954). 


-8 


Sol, Let A be the point (13, —8, 3) and P be the point (—1, 3 t S'). 
Draw PM perpendicular to the given line. Join AP # 

PM 2 = AP 2 — AM 2 = (13-f- l) 2 +(— 8 — 3) 2 + (3— 9) 2 


O 


5 +11 _i 

y/90 V90 V90 J 


196+121+36 


23104 _ 8666 _ 4333 
90 20 45 


PM 


s/ 


4333 

45 


Aliter 


Any point on the line is M ( P + 5R,— 8— 8R, 3+R) 

Let M be the foot of the perpendicular. 

.*. direction ratios of PM are 14 + 5R,— 1 1 — 8R, — 6 + R 
V it is perpendicular to the given line, 

5(14 + 5R) — 8( — 1 1 — 8R) + (R— 6) = 0. 
or, 90R= — 152, 

R_ 

90 


Coordinates of M are 


r 4 1 218 59 

9 ' 45 ’ 45 


/ 2500 12769 FT 97 f6 / 194985 / 4333 

= V 81 + 81.25 + o;.2> " V 81.25 ~ \/ 45 • 

Ex. 2. How far is the point (4, 1,1) fiom the lino of intersection of the 
planoB x+y + z*= 4 and x — 'ly—z*=> 4 ? ( Punjab , 196!) 

[ Ans. 3\/3. \J 14.] 

Ex. 3. Find the distance of A(l f —2. 3) from the lino, PQ, through P, 
(2, —3, 5), which makes equal angles with I ho axes. 

(Patna, 1962 ; Bihar , I960 S ; Pakistan ( Punjab ), 1953 S) 


Ans 


■ \A-] 


Ex. 4. A line through the origin makes angles a, (i, y with its projec- 
tions on the coordinate planes, which are rectangular. The distances of any 
point ( x, y, 2 ) from the lino and its projections are cl, a, b , c. Provo that 

d 2 = (a 2 —x 2 ) cos 2 a+(6 2 — y 2 ) cos 2 p+(c 2 — z 2 ) cos 2 y. (Agra, 1958) 
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SECTION VII 

EQUATIONS OF TWO NON-INTERSECTING LINES 

4*17. To show that, by a proper choice of axes, the 
equations of any two skew lines can be put into the form 
y=mx, z=c, and y=-mi, z=— c. 

Proof. Let AB and CD be the two non-intersecting straight 
lines. Let EF=2c be the shortest distance between their. 

Through O, the middle point of EF, draw lines OM and ON 
parallel to AB and CD respectively. 

Let us choose O as the origin , the bisectors OX, OY of the 
angles between the lines OM and ON as the axes of x and y and FE 
as the z-axis. 

Let 2a be the angle between the given lines. 



or. 


The line OM makes angles a, — a and with the axes. 

its direction cosines are cos a, sin a, 0. 

Also, the coordinates of E are (0, 0, c). 

Now, AB is a line passing through E and parallel to OM. 


• • 


its equations are 


a-— 0 y— 0 z—c 


cos a sin a 
y= a tan a, z=c 


0 


7Z 7C 

Again, the line ON makes angles — a, and 
die axes. 


...( 1 ) 

with 
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its direction cosines are cos a, —sin a, 0. 

Also, the coordinates of F are (0, 0, — c). 

Now, CD is a line passing through F and parallel to ON. 

x-0 y — 0 z4 c 

.*. its equations are =^^—. = — - — , 

cos a —sin a 0 

or, y=-x tan a, z=-c ...(2) 

Putting m = tan a, the equations of AB and CD can be written 
as y=mx, z=c ; y = — mx, z = — c. This proves the proposition. 

Note. Any point on the above lines can be taken as (r, mr, c) and 
<r', — mr', —c). 


EXAMPLES IV (G) 

Ex. 1. A line of constant length has its extremities on two fixed 
straight lines ; show that the locus of its middle point is an ellipse. 

(Baroda, 1953 ; Delhi Hons., 1959, 1961 ; Jodhpur, 1963 ; Raj., 1956 ; 

Agra, 1952 ; Punjab T.D.C., 1965) 

Sol Let the given lines be 


and 


£ y_ z—c 

1 ~ m ~~ 0 

x y z+c 
1 ~ —m ~ 0 



The coordinates of one extremity P of the transversal lying on (1) are 
(r, mr, c) and the coordinates of the other extremity P' of the transversal lying 
on (2) are (r\ — mr', — c). 

It is given thut PP' = constant=2/. say, 

4/a-(r-r')*+m*(r'+r) I +4c* _ (3) 

Let Q(), p, v) be the middle point of PP'. 

2X-r+r', 2p = m(r-r'), v=0. ...( 4 ) 

From (3) and (4) we have, on eliminating r and r', 

4/2= Iif-+m2.4x 2 -f4e2, v=0, 
m- 

locus of (X, p, v) is 
/2= +m*x* + c* t z=0, 

or m-x 2 + ^-=/2 — c2, r=0, which is an ellipse in the xy — plane. 


Ex. 2. AA' is the shortest distance between two given lines, and B, B' 
are variable points on them such that the volume AA'BB' is constant. Prove 
that the locus of the middle point of BB' is a hyperbola whoso asymptotes are 
parallel to the lines. { R a j., 1950 ; Calcutta Hons., 1963) 

Ex. 3. P, P' are variable points on two given non-intersecting linos and 
PP' is of constant length 2k. Find the surface generated by PP' ( Agra 1959) 
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K« 4 . A point moves so that the line joining the feet of the perpendi- 
culars from it to two given lines subtends a right angle at the middle point of 
their S.D. Show that its locus is a hyperbolic cylinder. 


SECTION vm 

LINES INTERSECTING TWO GIVEN LINES OR THREE 

GIVEN LINES 


4*i8. To find the equations of any line intersecting two 
lines Uj=o, v a =o and u 2 — o, v 2 =o. 

The given equations of the lines are 

m 1 =0=v 1 •••(!) 

m 2 =0=v 2 —(2) 

From Art. 3*22, the equation of any plane through the line (1) is 
and the equation of any plane through the second line is 

«2 + V2 = ° — ( 4 ) 

Let us now consider the line of intersection of the planes (3) 
and (4). 

V this line of intersection of (3) and (4) lies in (3), it is 
coplanar with (1). 

it intersects (1), unless it is parallel to it. 

Similarly, this line of intersection of (3) and (4) intersects (2). 

Thus (3) and (4), viz. uj+^v^o, u a -{-A 2 v a t=o taken together 
gives the required line. 

Note. The values of >2 and >. 2 are determined from the additional condi- 
tions of the problem. 


4*19. To find the locos of the line intersecting the given 
lines u 1 =o=v J , u 2 =o=v 2 and u 3 =o=v 3 . 

The given lines are «,=0= Vi ...(1) 

u 2 = 0=v 2 ...(2) 

w 3 =0=»v 3 ...(3) 

The equations of line intersecting (1) and (2) are 

Vj=0, « 8 + Ai>v 3 =0 ...(4) (Art. 4*18) 

If the line (4) intersects (3), we shall eliminate jc, y, z between 
(3) and (4) and obtain a relation between \ and \ of the form 

f(K\)= 0 ...(5) 

The required locus is obtained by eliminating Aj and A a between (4) 
and (5). 
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EXAMPLES IV (H) 


Type I. Ex. 1. Find the direction cosines of the line through the 
origin which intersects each of the following two lines 

x+1 y- 3 

2 “ i 


and 


and 


= — z— 2. 


3 x _ 4 y + z = x _2y-3z-l = 0. (A.M.I.E., Nov. 1958, May 1961, 
Sol. The given lines are 

5x— 2y+ll=0, y+5z+7 = 0. ...(!/• 

3x— 4y+z=0, x— 2y— 3z— 1=0. —(2> 

The equations of any line intersecting (1) and ( 2 ) are 

5x-2>'+ll+X! (y+5z+7) = 0 


5x— 2y+ll+Xj (y+5z+7) = 0 1 
3x— 4y+z+Xi(x— 2y— 3z— 1) = 0 J 
(3) passes through (0, 0, 0), 

U+7Xi-0 

x,=o. 


..•(3). 


and 

11 , A 

or, X x = jT, X 2 = U. 

(3) becomes 33x— 25y— 55z=0, 

3x— 4y+z = 0, 

or lx— by— 1 lr=0, 

3x — 4y+z = 0. 

The direction ratios of this lino aro 49, 40, 13. 

.•. direction cosines of this lino aro 

49 40 13 

V4lT0 ’ \M170 ’ V 4170 ' 

Ex. 2. Find the equations of the lino through tho origin which inter 
sects each of the lines 

x+1 y— 2 z— 6 


uud 


2 3-1 

x— 2 y - 3 z - 1 
o “-3 “ 2 


( A.M.I.E . , 1961 ) 
[ Ans ”32 ~ 69 = ~\1 1 


Ex. 3. Find the equations to the lir.e that intersects tho lines x+y + z 
,_ | 2 x— y— z = 2 ; x— y— Z“=3, 2x+4y— z=4, and passes through tho point( 1,1,1). 

(Punjab (Pakistan), 1956 S ; Punjab 1965) 

T. x-l y— 1 2-1 i 

[A™- = • J 

Ex. 4. Find the equations to the lino drawn through tho point 

(1 0 — 1) and intersecting the linos x=2y=2z ; 3x+4y= 1, 4x + bz = 2. 

(Delhi Engg., 1963) 

fAns. x — 3y+z = 0, 17x+ I2y+ l0z-7 = 0.’ 
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Type II. Ex. 1. Prove that the locos of a line which meets the lines 

y=±mx, z=±c ; 

and the circl e 

X 2+y2 = a 2 > 2 = 0 Is 

c 2 m ? (cy— mxz) 2 +c 2 (yz— cmx) 2 =a 5 m ! (i 2 - c 2 ) 2 . 

( Delhi Hons., 1963 ; Kashmir, 1954 ; Raj. 1961; 

Punjab. 1962S ; Agra, 1963) 

Sol. Equations of any line intersecting the given lines 

} —mx=0, z—c—0 ...(1) 

and y+mx= 0. z+c= 0 ...(2) 

Are y— mx+Xi (z— c)= 0, y+m;c-fXj(z+c)=0 ...(3) 

This meets z=0, where y—rnx—\ 1 c=0, 

y+mx+l 2 c= 0. 

y = ~~2 ’ 

and x= _ _L (Xl+ x 2 ). 


The line (3; intersects the circle x z +y~=a 2 , 2=0, 

if ( x i +x 2> 2 + ( x t~ x 2) 2=fl2 » 

or ifc 2 (X x +X 2 )2+c8/7i2(X 1 -X a ) 2 =4o2m2 ..(4) 

The required locus of (3) is obtained by eliminating X x and X 2 between 
.(3) and (4). 

tlio equation of tl e required iocus is 

ctp^+^T 2 +C 2 /w3 r^_^ z mx-|*=w, 

L z-c z+c J L z+c z-c J 

c 2 f l 2 c 2 m 2 

•° r ^-T^l yz ~ mxc \ + z*-c*)t (yc-”Kz)*-a*nfi, 

or, c~(yz — mxc]- + c 2 m 2 (yc— mxz ) 2 =* a 2 m 2 ( 2 2 — c 2 ) 2 . 

Aliter. 


•at 


or 


or, 


Lot the lino interaoct the given lines at 

P(r, mr, c) and P'(r', -mr', -c). 
equations of PP' are 

x—r _ y—mr _ z—c 
r-r' ~ m(r+r') 2c 
It moots tho circle *2+^.2-.^ r = 0 t where 

x=r— h( r -r') = \(r+r'),y=*mr— \m{r+r') 

=Jm(r-r'). 

^ 2 +>' 2 =«(r+r')3+m2(r-r')2], 

a 2 =iar+r')2+/7j2( r _ r ')2j 

Eliminating r and r' between (1) and (2), we get the required locus. 
From (I),we have 

•— c _ m(x—r)+y—ntr = m(x— r)— f y— mr) 

2c ni(r—r')+ni(r+r') = m(r—r')—m(r+r') 
z-c _ mx+ y—2mr _ mx~y 
2c 2mr -:/nr r ' 

r c(mx+y) 
m(z+c) 
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and r , = _~c(mx-y)_ 

tn(z-c) 

(2) gives 

rt&Z^2j2<y Z -" ,XC ) 2 + (T2-^)2 ( m *Z-yc) 2 = a\ 
or, c 7 m 2 (cy—mxz) 2 +c 2 (yz—cmx) i =a 2 m-(z 2 —c 2 ) 2 . 

Ex. 2. Find the surface Generated by a line which intersects the lines 
y=z=a ; x-f- 3 z=a, y-i-z=a, and is parallel to the plane x+y=0. 

( Allahabad , 1959) 
[Ans. (x+y)(y+z) = 2a(x+z).] 

Ex. 3. A variable line intersects OX and the carve x=y, y- = ez, and 
is parallel to the plane YOZ. Prove that it generates the paraboloid xy = cz. 

( Allahabad , 1960) 

Ex. 4. Find the surface generated by a line which intersects two given 
lines and is parallel to a given plane. (Delhi Hons., 1963 ; Punjab 1963 ) 

[Ans. n(cy — mxz) + vm(cnix—yz) — wnt(z 2 ~c 2 )=0, where 

the given lines are y=mx, z — e ; y=—mx, z——e 
and the plane is ux+vy+wz -f<7=0.] 


Type III. Ex. 1 . Prove that the lacus of a variable line which inter- 
sects the three given lines y = on*, z = c ; y = — mx, 2= — c ; y = 2, mx= — c; 
is the surface y 2 — m 2 x 2 =a 2 — c 2 . 

(Agra, 1954 ; Jodhpur, 1964 ; Delhi Hons., 1961 ; Vikram 1964) 

Sol. Equations of any lino intersecting first two lines are 

(y-mx)+X 1 (z-c)=0 1 

<y + /nxH-X 2 (z + c)=0 J ' 


or, 

or, 

( 2 ). 


Putting mx= —c, or. 


x= in (1), wo have 

nx 


-2c+X,c+X2c 


or, 


y+c+ x,z-x,c=0. 
y—c + X 2 z+X 2 c=0 
. f f), 1 ^x 2 )-?x l X 2 r- 

" y > i-* 2 ’ > l->-2 

V (I) intersects the lino y=z. mx=—c, 

. <*(X|-4-X 2 ) — 2>.|XjC — 2r 4 -XjC-J-XjC 

X,-X 2 ‘ Xj — X 2 ’ 

c(X|+>i)— 2 x,X 2 c=-2c+X,c+) 4 c, 

*iX*-l ...(2) 

The locus required is obtuined by olliminating X| and Xj between (1) and 

y-mx y+mx n 

. . • u. 

z—c z + c 

y 2 -m*x*=z*-c*. 


Ex. 2. Bhow that the equation of any lino which meets the throo linos 
x^a, y = 0 ; y=a, z=U ; z=>a, x-=0 can bo written as 

x-o-Xy, z(X+l)+X(y-fl) = 0. 

Bhow further that this line generates the surface 
yz+zx+xy— ax— ay— az-f o 2 =0. 


(Bombay, 19*0) 


124 


A NEW TEXTBOOK OF ANALYTICAL SOLID GEOMETRY 


Ex. 3 . Find the equation of the surface generated by a straight line 
which intersects the three lines y—2z=0 t x=a ; z—2x=0, y=a, 

x—2y=0, z—a. ( Allahabad , 1958) 

[Ans. 2x z +2y z +2z*— 5yz— 5zx— 5xy+5ax+5ay+5az— 7a z =0.] 

Ex. 4. Prove thet the locus of the lines which intersect the three lioes 
y—z—l, *=0 ; z—x=\, 0 ; 

x — y = 1 , z =0 is x z +y z +z ? —2yz—2zx—2xy=l. 

(. Allahabad , 1962 ; Agra, 1955) 

Ex. 5. Prove that all lines which intersect the lines 
y=mx, z=c ; y=—mx, z=—c; 
and the x-axis, lie on the surface mxz=ey. 

SECTION IX 

INTERSECTION OF THREE PLANES 

4 20. A useful notation. 

Let three planes be a x x-\-h x y -\-c x z + d x =0, 

a 2 x +b 2 y+c i z+d 2 = 0, 
a 3 x-\- b 3 v + c a z + d 3 = 0. 

Let us write down the coefficients of ,v, y, z and the constant 
terms in (1), (2) and (3) and enclose them between two double vertical 


bars. We have 

0\ 

b 1 

c, 

4 

! 

a „ 

b. 

C 2 

d-z 

1 

1 

«3 

"3 

c 3 

d 3 


Let us denote it by A- 

Let Ai» A 2 . Aa, A* be the determinants obtained by deleting 
the first, second, third and fourth columns in succession in A- 

4 21. Nature of intersection of three planes. 

1. To find the conditions that the planes 

a r x-f b r y-f c r z + d r = o., r = i, 2, 3 may intersect in 
a straight line. 

Let the given planes be a l x-\-b l y+c x z+d l -0 ...(1) 

a,x + b 2 y + c 2 z + d,=0 ... ( 2 ) 

^3 X +• b 3 >’ + c 3 r -f = 0 ...(3) 

Equations of any plane through the line of intersection of (1) 
and (2) is 

a x x-\-b x y + c x z + d x 4- &*>’+ c 2 z + d 2 ) = 0 

or (fl l + Au s )x+(6,-f \b 2 )y+ (c x +Ac a )z + (d 2 + A</ 2 )=0 ...(4) 
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If (1), (2), (3), intersect in a line, then 


(3) must be identical with (4) for some value of X. Comparing 


coefficients of like terms in (3) and (4), we have 

+ Xa 2 b x -\-'kb 2 d l -\-'kd 2 _ h mii 

a 3 b 3 c 3 d 3 

ka 3 =0 ...(5) 

&1+A&*— kb 3 =0 ...(6) 

c, + Xc 2 — £c 3 =0 •••(7) 

d 1+ -\d 2 -kd 3 =0 ...(8) 


Eliminating X and k between these equations, taken three at a time, 


we have 


0 1 

by 



by 


dy 

0y 

Cl 

4j 

a 2 

b 2 

C 2 

=0, 

b 2 

C 2 

d 2 =0, 

0% 

c 2 

d t 


b a 

C» 


^3 

C 3 

d% 

0 3 

c 3 

d 3 


and 


a i 

0 t 

a 3 


by d x 
K d t 
b 3 d 3 



or, Ai=0» Ai=0, A 2 =°> As=0, 


or, Ai = A 2 = A s = A 4 =0, which are the required condition'. 

But out of these four conditions only two are independent, 
because if two planes have two points in common, they have a common 
line of intersection and for this fact only two conditions are 
required. 

Note. It can be proved algebraically that if two of these determinants 
vanish, the other two must also vanish, i.e., if A« = ^ = Aii then A 3 = A 2 =0 olso. 


Aliter. 

The line of intersection of (1) and (2) in the symmetrical 
form is 

b\d t — b t di a i d l —a x d 2 

0\b 2 —o 2 b x _ z 


x— 


a x b t —a*b x 

b l c 2 —b 2 c x 


a 2 c x -a lCi 


o x b 2 tiob x 

If (1), (2) and (3) intersect in a line, then the line (A) lies com- 
pletely in the plane (3), the conditions for which are that (i) (A) must 
be parallel to (3), i.e. ,A 4 =0 and (//) a point of (A), viz., 

I h . d '-b*d x a t o^-aA o \ must satisfy (3), 


126 


A NEW TEXTBOOK OF ANALYTICAL SOLID GEOMETRY 


i.e., 

or. 




or 




ajd 2 ) +d a (a 1 b 2 — 1) =0 

^2^3 ~b 2 d 2 )—a 2 {b l d 2 —b 2 d x ) + Oz{b l d 2 — ) = 0 , 



A*=0. 

the required conditions are Z ^ 3 =0=A 4 . 


II. To find the condition that the planes 
a r x+b r y-}-c r z-f-d r =o, r=i, 2, 3 
may intersect in a point. 

Solving the given equations, we have 

* _ —y = z ^ - 1 

Ai A2 As A 4 

x — A1/A4, y=Ao/A„ z=- A3/A4. 

. the planes intersect in a point, the coordinates of their point 
of intersection must be finite, which requires that A 4 ^o. 

This is the required condition. 


Aliter. The given planes will meet in a point if the line of 
intersection of any two of them is not parallel to the third. 

Let /, m n be the direction ratios of the line of intersection of 
the first two planes. 


and 


or 


or, 


or 


• • 


a\l-\-b x m-\-c y n — 0 
a.J+ h 2 m+c 2 n=0. 
I m 

b % c 2 ^ 2^*1 


n 


a 2 c i— a iC 2 o l b 2 ~a 2 b 1 ' 

This Ime of intersection will not be parallel to the third plane if 

<*i( Va ~ V.) ~a 2 (b 1 c 3 —b 3 c l ) + a 2 {b t c 2 - b 2 c x ) ^ 0, 


“1 


a . 


bi 

b a 

«• 


L i 

Co 


^0, 


A 4 7^o, which is the required condition. 
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Note. The point of intersection of the three planes can be obtained by 
solving their equations simultaneously in x , y, z. 

III. To find the conditions that the three planes 
a f x + b r y-|-c f .z + d r = o, r=i, 2, 3 
may form a triangular prism. 

The line of intersection of the first two planes is 


x — 


b j do bod 1 


a n d , -* a,d., 

y — rr 


a *b\ a ibo Qob , 2 

b l fo — b t c l o i c l Q\C 2 a l bo—o l b l 

The three planes will form a triangular prism if this line of inter- 
section is parallel to the third plane. 

This requires that this line is perpendicular to the normal to tt^ 
third plane and its point 

( b y d 2 -bod, ' a 2 d x -a x do * Q \ 

V o x b i —a i bi a x b 2 —a. l b l ) 

does not lie on the third plane. 

rt 3 ( b l c. i — b 2 c y ) + b i {c x a i — c 2 a l ) + c-fa^o — a 2 b x ) = 0 

( b^dy-b^di \ , / a..d x — a l dn \ . 

a >{a t b z -a i bJ +b >[a 1 b 2 -a 2 b l )+ l ^ 

a^b^d., -bod^ + b^axf - a y d.,) + r/ 3 (fl,fe 2 — ajyf)^. 


and 


or. 


i.e., 


a 


a 


2 


a. 


and 


a. 


a- 


b x 

b, 

b 3 

b> 

bo 


=0 


4 


a 


^0, 


. b 3 

or A 4 =° 

and As^°. 

which are the required conditions. 

EXAMPLES IV (1) 

Type I. Ex. 1. Prove that the plane6 

x+ay+(b + c) z+d — 0, 
x + by f (c + a)z f d^O, 
x + cy + (a + b)z + d = 0 
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(pass through one line. 
Sol. 

Here A4= 


a 

b 

c 

a 

b 


1 


b+c 

c+a 

a+b 

a+b+c 

a+b+c 

a+b+c 


on adding the second column to the third. 


Also, 


Aa 




1 

a 

1 




a+b+c) 


1 

b 

1 

= 0 . 





1 

c 

1 




1 

a 

d 



1 

a 

1 

1 

b 

d 


=d 

1 

b 

1 

1 

c 

d 



1 

c 

1 


A4=0=A3- 

the given planes intersect in a straight line. 

Ex. 2 . Show that the plane9 

cy—bz=l, 
az—cx=m , 
bx—ay—n 

'intersect in a line if al+bm+cn= 0. 

Ex. 3. Prove that the planes 
(/) 2x+5y+3z=0, 

x-y+4z=2, 

7y—5z+4=>0 

pass through one line. 

(//) 2x-3y-7z=0, 

3x—14y—13z=0 t 

8x-31y-33z=0 

pass through one line. 


= 0 . 


(Bihar, 1961 S ) 


(North Bengal, 1964 ) 


Type 11. Ex. 1. Prove that the planes 

x=cy+bz, 
y=az+cx, 
x = bx+ay 

pass through one line if 

a 2 +b 2 + c 2 +2abc = 1, (Delhi*Engg., 1963) 

and show that the line of intersection then is 

* y * 

V 1— a- Vl-b* * 

(I.A.S.. 1953 ; Nagpur T.D.C., 1962 ; Bombay, 1953) 
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and 


Sol. The given planes are 

x-cy-bz - 0 ...(!) 

cx—y+az = 0 ^ 2 ) 

bx+ay-i - 0 ... (S ) 

Let /, iw, n be the direction ratios of the line of intersection of 

(I ) and (2). 

l—cm—bn= 0 , 
cl—m+an= 0 . 

• l _ m n 

...(4) 


©r. 


or , 

or, 


• • 


ac+b bc+a 1— c2 

(1) and (2) pass through origin, 

their lin e of intersection will also pass through the origin, 
equations of the line of intersection of (1) and (2) are 

* _ y z _ 

ac+b bc+a 7— c 2 

If (1), (2) and (3) intersect in a line, then (5) lies in (3). 

The point (0, 0, 0) of (5) satisfies (3). 

the condition is b(ac+b) + a{bc+a) — (1 — c 2 )=0, 
a'+b 2 +c 2 +2abc=\ 

The direction ratios of the lino (5) can be written as 
V a 2 c 2 +b 2 + 2abc, y/b 2 c 2 +a 2 +2abc, 1—c 2 , 
Va’d+l-ct-a*, y/b 2 +c*+\-b 2 -c 2 , l-c 2 , using (6), 
V(l-c2)(l- a a) , vTl-W-c 2 ), 1 - c 2 , 

Vl - ° 2 , sf^&, V 1 — C 2 . 

.*• the line of intersection is 

x y z 


...(5) 


...(G) 


Vl -a 2 Vl -b 2 V 1 — c 2 ' 

Ex. 2. Show that the planes x=y sin $+z sin 0, y =z 8 j n 0+ * 8 i n a. 

z«=x sin <P+y sin 0 intersect in the lino 

X V z * 

7. ife+0+t~” 


COB 0 COS COS 


Ex. 3. The plane-— + Z- + -^- = 1 meet the axes in A, B, C. Prove 

that the plants thicugh the «x«s and the internal bisectors of the angles of the 
triaDgle ABC pass through the lino 

* y z 

a V b*+c 2 b y/cz+az c y/a 2 +b 2 * 
x y z 

Ex. 4. The plane — 4- ^ + — "l muotB the axes OX, OY, OZ which 
are rectangular in A, B, C. Find the equations of BC. Prove that the planea 
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through the axes and perpendicular to BC, CA, AB pass through the law 

ax=by=cz. Find the coordinates of the orthocentre of the A ABC. 

(Punjab, 19S9S) 

T . x y z—c 


Ans. £- 


n-l b -i 

a-t+b-*+c-* ’ «-*+6-*+. 


0 b -c 

c — 1 

» a-*+b~*+c-* ) 


)] 


Ex. S. Prove that the planes 1 2 jc — 15>>4- 16r— 28=0, 6jc4-6y— 7 z— 8=0, 

2.r-f 35y— 39z-j-12=0 have a common line of intersection ; prove also that the 
point in which the line =z- 3 meets the third plane is equidistant 

O 4 

from the other two planes. ( A.M.l.E . , Nov., 1958 ; Raj. Engl 1963) 


Type III. Ex. 1. Prove that the three plmes 2xf y+x=i3, x-y+2x 
& 4 ( X -Hz=2, form a triangular prism, and find the area of a n ormal 
section of the prism. ( A.M.l.E. , 1958 ; Raj. Eng., 1957 ; Raj. , 1955 ) 


Sol. The given planes are 

2*+y+z = 3 ...(1), x-y+2z=4 ...(2) 

and x+z= 2 ..-(3). 

Here A«= 2 1 1 

1 -1 2 =2(— 1)— (l)+3 =0, 

1 0 1 

Also, As=* 2 1 ~ 3 

1 _i —4 =2^2) — 1(— 2)+ 1 ( — 4 — 3) 

10-2 ~ 

= 4-)-2 — 7 = — 1, whioh is not zero. 

the given planes form a triangular prism. 

Let I, m, n be the direction ratios of the line of intersection of (l) and (2). 

2/4-m+n=0 and/— m4-2n=0 

/ m _ n 

T"-i™-r 

To find a point P on this lino, put z=0 in (1) and (2). 

2xfy=3 and x—y—4, 
or, x=>l, y=—l- 

Coordinates of P are (?, — S, 0). 

Let PQR be the normal section of the prism by the plane through P 
perpendicular to the line of intersection of (1) and (2). 

Any plane perpendicular to this line is 

x— y— z=X. 
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«nd 


V it passes through P, 4-(-§)-0=X, or, X=4 

equation of this plane is x — y z=4 

<3 is the point of intersection of (1), (3) and (4), 
coordinates of Q are (’, — « > _J). 

R is toe point of intersection (2), (3) and (4), 
coordinates of R are (2, —2, 0). 


n ™' qb V ( t - j J + ( 4 «) 


\f 4 - + - 5 - + 4 = \J ~T ‘ 


Also, PM= perpendicular from P on plane (3) 

4 - + 0-2 


•• • 


\/l + l 3 V 2 
area of the triangle PQR = JQRxPM 


2 ■ s/'t- 


1 


3 A/ 2 6-v/T* 


AUter. 


Direction ratios of PQ aro 0, —1, 1 
Direction ratios of PR are I, 1, 0. 
Now cos QPRc 


sin QPR 


-1 

V3 

2 


Also, 


PQ - 

FR ~ \J 4 + 4 - \J 4 


...(4) 


aroa of A p QR“ JPQ.PR sin QPR = i. -^1 . J s ll_ . _V 3 = 1 

3 3 2 6V3 ‘ 


The coordinates of P 


,Q.R„ r6 (_l, -J.o). (4-, -4-, - -L), 


(2. -2. 0). 


Let A z , A r A t bo the projection of A p QR on tho coordinate planes of 
yz, zx and xy. 

Tho coordinates of tho points of projection in (he yz pluno of tho three 
vertices are 

( °» — y> °)* ( — 3-J. “nd (0, -2, 0). 
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In two dimensions, these points are 

( “4' 0 ) (--r ~r)“ d <-*•«)■ 


A«=i 


£ 

3 


3 


—2 


-•[ 

Similarly, A f = i 


_5 

9 


-ih-H-JO-- 


i 

18 


7 

T 


0 


1 

3 

0 




A.-* 


Z-+J. 

9 3 

_7_ 

3 


]- 4 - C - x )- 


l 

18 ’ 


5 

3 


— 1 


_ 

3 

-2 


Now 


Lr , i+_L-2l=JL _L=_L 

2 L 9 9 J 2 ’ 9 18* 

A-VAH+A..+ A..-- (-f a J+( 1 l)V(Ay 


V3 
18 


1 

6\/3 


2. Show that the planes 

2x + 3.y + 4r=6, 

3x+4v+5r-20, 

x+2y+3z=2 

form a triangular prism. Find the equations of the edges and the equation of 
the right section passing through (4, 5, - 1). Find also the area of the right 
8ec tion. (Bombay, 1959) 

_x — 16 y+7 _ 2 . -v— 6 y+2 z _ 

~ 1 ” 


[ 


Ads. 


1 


— 2 


1 


1 


-2 


: *-2,+*+7=0 • 25/V6 ] 
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• 3* Show that the planes 

•*->--*+ 2 = 0 , 

3x—6y— 57 +3=0 
6x— 9y~ 8z+3=0 

isr priam - Fmd the area -«•>» ° f - «*« * 

[ A " 8, 2V5; ~1 VK 4-V2534; ] 

MISCELLANEOUS (REVISION) EXAMPLES ON CHAPTER IV 

<3 . !; *** “ e t’ ua , tion to the P>““» “rough the points ,2. - 1 . 0) end 

<3, —4, 5) parallel to the line ' 

2x = 3y=4z ( Karnatak , 1958) 

[Ana. 29x— 27y— 2?z— 85=0.] 

2 Show that the shortest distanee between the lines 

y—y\ _ z-z 1 

cos «! COS pj COS Yi 

end x—x t _ y—y 2 __ z~z 2 

cos a 2 cos p 2 cos ye 

meets the first line at a point whose distance from 

( x i,yi, z x ) is [2(Xj— x 2 )(cos 04 — 008 0 cos a.,)] cosec 2 0 
-here 0 is the angle between the lines. “ (Karnatak, 1961) 

lines 3 ‘ ' ind the length ^ eq^tione of the shortest distance between the 


y=m x x+ci, z=a ; 

y=m a x+c z , z=—a. 


Find also the locus of the middle point of the S D. if a is 
c 2 vary. 


constant and m x , cj, 
(Gujarat, 1957) 


r 


x+— l - C ± 
Ans. 2 a \ rn 1 — m 2 


y+ 


m \—m 2 

0 



lines 


4. A straight lino whose direction cosines are /, m, n meets each of the 


y=x tan a, z=c ; 
y — —x tan a, z= — c. 

Find the shortest distance between this lino and z-axis, and show that its 
equations are 

lx+my=0, z(/ 2 +m 2 ) sin <x cos a+c/m=0. ( Bombay , 1959) 

5. Find the equations to the line through the origin which meets at 
right anglos tha line whose equations are 

{b+c)x+(c+a)y+(a+b)z=>k~(b-c)x+(c-a)y+(a-b) z. (Allahabad, 1959) 

[Ans. cx+ay + bz^O^lx+my+nz. 
where /=o 2 — be, m=b*—ca, 

n=c*—ab.] 
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6. Show that if the axes are rectangular, the equations to the perpendi- 
cular from the point (xj, y lt Zj) to the plane 

a x 4- by + cz + d= 0 

are =_£z£L . 

a b c 

(Punjab, 1962 ; Delhi Hons., 1953 > 

Hence find the foot and the length of the perpendicular from the point- 
on the plane, 

7. Prove that a line which passes through the point (a, p, y) and inter- 
sects the parabola y= »0, z*=4ax, lies on the surface 

(Pz— y>») 2 = 4o(P— y)($x — ay) . ( Vikram Engineering, 1960)> 

8. Find the equations to the planes through the point (—1, 0, 1) and 

the lines 4x— 3y+l=0 = y— 4z+13 ; 

2x-y~2—0=-z—5, 

and show that the equations of the line through the given point which inter- 
sects the two given lines can be written as 

x—y— 1 =z— 2. (Raj. Engg., 1957 ; Punjab, 1958 5) 


9. From the point P (a, b, c) perpendiculars PA, PB are drawn to the- 
lines y«=2x, z=l ; 

y=—2x, z=> — 1 , 

Find the coordinates of A and B, and prove that if P moves so that ongle- 
APB is always a right angle, P lies on the surface 

Ux2-3y3 + 25z*=25 

(Nagpur T.D.C , 1962 ; Karnatak, 1956 > 

a-\-2b 2a+4b \ ( a-2b -2a+4b 

5 * 5 ‘ 1 ) ’ 


£ Ana. f 


• O' ] 


10. The axes being rectangular, find the equations to the perpendicular 
from th origin to the line 

x+2y+3z+4 = 0 9 
2* + 3>>+4z+5 = 0. 

Find also the coordinates of the foot of the perpendicular. 

( Punjab , 1957 S ; Kashmir, 7P57> 


[ 


Ana 


“ -T= r-4 ; ] 


11. Find the condition if three lines 

x _ y_ Z X y 
a "P “ y * 

are to be coplanar. 


aa 6P 


z j x 
— and 
cy i 


y_ 

m 


n 


[ 


An*. — (b-c) + -^~ (c 




(Punjab, 1960^ 
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12. A line moves so as to intersect the line z=0, x=y ; and the circles 

x=0, y 2 -\-z 2 — r~ ; 

>-=0, z*+x**-r 2 . 

Prove tha t the equation to the locus is 

(x+y) 2 [z 2 +(x— y)*]=r*(x— v)2. (Delhi Hons., 1962) 


[Bint. Let line be 

x—a y — 3 


l 


m 


*— Y 
n 


*.* (/) intersects 


a 

l 


y_ 

l 

P 

m 


z 

O' 


Y 

n 


0. 


or. 


110 
— a/j + Pn-f-Y (/— m) ”0 
(1) intersects x=0, y 2 +z*=rZ, 

0-?) + 

(7) intersects y=0, z 2 +x 2 =r 2 , 

(-1J+ (- 


* Y-,. 

m y 


From (J), 


(a-p)n-y (/— m)=0 


• 

• • 

(«-P) 

/I Iso, 

(® — B) 

From ( 4 ) and (7), 


0- 

mi v , r 

)+|_r 

From (5) and (6), 



2 




+ 




r2 


From (5), 


or, 

Prom (9), 


or. 


p- 

l 

4 

mi 


bY 

T 


*) 

r* ( 

9 

a- 

__/B 

1 V 


m 


4 -. 

p/\ 

’ mJ 


...( 7 ) 

...(5) 

...(5) 

...«5) 

...(7) 

...(*> 

• • (9) 

-( 70 ) 
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Divide (10) by (11), Hence etc.]. 


13. Prove that 


y-z 


_ J _+_£_ =0 

z—x x—y 


represents a p air of plaw whose lina of iatarsaation is equally iac lined to the 
axes. ( Bar o da , 1954 ) 

jf2 y2 

14. The ends of the diameters of the ellipse z=c, — — t + = 1 

are joined to the corrasp anding onds of the conjugates of parallel diameters of 
the ellipse 


fl 2 + f)2 


= 1, z=—c. 


Find the equation to the surface generated by the joining lines. 

(Agra, 1950 ) 

[-• 


[Hint. Let the coordinates of the ends P and D of the semi-conjugate 
diameters CP and CD of the ellipse 

r 2 v 2 

* (a cos 0, b sin 0, c) 

and (—a sin 0 , 6 cos 0, c) respectively. 

The corresponding ends of the parallel conjugate diameter of the ellipse 

x- v 2 

_4_ Z 1 , r 

a 2 + 62 ’ — 

are given by P x (a cos 0. b sin 0, -c) and D x ( -a sin 0, b cos 0, — c). 

The equations of PD X ere 

x—a cos 0 y-bsin 0 z—c 

a(cos 0 -f sin 0 ) b(sin Q—cos Q j™ 2c ^ 

?cx 

• / _ 1 —V A a f . _ \ . • a 


Z — C 


and 


(r+c) cor 0 f (r -c) JinO 
(r+c) sin 0 -(z— c) cos 0 = 
Squaring an l adding , u c have etc.] 


2cy 

~T * 


•li e can also eliminate 0 as follows : 

From (1), taking the first and third relations, we have 

x z-\-c z—c 

——= — 5 cos 0 -f- — — sin 0 . 

a 2c 2c 

From (1), taking the second and third relations, we have 
y z~{ -c Z C 

-g- = — 2^~ sin ®~ ~2c COS S9 uare at ‘d °dd. 
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15 Find the equafc/on to the surface generated by a straight line which 

ce parallel to the plane z = 0 and intersects the line = z and the carve 

1 x+2y =4z x 2 +y- — a 2 . (Allahabad. 1963) 

[Ans. z 2 (x+3y-4z) 2 +4zHx+y-2z)*=aHx+2y-3z) 2 .} 

16. If the axes are rectangular, and if l u m lt n x ; / 2 , m 2 , n 2 are direction 
cosines, show that the equations to the planes through the lines which bisect the 

angles between 

x _y _z_ 

I 1 — — n i 

x y z 

and i = — * 

to m 2 n 2 

and at right angles to the plane containing them , are 

(t l ±l2)X+(/"l±™2)y + ("l^ ,, 2)Z = 0. 

Sol. Let P(x, y, z) be any point on the required plane passing through 
the bisectors of the given lines 

* ^ y = _£ 

/ 1 n i 

x _y___ 

/ 2 nif n 2 

and perpendicular to the plane containing (I) and (2). 

Now, the direction ratios of OP are x. y, z, whore O is the origin. 

the direction cosines of OP are 

x y 1 

y/xZ+yi+z* ' y/x*+>*~+* r ’ Vx*+y*+z* 

Now OP makes equal angles with (1) and (2). 


...( 2 ) 


or. 


■or. 


Let a bo this angle. 

Itx+mxy +niz 
y/x 2 +y* + z* 


IzX+mjy +njZ 

s/x*+y 2 +z* 


(l 1 x + m l y+n 1 z)'=^z(l 2 x + m 2 y-\-n2Z), 
(I 1 ±l 2 )x + ( m i± m ^y+(ni±n2)z=0- 


Aliter. Ttho direction rutios of the bisectors of the angles between the 
given lines are 

li±lz, «t±" 2 - ( Tbe students aro advised to find them.) 

From Geometry, the external and internal bisectors of the angles between two 
linos are always at right angles to each other. 

one of tho bisectors will be a normal to a piano containing the 
■other, provided it is perpendicular to the piano containing those linos. 

tho required pianos aro those planes whoso normals aro tho bisec- 
ting lines. 

/, thoir equations are 
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17. The lengths of two opposite edges of a tetrahedron are a, b, 

their S.D. Is equal to d, and the aogle between them is 0 ; prove that the. 

, . abd sin 6 

volume is z 

6 

(Agra, 1962 ; Raj., 1954 ; Banaras, 1962 ; Bihar, 1962 : Calcutta 1964 )> 

Sol. Let OABC be tetrahedron in which OA and BC are opposite edges, 
of lengths a aod b respectively. 

Let 0 be taken aa the origin. 

Lot the coordinates of A, B, C referred to O as origin and rectangular- 
axes through O as the axes of coordinates he (x x , y lt z x ), (* 2 , y 2f z 2 ) and. 
( x z>yz>z*) respectively. 

Let /, m, n be direction cosinos of OA. 

x x =la, y x =ma, z x =na, 

or. t—^L _ z \ 


or. 


a a a 

* y z 


equations of O A are -==, — _ 7 

x il<* y\!a z x \a * 

Equations to BC are — ?~ x * _ 

(x z -x s )/b (y z -y a )lb e= (z 2 -z 3 )jb * 

shortest distance between OA and BC is 

d= X 2 >2 Zj 

( x t—*z)lb (yt—ys)/b ( z 2 —z 3 )/b 4-sin 0. 

1 *i la y x /a Zl /a 

where 0 is the angle between OA and BC 


d sin 0 = — 
tb 


*2 

}'t 


~ x 3 

-y* 

-z 3 

x l 

y\ 

*1 

I *1 

y\ 

z l j 

j 

*2 

y» 

Z i 

*3 

y» 

z a 


...{!> 


Now, volume of the tetrahedron OABC is 
= | 0 0 0 1 


I 
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*1 

y i 

Z\ 

x 2 

yz 

z 2 =-£- abd sin 0, using (1) 

*3 

y& 

*3 


Aliter. Let the equations of the opposite edges 



AB(— a) and CD(^b) be y=mx, z = c 
and y= — nix, z——c, 

or, y=x tan a, z—c : y——x tan ct, z — c, 


and 


cos a sin a 


cos a —sin a 


z—c 
O' 
z+c 
- 0 


...(!> 


...(21 


Putting each member of (1) equal to r. tho coordinates of A are (r cos a, 
r sin a, c). 


Putting each member of (1) equal to r+a, the coordinates of B are 

[(r+a) cos a, (r + a) sin a, c] 

Putting each member of (2) equal to r', tho coordinates of C are 

(r' cos a, —r’ sin a, — c). 

Putting each member of (2) equal to (r'+b), the coordinates of D are 

[(r'+b) cos o, — (r'+b) sin a, — r]. 


volume of the tetrahedron A, BCD 



r oos a 

r Bin a 

c 

1 

(r+a) oob a 

(r+ a) sin a 

c 

1 

r" cos a 

— r' sin a 

—c 

1 

(r'+b) cob a 

— (r'+b) sin a 

— c 

1 
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— a cos a 

(r+a—r') cos x 

— b cos x 
(r'+b) cob x 


on subtracting second row from 
(row from the third row, 


—a sin a 0 0 

( r+a+r ') sin a 2c 0 

b sin a 0 0 

— {r'+b) sin a —cl 


the first, third row from the second and fourth 


—a cos a — a sin a 0 

(r+a—r') cos a ( r +a+r') sin a 2c 

— b cos a b gin a 0 

=~g'C — a cos a{— 2 be sin a}+a sin a {26c cos a}] 
-~Q-[2abc sin a cos a-f2c6c sin a cos a] 

= -^-a6c sin 2a 

= abd sine, since 2 c=d and 2a=0 (given). 




5 


Change of Axes and 


Transformation 
of Coordinates 


5*1. Change of origin. 

To change the origin of coordinates without changing 
the directions of the coordinate axes. 

Let OX, OY, OZ be the old axes and O'X,, 0% and O'Z, be 
the new axes respectively parallel to the old axes. 



Let the coordinates of O' referred to old axes be (p, q> r). 

Let the coordinates of any point p be (x, y, z) referred to the 
old axes and (x lf y lt z x ) referred to the new axes. 

Draw PN perpendicular to YOZ plane cutting YjO'Z, plane 

in M. 

NP=xand MP=x,. 

Now, NM is the length of the perpendicular from O' on the 
YOZ plane and is therefore equal to p. 
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Also, NP=NM + MP, 

or, 

Similarly, y=yj-fq and z = Zj-fr. 

Hence x =x 1 + p, y=yi+q» *=*i+r are the transformation 
formulae from the old to the new axes. 

From above, x x —x—p, y x =y—q and z x =z— r. 

Hence x, = x — p, y,=y—q, z x =z — r are the transformation 
formulae from the new to the old axes. 

Note 1. Application of the above transformation formulae. 

(A) To find the coordinates of a point referred to the 
new axes, given its coordinates referred to the old axes. 

If the coordinates of a point be [x, y, z) referred to the old axes , 
we can find the coordinates of the same point referred to the new axes 
by subtracting the x-coordinate of the new origin from the x co ordinate 
of the given point , y coordinate of the new origin from the y co ordinate 
of the given point and z coordinate of the new origin from the z-co- 
ordinate of the given point , all referred to the old axes. 

if ip, q, r) be the coordinates of the new origin referred to the 
old axes, the coordinates (x, y, z) of the given point referred to new 
axes are l x—p,y — q, z - r). 

(B) To find the equation of a surface referred to the new 
axes, given its equation referred to the old axes. 

If the equation of a surface referred to the old axes be 
fix, y, z) = 0, its equation referred to the new axes will be obtained 
by writing x x + p for x, y x +q for y and z x +r for z in the given 
equation, x Xi y, z x being taken as the current coordinates referred to 
the new axes. 

An advice. Since it is usually convenient to denote the current 
coordinates of a point by the letters x, y, z, therefore it is suggested 
that suffixes may be dropped in the transformed equation , remembering 
that the equation is referred to the new axes. 


Hence the equation of a surface referred to the new axes 
may be obtained by simply writing x-fp(not Xj-fp) for x. 
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•y-fq (not yj-fq) for y and z + r (not Zj + r) for z in the 
equation of the surface referred to the old axes. 

Note 2. Coordinates of the old origin referred to the new axes. 

The coordinates of the old origin referred to the new axes are 

(-p> -q, -*•)• 

5.2. Change of direction of axes without change of 
origin. To change the directions of the axes without changing 
the origin. ( Punjab B Sc., 1963 ) 

Let OX, OY, OZ be the original axes and OX„ OY lt OZ, be 
the new axes. Let /,, m lt n x ; / 2 , m 2 , n 2 ; / 3 , m 3 , n 3 be the direction 
cosines of OX l5 OY„ OZ t respectively referred to the old axes. 


li w \ n * 

0 


/j , / 2 , / 3 ; w 1( m 2 , m 3 and « 2 , w 3 are the direction cosines 
•of OX, OY, OZ referred to new axes. 

Let P be any point in space whose coordinates referred to old 
axes are (x, y, z) and referred to new axes are (x lt y lf z x ). 

Draw PM J_OX. OM=x. 

Now, OM = projection of OP 

(the line joining the points (0, 0, 0), (.v„ y lt z x ) 

-on OX (the line whose direction cosines are l lt / ? , / 3 ), 

-or. x=(x l —0)l l +(y l —0)l t +{z l —Q)! a . 

*=xili + yi*2+*il 3 

Similarly, y = x 1 m 1 + y 1 m 2 -fz 1 m 3 

z = Xin 1 + y,n a 4-z 1 n 3 





...(A) 
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Farther, let PN be perpendicular from P on OX 1# 

ON = x r 

• • * 

Now, ON = projection of OP (the line joining the 

points (0, 0, 0,) and (x, y, z) on the line OX! the line whose direction. 

cosines are /„ m v n x ) 

or x, = (x— 0) / 1 + 0'-0)m l +(*-0)ii 1 


*, = xli + ynij + zn! 

Similarly y x = xl a +y«n 2 + zo 2 S 

z x = xl,-fym 3 + zn 3 j 



(A) and tB) are the required transformation formulae. 

Aid to memory. The above transformation formulae- 
can be remembered from the following table : 


(O Write down in four columns 
x, y, z ; /j, n x ; U, m 2 , n 2 and / a , 
n 3 . Lea\e a blank space at the 
head of the first column and write 
x y lt z x at the heads of the other 
columns. 

(2) To get x, multiply the 
numbers in x-row by the number 
at the heads of their respective 
columns and add. 

Thus x=l 1 Xi + l 2 y 1 4 -l 3 2! i* 



*1 

y x 

*1 

X 

h 

u 

h 

y 

m x 

m 2 

m 3 

: 

z 

n i 

n 2 

i 

1 

"3 






Similarly, obtain y snd z. 

(3) To get x x , multiply the numbers in x r coIumn by 
the numbers at extreme left of their respective rows and 
add. Thus Xj^ljX+m^y + n x z. Similarly, obtain y x and z,. 


5.3. To show that the degree of an equation remains- 
unchanged by any transformation of axes. 

Proof. From Art. 51, if the origin be changed to(p,q, r) 
with axes remaining parallel to their original directions, then x is 
changed to x + p, >' to y+q and 2 to z+r. 

From Art. 5 2, if the directions of the axes are changed to lines- 
having direction cosines l lt m x , n x ; l 2 , m if n s / 3 > Wj, n 3 , without 
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changing the origin, * is changed fo /,*-}- /,; + /.z, y to />;, .v-j 4 m 3 z, 

zto ...(2) 

From (1) and (2), in whatever manner the axes are changed, x 
is changed to ; A*4- A>'4 A r 4 />, _>• to ni x x-\ w 2 y-\ w 3 z-\ q and zto 

n \ x + w^+WaZ-fr. 

These are expressions of the first degree in .v, y and z. 

the degree of the given equation cannot increase. ...(3) 

Also, the degree of the equation cannot decrease, for otherwise 

on retransforming, it must increase, which is impossible from (3). 

Hence the degree of the equation is unaltered by any transformation 
of axes. 


This proves the proposition. 


5 4- Relations between the direction cosines of three 
mutually perpendicular lines. 

To find the relations between the direction cosines of 
three mutually perpendicular lines whose direction cosines 
are , i» m i» n, ; 1,, xn 2 , n 2 and 1 3 , m„ n 3 . 


Let / j, m |, n 1 ; / 2 , m 2 , n 2 and / 3 , m 3 , n 3 be the • direction cosines 
of three mutually perpendicular lines OX„ OY, and OZ,. 


cosines, 


A. ^ 1 1 » A 

,, m 2 , n 2 and 

A. m 3 

. " 


1, 

2 4 *», 2 4- 

n, 2 = 

I 


1* 

2 4- m 2 2 -f 

n, 2 = 

I 


lo 

2 4- m 3 2 + 

B 

LS 

to 

11 

I 

the lines are 

mutually perpendicular, 

1,1* 

4- 

m,m 2 -f- n 

,n 2 = 

O 

1,1a 

+ 

m i m 3 + n 

, n 3 = 

O 

l*la 

t 

T 

m^m 3 -f- d 

•i n 3 — 

O 


•• (A) 


...(B) 


Again, /,, / 2 , / 3 ; «/,, w/ 2 , w 3 and ;/ 2 , n 3 are the direction — 
cosines of the original axes OX, OY, OZ referred to new- axes OX,, 
OZ.. 


I. 2 + I* 2 -F 1 3 2 = « ) 
m i 2 + m v 2 +m 3 2 = 1 > ...(C) 

n i 2 + “ 2 2 4 n 3 2 -^ « J 


• • 
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1,111! + l 2 m 2 + l 3 m, = o 1 

1,11! 4- l 2 n 2 + *3 n 3 = ° f —(D) 

m 1 n 1 + m 2 u a -f- m 3 n 3 = o J 
Hence (A), (B), (C) and (D) are the required relations. 

Note. The above relations are not independent. In fact (C) and [D) can 
be obtained algebraically from (A) and ( B ). 

5.5. If I,. m„ n t ; 1 2 , m 3 , n 3 , andl 3 , in,, n 3 be the direction 
consines of three mutually perpendicular lines, to prove that 



(ii) ± (m 2 n 3 — m 3 n 2 ) 

*»,= ± («2 1 3 — “3*2 ) 

n, = ± (l 2 m 3 — l 3 m 8 ). 


Proof. 

Let It m x n x 

l 2 m t n 2 be denoted by A* 



| 

h 

w 3 

”3 




(0 A 2 = 

h 

mi 

"1 


/l 

m, 

"i 

j 

h 


” 2 

X 

/. 


"t 


^3 

m 3 

"3 


/a 

'”3 

"j 


If- 4 - m* + nf IJ2 + m i m 2 + n \ n t hh + 4- w,w 3 

4 - w 2 m, 4- n 2 n x If 4- "i 2 a -i* n i U» + m t n h + "<'h 

l x l 3 4- »h”h + n i n » Us + + n » n t V + "* 3 3 +• < 

1 0 0 

= 0 1 0 =1, using Art. 5 4. 


0 


0 


1 
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A = ±l. 

00 V 0 / 2 +Wj m 2 -|-/ 7 , n o = 0 

0 0 + ^1 W 3 + /J, ^3 = 0 , 

!l _ _ m \ «i 

w 2 « 3 — m 3 n 2 n 2 / 3 —n 3 / 2 l 2 tn 3 —l 3 m 2 

__ 

± V — w 8 « 2 ) 2 

= ±sin 90 °’ because the angle between the 

lines is 90 °. 

= ± 1 . 

-*• lj^± (m t n z - m 3 n 2 ) , m,= ±(n 2 / 3 - n 3 / 2 ), 

«i = ±(/ 2 m 3 — l 3 m 2 ). 

This proves the proposition. 

Note. In A. eoc/i e/«m»tr = ±(,7* cofactor). 


EXAMPLES V 


Type I. Ex 1 . Find the equation of the surface 

3x2 + 5y2+3 2 2 +2y2 + 2xz+2xy = 1> 

•WodoTSTT ' hr0nBl ‘ * ame ° riS " “ i,h cosines 

Proportional to -1, 0 , 1 ; 1 . -1, 1 and 1, 2, 1. 


Sol. The given equation is 

3*2+5y2+3 z 2 + 2;>z +2zx+2xy— I =0 


•••(>) 


Hero 


/l= vi’ " , i=°-"i=rk ;/ 2 = 


i 

V 2 


1 

vy 




-*• transformed equation is 


•✓S' 


3 ( V2 + ^/3 + ve) + rj ( 0 - X -^3 * + ^j) 


' f3 (^ + ^ + ^6 Z ) 2 + 2 ( 0 ^- 


• ■ ■ ■ ■ » 

✓3 


y + 


*■ X, 


x y 

V2 + V3 + 


+2 (~j i+Ji+VeX 0 *-^ • y +X> 2 )-' =0 - 


*0 
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^-^_V3jf+v , 2>+rJ + -|*( 2 i-V ' 2 y) 

4-| (v 3y+ ^ 2 >' +z )" + -|'( 2 ^-V'2>’)(\ /3 -*+\ /2 >'+ 2 ) 

4-| -(v3.x+V 2 y+z ) • (-V3.x+\/2 > +z ) 

+ -|-(-v'3.*+V / 2 •>•+-- )( 2 r-v 2 >)=l. 

3[3x 2 +2y 2 +z 2 —2\Z6xy—2\/3xz+2\/2yz] 

+ 5[ 4r2 + 2 v2- 4V2^]+ 3[3 a:2 + 2>-2 4 2 2 + 2 V6.v;-+ 2V2j’ + 2 V 3^z] 
+2[2-v/3xz*- V6.v>-+2v'2>'2-2>-2+2z2 - -v/2>v'] 

+2[— 3.r2-V6x>— v/3xz+\/6a:>>+2>-2 + V3atz4 v'2>z+ r-J 
+2[-2v/3xz+2v'2;r+2r2+- v /6j:v—2>- 2 --v/ 2 V‘]= 6 ' 
2 . x 2_i_3>>2+6z2=I. 


Ex. 2. What does ths equation 

X- 4 7y 2 + z2 + Qyz 4 1 6:x - 8 xy = 9 

become when the lines joining the origin to the points (1, 2, 2), »2. — 2, 1 ). 
(2, 1, —2) are taken as the axes ? [Ans. X-4.V •] 

Type II. Ex. 1. OA OB, OC are three mutually perpendicular 
lines through the origin, and their direction cosines are 

ll, mi, ni ; L>, m , n 2 ; I 3 , m 3 , 03 . 

If OA = OB = OC=a, prove that equation of the plane ABC is 

(I 1 4 l 2 4 l 3 )*+(“i+ m 2 +m 3 )y+(n 1 + n 2 4n 3 '*=0 ( Punjab , 1958 > 


Sol. Let lx + my + nz=p (1) be the required equation. 

The coordinates of A, B, C are respectively 

am\, an i)* an 2 ] t ( a ^ 3 * a ' n 3' 0 ,, s)* 

*.* (1) passes through A, B, C, 
u(// 1 4mm 1 4nn 1 )4/’=0 
<j( H 2 4 ntm 1 4 nn 2 ) + P = 0 
o (// 3 4 mm 3 4 nn 3 ) 4P = 0 


• •( 2 > 
.. (3> 


Multiplying (2l by /,. (3) by I., and ^4) by / 3 . and adding, we 1 ave 

a/(/,2 4/» 2 4/3 2 ) 4fl»^i'"i+V ,, 3 + ^'" 3 ) 

+an(lin\ + l2n2 + l3n3)+p(li+l2 + h)—^‘ 

or. «/=-P(/i 4/2+/ 3 ), using Art. 5.4. 

/ / 14 -/ 24/3 

,,r p “ a 

m Wi4Wi4mj n »t+"2+ n 3 

bunilurly, — = - p — . — “ 5 * 

(1) becomes (/i 4/2 f /a'-v+ (/?»i + /»i 2 + /»3l>'+ l”i + ' , 2+ n 3) z = a * 

Ex. 2. The equations referred to rectangular axes of three mutually 

perpendicular planes are 

p r —l,.\—m T y - n r : = -0, r=l, 2. 3. 

Prove that if (a. 3, y) be a' a distance </ from each of them, then 
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d _ + 1 ■ Pa 1 

^l + ^2 + ^3 

_ $ — (miPi + m 2 P2 + rnzPz ) ^ y — (n 1 p l +n 2 P2+n 3 p 2 ) 

™l + ni2 + n h r l + n 2 + n Z 

Ex. 3. If/j, Wj, /ij; ^ 2 * w 2 ! ^ 3 » nt 3 * n 3 are the direction cosines of 
three mutually perpendicular lines, prove that the line whose direction cosines 
are proportional to / x +/ 2 + / 3> mi + m 2 +m 3 ni + n 2 +n 3 makes equal angles with 


MISCELLANEOUS (REVISION) EXAMPLES ON CHAPTER V 

1. If three rectangular axes be rotated about the liQe 

_X_ y _ z . 

X “ n mto new positions and the direction cosines of the new axes 

referred to the old are l lt m lt /; j. etc , then if li = {m 2 n 3 — m 3 n 2 ), show that 

X(///3 + Wo) =n(Hi+l 3 ) = v{/2 + nii). 


Ui. W7j, Aij), (/ 2 , /w 2 , « 2 ), (/ 3 , /// 3 , w 3 ) bo the direction-cosines of 
tnea OX', OY', OZ' referred to OX, OY, OZ os uxes and 0 lt 0 2 the angles which 
the projections of OX', OY' on the plane XOY make with OX. then show that 


tan (0!-O 2 ) = ± 


"a 

n \ n 2 


3. Show that if ax 2 +by 2 + cz- , + 2fyz + 2gzx + 2hxy-f2ux + 2vy-f 2wx-f d 
e transformed by change of coordinates from one set of rectangular 
axes to another with the same origin, the expression a + b + c, u--f v--f w- 
remain unaltered in value. ( Punjob , 1962 ; Raj , 19'4) 


Sol. Let / lt m,. ; 

now axes referred to the old 


/ 2 , m 2 , «2 I h< n, 3 - n a b 0 the direction cosines of the 
axes. 


and 

we have 


or, 


and 


putting /iX + Ajj-f / 3 r for x. m x x + in 2 y+tr 3 z for y 
n l x -\-n 2 y-\-n 3 z for z in the given expression, 
a{l\X+l 2 y+l 3 z) 2 + h(m x x+m 2 y+m 3 z) 2 
+ c ('iix+n2y+n 3 z) 2 +2f(m 1 x + ni2y+m 3 z)(n l x+n i y+n s z) 
+ 2^(/j 1 x+w 2 y-f « 3 2)(/ 1 x + / 2 > , -f / 3 r) 

+2/i(/j x f l 2 y + l 2 z){m x x -f m 2 y + w 3 z) 

+ 2m(/,x + / 2 y -f / 3 z) + 2 »■(//»! r + /// 2 y -f m 3 z) 

4-2a'(/t,A:+/j 2 .v-f-/j3r) + J, 

a l**+b l y* + c l z*+2f 1 yz+2 / : l zx+2h 1 xy+2u i x 

+ 2v,y-f2K' 1 z+t/ lf where 
a i' m ali-+bmi £ -\-cni i -\-2fm 1 n l +2gn l li+2hlinti, 
bi *» o/j* -f- bm 2 2 -j- cn 2 2 + 2 fm 2 r, 2 -f 2 gn 2 l 2 + 2 /i/ 2 w a , 
Cl-a/ 3 2 +£/n 3 2 +f/, 3 2 + 2 fm 3 n 3 + 2gn 3 l 3 + 2hl 3 m 3 , 

v i“«/ 2 +rm a +H'/ij. 

H 'i—«/ 3 +vw 3 +h/i 3 . 

d. 
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Now, a 1 +bi+c l =a£l l 2 -\-bE' t h 2 + c 'E l n l 2 -\-2f£ni l n l +‘2g'£nil i 

+2 h^linti 

=a-\-b+c, because S7i 2 = l. etc. 

and 2^i«i=0. etc. (Art 5’4> 

Also, tf x a + Vj 2 -f-Wi 2 = « 4 S/ 1 *+ v 2 2"»i 2 + »v 2 2«i 2 

+2wv2^i+2uw>2>r 1 / 1 +2vH-Sw 1 n 1 
=« 2 + v 2 +)v 2 . (Art. 5 4> 

4. Three straight lines mutually at right angles meet, in a point P, and 
two of them intersect the axes of x and y respectively, while the third paesee 
through u fixed point (0. 0, f) on the z-axis. Show that the equation of the locua 
of P is x 2 +y* + z 2 = 2c2. ( Delhi Hons., 1949; Punjab, 1963). 


6 

The Sphere 


6*i. Sphere ; Def. A sphere is 1 he locus of a moving point 
which moves in space such that its distance from a fixed point, called 
the centre of the sphere, is equal to a fixed distance, called the 
radius of the sphere. 


SECTION I 

STANDARD FORMS 

6‘2. Standard equation of the sphere. 

To find the equation of the t pht re whose centre is attfce 
origin and whose radius is a. 

Let O be the centre of the sphere of radius a. 

Let P(*, y, z) be any point on the sphere. Let us take O to be 
the origin of reference. 

OP=xi+.vj+zk. 

•*. * ? +y*-fz 2 = OP 7 «=a 2 , which is the required equation of 

the sphere. 

A liter. 

Let O be the centre of a sphere of radius a. 

Let P (A, pi, v) be any point on the sphere. Join OP- 
/. OP c= a , 
or, OP*c=a 2 , 
or, (A— 0)*+(v— 0) 2 =o 2 , 

0r * A 2 -f (jL 2 -f V Z = £1 2 . 
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/. locus of (^, u, v) is x*-fy 2 -t-z 2 =a 2 , which is the required 
equation of the sphere. 



Note. Centre and radius of the sphere. 

(0 The coordinates of the centre are ( 0 , 0, 0) and (//) the radius 

is a. 

6 3. Central form of the equation of the sphere. 

To find the equation of the sphere whose centre is at 
ithe point (a, b, c) and whose radius is r. 

Let O be the origin of reference. 

Let c{a, b, c) be the centre of the sphere of radius r 

m 

OC=fli -\-bj -fck. 

Let P be any point (.y, y, z) on the sphere. 

OP=.vi+>j -fzk 

.\ CP = (a- - a)i -H.V-&)j + (j— c) k 

(a*— a) ! + 0’~6) 2 + (- — c) 2 =CP 2 /=r 2 , which is the required 
equition of the sphere. 

Note. If r be the position vector of nny point on the sphere whose 
oentro has tho position vector c and radius a, then tho equation of the sphere is 
,(r — c) 3 = a 2 , r 2 — 2r.c-J-A: = 0, where k — c-—a 2 . 

Aliter. 

Let C {a, b, c) be the centre and r be the radius of the sphere. 

Let P(A, p, v) be any point on the sphere. Join CP. 
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CP=r, or, CP 2 =r 2 , or, (A-cd 2 + ({*- *>> 2 4-(v - cf=--r\ 



which is the required equation of the sphere. 

6 - 4 . General form of ihe equation of the sphere. 
To prove that the equation 


x 2 q- y 2 + z 2 2UX 4- avy + 2 wz + d = o 
represents a sphere for all values of u, v, w and d. 

Proof. The given equation is 

-v 2 4- y 2 + r 2 -f 2 ux -f 2 vy + 2 wz 4 - d= 0. 
or, (.v 2 + 2 wx) + (/’ ■ + 2 vy ) + (z- t 2 wz ) = - d. 


or, [.r- ( - w)] 2 4 - [y - ( - v) ] ? 4- [z - (. - w)Y ‘ = ( V (*«* + v ' + lv * “ ^ 

(Note this step ) 


This represents the locus of a point (x, y, 2) which moves so that its 
distance from the fixed point ( — u, — v, — u») is constant, and equal to 

+ v* 4 - vv 2 — d. 


.*. by dcf. Art. 61, it represents a sphere. 
This proves the proposition. 


Note. 1. Centre and radius. 

(/) The centre is (—u, - v. — »•), 

( //) the radius is y/ u 2 + v 2 -r w 2 — it- 


Note 2. Conditions for a sphere. 

The general equation of the sphere is 

x 2 +y 2 + 2ux + 2vy +2iiz-\-d= 0. 
ax 2 + ay* + 2aux + 2 a vy + 2 a wz +ad=0 

also represents a sphere. 
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conditions for an equation to represent a sphere are : 

(/) It must be a second degree equation in x, y, and z. 

(/'/') The coefficients of x 2 , y 2 and z 2 must be equal , 

(Hi) There should be no terms of xy, yz, and zx. 

Note 3. Nature of ths sphere. 

The sphere is a real sphere, or point sphere , or imaginary sphere according- 
os u 2 +v 2 +w 2 -d^0 i 

< 

when H 2 -f-v 2 4-iv ’ 2 — d <0, the sphere is called a virtual sphere. 

6 5 . Diameter form of the equation of the sphere. To 
find the equation of the sphere drawn on the join of (x„ y„ 2 ^ 
and (x 2 , y 2 , z a ) as diameter. 

Let the position vectors of A (*,, y lt z t ) and B (.v 2 , y\ , r 2 ) be a 
and b respectively. Let r be the position vector of any point P(A*,y, r> 
on the sphere drawn on AB as diameter. 

a=.v 1 i-f-;',j-f-z 1 b J b=.x 2 i-f-y ? j+ 2 2 k, r=.vi4- vj+rk 

AP_LBP, /. AP.BP=0, 

or, (r-a) . (r-b)= 0 , 

or, {(.v-x,) i+(y-y,) j+(z-z.) k} . {(x-x,) i+O’-j-,) j 

-f(z-z,) k}=0. 

or, (.v-y 1 )U-x 2 )+(^-^ I )(^-j. 2 )+(z-z 1 )(z-z t )= 0 . 

which is the required equation. 

Aliter. 

Let P(A, [i, v) be any point on the sphere described on the line 



AB joining the points A (x„ y,, 7 ,) and B(.y 2 , y t , z 2 ) as diameter. 
Join PA and PB. 
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Now ZAPB = 90°, 

i.e., APj_BP - (1> 

Direction cosines of the line AP are proportional to 

A — Xj, |x— and v— z r 

Also, the direction cosines of the line BP are proportional to 

X-x 2 , (x— y 2 and v - z 2 

A from ( 1 ), we have 

(A— Xj)(\— x 2 ) + (/x— >»,)([x->' 2 )-f (v-m) (v— z 2 ) = 0, 

locus of (X, (x, v) is 

(x-x,)(x-x 2 )-f (y-y,)ly-y 2 )f (z-z 1 )(z-z 2 ^ = °» 
which is the required equation of the sphere. 

6*6. Four point form of the equation of the sphere. To- 
find the equation of the sphere passing through four given 
points, (x„ y lt Zj ) • (x„ y 2 , z 2 ) ; fx 3 , y 3 , z 3 ) and (%.„ y 4 , z,). 


Let the required sphere be 

x 2 + >> 2 +~ 2 + 2 mx -+ 2vy + 2wz+ <*“0 • 1 ^ 

V (1) passes through (x,, y u z,), 

.*. x\+y* l + z 2 l +2ux l + 2vy l + 2\vz l + d=0 •• (->) 

V (1) passes through (x 2 , y t , z 2 ), 

x 2 # + y 2 t -f z\ -f 2wx a -f 2 vy„ 4* 2 wz 2 4 r/= 0 •• *3) 

V (1) passes through (x 3 , y a , z 3 ), 

••• x*,+y , ,+z\+?ux i +2vy 3 ±2H'z 3 +d=0 

V (1) passes through (x 4 , y 4 ,r 3 /, 

* 2 4 +> 2 4 + £ 2 4 + 2 ux 4 -f- 2 vy 4 4 2 wz t -f r/= 0 •• (3) 


Eliminating u , v, w and d from (1), (2), (3), (4) and (5), we have 


x 2 +y 2 -fz 2 

X 

y 

z 

1 

* 2 i+.V a i+z 2 i 

*1 

y i 


1 

* 2 2 + A+Z 2 2 

x 2 

y* 

*2 

1 =0, 

x 2 a+y 2 3+z 2 3 


>'3 

*3 

1 

x\ + y\+z\ 

*4 

y* 

Z 4 

1 


which is the required equation of the sphere. 
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EXAMPLES VI (A) 

Type I. Ex. 1. Find the equation of the sphere whose centre is 

(2, -3, 4) ane radios 5. ( Puwab Hons., 1952) 

Sol. The required sphere is (x— 2) 1 2 -f (y4-3) 2 4-(z — 4) 2 =25, 
or. x 2 +y 2 +z 2 - 4*+6y— 82 + 4 = 0 . 

Ex. 2. Find the equation of the sphere whose 
(/) Centre i 9 ( — 6 , 1, 3) and radius 4 
(//) Centre is ($. — 1) and radius 2. 

( A.M.l.E . , May, 1957 ; Raj. Engg., 1956) 

[Ans. x 2 +y z +z*+l2x— ?y— 6z+30=0 ; 
2xi+2y 2 +2’2-2jr+2>'-4r-5=0.] 

Type II. Ex. 1. Find the centre and radius of the sphere given by 

x2-fy2+ z 2-2x+4y-6z=U. (A.M.l.E., May 1 955) 

Sol. Tiie sphere is x 2 +y 2 +z 2 — 2x+4y — 62 — 1 1 =0. 

,jr - ( *2 _ 2x) + (y 2 + 4 y) + (z 2 - 62 ) -11=0. 

or, (x- 1)2- 1 +(y + 2)2-4 + (r-3)2-9- 1 1 =0, 

or, (x— 1)2 + 0— ( — 2)]2+(;r — 3)2 = (5) 2 . 

its centre is (1, —2, 3) and radius is 5. 

Short cut. Here // = — I, v = 2, )r=» —3, d— — 1 1 . 

centre is ( — //, — r, — »•), or (1, —2, 3) and radius is 

\/«a+v2 + w 2 -d, or, \/ I +1T9 +■ 1 1 , or, 5. 

Caution. While applying the short-cut method, care must be taken 
tr> make the coefficients of x'-', y 2 and x- each unity. 


Ex 2. hind the centre and radius of the following spheres 
(0 -V 2 + y 2 + .-2 - 4.V + 6 >- - 8 J f 4 = 0. 

( //) *2 4 - y2 4- z 2 — 4.V4- 2 V — 2 2 — 1 0 = 0. 

[Ans. (2, -3,4), 5; (2, -1. 1), 4.] 

Type III. [Equations of the sphere through four points.] 

Ex. 1. Find the equation of the sphere passing through the points 

'°. 0, 0), (a, 0, 0). (0, b, 0) and (0, 0. c). ( Punjab B.Sc., 1960 ; Calcutta, 1961) 

Sol. Lot the required sphere bo ■r 2 +y 2 + 2 2 + 2tf.v + 2 vv+ 2 a’ 2+</=0 ...(1) 

( 1 ) passes througli ( 0 , 0 , 0 ), 

( 1=0 ...( 2 ) 
V (l) passes throug . (a. 0, 0), 

n 2 -|_ 2 // a= o, using ( 2 ), 



( 1 ) passes through ( 0 , 6 , 0 ), 

b 2 +2vb=Q, using ( 2 ), 



A 

2 


v 



THE SPHERE 


157 


v (1) 


• • 


passes through (0, 0, c), 

c 2 -f 2 h , c = 0, using (2), 


or 


ic= — 


Substituting these values of u, v, iv and d in (1), wo have 
x 2 +y 2 + z 2 — ax— by — cz = 0, 
which is the required equation. 


Note. Important. 

In all subsequent problems, whenever a sphere passing through 
points (0, 0, 0), (a, 0, 0), (0, b. 0) and (0, 0, c) occurs, we shall directly write 
its equation as x 2 +y 2 +z 2 — ax — by — cz = 0. 

Ex. 2. Find the equation of the sphere through the points : 

(/) (0, 0, 0), (0, 1 , - 1 ), (- 1 , 2. 0) and ( 1 , 2, 3). ( Punjab. 1963 ; 

Calcutta, 1963 ; A M l. E., May I960 : Bombay, 1951) 

(/') (3,0,2), (-1, 1,1) (2, -5, 4). (-3.0,2) 

(Hi) (2, 3, 6), (2, 3. 0), (2. 0, 6). (0. 3, 6). 

(Ans. (/) + z-) — I5.v — 25v— 1 !r = 0 ; 

(//) Ar 2 +> ,2 +- 2 +4y— 6 j— I =0 ; 

( Hi) A' 2 -f >- 2 -f z i -'lx- 3 y - 6 z = 0 ] 


Ex. 3. Prove that the equation to the sphere circumscribing the 
tetrahedron whose sides are 




b 

x 


+ 


“■ V+T+ c 


x*+y*+z* (J..JL + - L)=0. 

<i* + 6*+ca _ V. a b c ' 

[Punjab (Pakistan), I925S J 

[Hint. Solve the equations of the three sides at a time to obtain the four 
vertices. Proceed as above.] 

Ex. 4. OA, OB, OO ore mutuully perpendicular linos through the origin, 
and their direction cosines are 

1 1 , nti, ni ; 1 2 , m 2 , n 2 and / 3 , m z , n z . 

If OA = a, OB = 6, OC = c, prove that the equation of the sphere OABC is 

*+y 2 +z*-x{al l +bl 2 +cl 9 )-y(am 1 +bm 2 +em 3 )-z[an l +bn 2 +cn 3 )=0. 

( Karnutak , 1961, [Punjab. 1952 ) 

Ex. 5. Find the centre of the circle through the points (— 1, 0.0) 
(0,2,0), (0 0 3). ( Karnatak Law., 1956) 

f / 1 3 4b 1 3 > \ 1 

[ AnB - 9d * 4y ’ %/ ■ J 
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Ex. 6. Find the equation of the sphere which passes through the points 
(1. —3, 4), (1, —5, 2), and (1, —3, 0) and whose centre lies on the plane 
jc+y+z~0. ( Lucknow (Pass), I960) 

[ Ans . x 2 +v2+22— 2x+6v— 4z+10=0.] 

(if) Find the equation of the sphere passing through the points 

(3, 0, 2), (-1. 1,1), (2. -5, 4) 

and having its centre on the plane 

2x+3y+ 4r — 6. (Agra Engg ., 1962) 

[Ans. X 2 +y 2 +z*+4y—6z-- 1 =0.] 

Type IV. Ex. 1. A plane passes through a fixed point (a, b, c) and 
cuts the axes in A, B, C. Show that the locus of the centre of the sphere 
OABC. is 

a b c . 

-j -f- — 2. 

x y z 

(Delhi Hons.. 1960 ; Lucknow, 1953 ; Kashmir, 1956 ; Punjab, 1961S 
Vikram Engg., 1959 ; Agra, 1962 ; Raj., I960 ; A M.I.E., Nov., 1957 

Gujarat Engg., 1954 ; Kashmir, 1956 ; Vikram, 1961 

Burdwan, 1964 ; Gauhati, 1959 ) 


XV 9 

Sol. Lot the plane be - — -f- - — 4. -1- = 1 . 

* £ r 

.' (I) passes throurh (a, b, c). 


• • (D 


a b c 

+t+t =1 


The equation of the sphere OABC is 

x * ■ + y- + Z* - >x - - Y 2«= 0 


...( 2 ) 


...(3) 

(Type III, Ex. 1, above) 


Let t ho centre of (3) be (>., p, v). 


* P 

~ 2 ~» ^ = «nd v 


r_ 

2 


...(4) 


Eliminating ot. p, y from (2) and (4), we have 

_a , J> c 

■>-, O.+n ~ 1 • 


2). T 2p~ r 2 
locus of (>., p, V) is 


v 


7 + 7 


- C =2. 


Ex. 2. A sphere of constant radius k passes through the origin and 

meets the axes in A, B, C. Prove that the centroid of the triangle ABC lies 
on the sphere 9(.v 2 -f>’2q. r »j_4^2 

(Jodhpur, 1964 ; Kashmir, 1953 ; Lncknow, 1962 ; Raj., 1961) 

[Hint. Let sphere be x*+y2 + z 2 -ax-by-cz=0 

... a z+ b 2 +c 2 =4k z {l) 

Let the centroid be ()., p v\ 
p=j6 and v = 

Eliminate a, b, c between (1) and (2).] 


...( 2 ) 



THE SPHERE 


159 


Ex 3 A sphere of constant radius r passes through the origin O. and 
cut. tbe axes in A, B, C. Prove that the locus of the foot of the perpendicular 

from O to tho plane ABC is given by (jr 2 +.y 2 + z £ ) 2 (-' ' + > “ + ‘ " ,_4r '_ 

( Bnnaras , 1955 ; Sagar B.Sc , 1962) 

Ex 4 Find tho locus of the centre of the variable sphere wmch passes 
through the origin O and meets the axes in A, B. C. so that the £ volume of the 
tetrahedron OABC i9 constnnt. 

[Ads. at>\z = constant.] 

Type V. Ex. 1. Find the equation of the sphere on join of (2, -3. 1) 
•and (1, —2, —1) as diameter. 

Sol. The required equation of the sphere is 

(jc — 2)(jc — l)+(>’+3)0'+2)+(r— l)(r+l) = 0, 
or. x«+y2+2 2 -3x+5> 1 +7=0. 

Ex. 2. Find the equation of tho sphere on the join of the following 
points as diameter : 

</) (2. -I. 4), (-2. 2. -2)^ t £ m2 . Bombay , 9SS . SMt m9) 

(«) (3, -4, 5) and ,2. 7.6). {Bombay. I9S0) 

m tA „, (0 x~+y-+ 2 -—y — 2z— 14 = 0; 

(ii) jt?+y2+2 2 -5jf-3y-Uz+8=0 ; 

iiii\ x 2 4 - v 2 + r 2 + 2x — 3y — 4r — 12 = 0. 


SECTION II 

THE CIRCLE 

6 6. Plane Section of a sphere. 

To show that the section of a sphere by a plane ts a 
•circle and to find its radius and centre. 



Let O be the centre of the sphere and P, any point on the 
dotted plane section. 
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Draw OC perpendicular to the given plane, C being |the foot 
of the perpendicular. 

Y PC is any line lying in the plane and OC is [perpendicular 
to the plane, 

.*, OC is perpendicular to every line lying in the plane and as 
such OC_[_CP, 

OP 2 = OC 2 + PC 2 , or, PC 2 = OP 2 -OC 8 , 

or PC = v / OP 2 — OC- = constant, because OP is equal to 

the radius of the sphere and OC is 
the perpendicular from the centre 
of the sphere on the given plane. 

for all positions of P, CP is constant 

the locus of this point P is a circle whose centre is at the 
point C and whose radius is CP. 

Note 1. Centre and radios of the circle. 

(i) The centre of ilie circle is the foot of the perpendicular from the 
centre of the sphere on the given plane. 

(ii) The radius of the circle is 

\/ (radius of sphere)*- (_[_ from the centre of the sphere on the given plane ) 2 * 
Note 2. Such ;j circle is called a small circle. 

Note 3. Great circle : Def. 

The section of a sphere by a plane through the eentre of the sphere is 
called a great circle. 

Its centre and radius are the same as those of the sphere. 

Note 4. Important, 

Two equations, one of a sphere and the other of a plane together 
constitutes the equation of a circle. 

the circle is given by the equations 

x 2 +y 2 +z*-{-2ux+2vy+2wz+d = 0 
and ax+by+cz+dx = 0 

6 7. Intersection of two spheres. 

To show that the curve of intersection of two spheres 
is a circle. 

Proof. Let the two spheres be 

51 = x--+ y 2 +z 3 + 2 u i x + 2 v 1 y + 2 H’ 1 z + d 1 = 0 ...(1) 

5 2 = .x 2 + y n - + z 2 + 2u 2 x + 2v 2 >’+2w 2 z+d e = 0 ...(2) 


and 
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The coordinates of points on the curve of intersection of (1) and 
{2} satisfy both the equations, and also satisfy the equation 

Si-Sg = 0, or, 2(w 1 -M 2 )x + 2(v 1 — v a )y+2(H' 1 -H’ 2 )z 

+ = 0 ...(3) 

This equation (3) is the equation of the first degree in x, y and 
2 , and therefore represents a plane. 

the curve of intersection of (1) and (2) is the same as that 
of ( 1 ) and (3) or (2) and (3). 

by Art. 6 - 6, the curve of intersection of two spheres is a 
•circle. This proves the proposition. 

6 8. To find the equation of any sphere through the 
given circle x 2 -Hy 2 -|-z 2 -l- 2 ux-t- 2 vy + 2 wz + d = o 1 

lx-f my-j-nz + p — o ) 

The equations of the sphere and the plane are 

x*-\-y 2 +z*+2ux+2vy-\-2wz+d = 0 ...(1) 

•and lx + niy+nz+p= 0 ...(2) 

Let us consider the equation 

{x 2 -\-y 2 +z*+2ux+2vy+2wz + d) + 'h{lx-\-my ] nz+p)=0, ...(3) 

•where A is any constant 

Now, (3) is a second degree equation in x, y, z in which the 
coefficients of x 2 , y z , z L are all equal and there are no terms of 
yz, zx and xy. 

(3) represents a sphere. 

Moreover, equation (3) is satisfied by the coordinates of the 
points which satisfy both (I) and (2), 

i.e., ihe points common to (lj and (2) lie on the sphere (3). 

Hence (3) represents the equation of any sphere which passes 
through the circle in which the sphere (1; is cut by the plane (2). 

Note 1. X Is determined from the additional condition given in the 
problem. 

Note 2. 5 1 fX6’ 2 = 0 also reresents a sphere through the circle given by 
ihe spheres S t =0 t S 2 =*0. 


EXAMPLES VI (B) 

Type I. Ex. I. In Ex. 2 (1), Type I of Examples VI (A), find the 
of the section in which the sphere is cut by the plane x — y + 2z + 5 = 0. 

(A.M.I.E., May, 1957 ; Raj , Engg. I95*\ 
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5ol. The equation of the sphere having centre 
( — 6, 1, 2) and radius 4 is 

U+6)2+(v~l)2+(r-3)2=16, 
x 2 +> .2 + 12 x-2>-6z+30=0. 



Let r be the radius nf the circle in which the sphere (1) is cut by the 
plane x— y+2z + 5 = 0, 

r = \/ (rudius of the sphere) 2 — (J_ from the centre of the sphere ou 

the given plane) 2 




(4) 


n -—( 


— 6-l46 + 5\2 


V v /l2+l 2 +2 


y- v 



^rea of the circle =r:r- = 7: . 16. 


5 40* 

-= _sq. units. 


Ex. 2. In Ex. 2 (/), Type V, Examples VI (A), find the area of the 
circle in which the sphere is intersected by the plane 2.r+y— r=3. 

(A M. I E., Max, 1962 ; Sind . 1949) 

[-• ■%*] 

Type II. Ex. 1. The plane ABC, whose equation is 



meets the axes in A, B. C. Find the equations to determine the circnm- 
circle of the ABC, and obtain the coordinates of its centre. 

(Nagpur T D.C., 1962 ; Lucknow, 1954 ; Pakistan, 1956 ; 
Allahabad, 19(0 ; Kashmir, 1956 ; Punjab. 1957 S ; Gauhati. 1952) 


Sol. The required circumcircle of the ^ ABC is the circle of 
intersection of the sphere OABC and the plane ABC. 

The plane — 4- - — X — = 1 ...(1) 

a 0 c 

cuts the axes in the points A (a, 0, 0), B (0, b, 0) and C (0, 0, c). 


Lot the sphere OABC bo * 2 + v 2 + z 2 +2t/.v-f2vv-f 2ttZ+/f=0 


••• ( 2 > 


(2) 

passes through (0, 0, 0) 

d= 0 


(2) 

passes through (a, 0, 0), 

a*+ 2au=0. using (3), 
or, //= — fl/2. 


(2) 

pusses through (0, b, 0). 

b--i-2bv=0, using (3), 
or, v = — b/2. 


(2) 

passes through (0, 0. c). 

c' 2 + 2wc = 0, using (3>, 
or, 1 v=—cj2. 


(2) 

becomes .v 2 -f.v 2 -f r 2 — ax —by— cz - 

= 0 

..-(4) 

co the required circumcircle of the /\ 

ABC is 



.v=+ v 2 +r 2 - ax -by -( 2 = 0 . 
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[To find the centre of the circumcircle.] 

The centre of tho circle is the foot of the 
centre of the sphere on the given plane. 


perpendicular from the 


The direction cosines of the perpendicular from the centre of the sphere 
on the plane (1) arc proportional to 

1 1 1 

a ’ b ’ c * 


equations of the perpendicular from the centre of the sphere 
(a h r \ 

y'2 * " 2 “ » ~2~ J on l * ,e Pl“ ne (I) <ire 

x-o/2 y-b/2 z -c/2 
1 la - Mb P ‘ Sfty - 


or 


then 


or, 



. . any point on this perpendicular is 



y-^-+pa 1, -%-+pb-i t S -+ pc - 1 ^ 


Ii it lies on tho piano (1), 


a ('2 +P ° 1 1 J + T - (-2" + ^ c " 1 ) = '. 

p(a-2+6-2 +c -2) = _j f 

p=- 1 

2(a-2+6-2 +c - 2) 



circle a8 SUb " titUting *** ValU ° ° f P in (5) ’ we ? et the centre of the required 

[JL b~ 2 

L 2 2(a-2-ffe 2^-f— 2j • 2 *(a-2+6-*’+c-2) » 

£ c- 1 "I 

2 a ( ff - 2+/,-2 + t - 2 ) J * 

or, f a(b~2+c-2) b(c-*+g - 2) r - f7 _ 2+6 _ 2 x 

L 2{a-*+b-*+c-2) • 2la-*+b-2+c-t) • 2{a-*+b~*+c-*) J* 

E*. 2. Find the centre and radius of tho circle 

*2-fy2-f Z 2 + 1 2*— 1 2>— 1 6z + 1 1 1 =0. 

2x + 2y+z~ 17. 

(Gauhati, 1958, first part) 
[Ans. (-4, 8, 9); 4.] 

E*. 3. Find the centre and radius of the circle in which the sphere 

X*+y*+zH 2x-2y-4z-l9=0 is cut by tl.e plane 

x+2y+2z+7=0. 

(■ Jodhpur Engi., 1965) 
[Ans. ( - 7/3, - 10/3, -4/3) ; 3J 
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Type Ilf. Ex 1. If r is the radius of the circle 

x 2_|_y2_|_ z 2 + 2ox+2vy+2wz-fd=0, lx+my+nz=9, 
prove that (r 2 +d 2 )(l 2 +m 2 + n 2 ) = (mw-nv) 2 +(nu-W+(lv-ina) 2 . 

[Raj., [Physics), 1963 ; Allahabad, 1962] 
Sol. The centre of the sphere is (-«. -v. -w) and the radius is 

\/ V 2 + H r - — 


or 


Perpendicular from ( — u, —v, — w>) on the plane lx+mv-\-nz — 0 is 

lu+mv+nw 
y/l*+m 2 +n 2 * 



r 2 =(u 2 +v 2 +u’ 2 -</)- 


“/2 + m 2 + „2 • 


[r 2 +d){l 2 +m 2 +rfi)={l-±»i 2 +n 2 )’yU i +v-+w 2 )-[lu+mv+nw)Z 

=[mw-nv)*+(nu- »v) 2 4 -(/v-mu) 2 

, using Lagrange’s identity. 


Ex. 2. Show that the radius of the circle 

x 2 +y 2 +z 2 +x+y+z-4= 0, x+y+z=0 is 2. 

( Kashmir , 1951 ; Punjab, 1958 S ) 

Ex. 3. Find the centre and radius of the circle in which the sphere 

x2-\.y-+z 2 =9 j 3 cut by the plane x+y+z^l. [Raj-* Engg., 1960) 

4 -ty x/f)] 

Type IV. Ex. 1. A is a point on OX and B on OY so that the 
angle OAB is constant ( = *). On AB as diameter a circle is descr, e 
whose plane is parallel to OZ. Prove that as AB varies the circle S*“* r 
the cone 2xy — z 2 sin2ot=0. 

Sol. Let OA be 2 a and OB bo 26. 

Coordinates of A and B are respectively (2a, 0, 0) and (0, 2b, 0). 


£OAB=a, 


tan a= 

a 




or. 


Kow, the sphere on AE .is diameter is 

(x-2fl){Jt-0)+(v -0)(y— 2Z>)+(z— 0)(r— 0)=0, 

x 2 +y 2 + 2 2 — 2c.v -2by=0 


.. ( 2 ) 



SPHERE 


165 


The plane through AB parallel to OZ is 


?-=i* 


..-(3) 


la 2b 

The circle in question is the curve of intersection of (2) and {;•). 

To find the locus of this circle, we shall eliminate a and b between (2) 
and (3) with the help of (1)4 

From (3) CDd ( 1), we have 2a tan a= x tan o4>', .-(4;, on elin inbting b. 

From (1) and ( 2) we have, on eliminating b, 

(x- -» j -4 r-) — 2 (ax+oy tan a) = 0 ...(5) 

Elim inating a 1 ctwren (-1) and (5), we have 

tan a(x'--f j ,2 + z 2 ) — (a+T tan oc)(x tan a +_>’)=0, 

(x 2 -+ > ,2 -f z ; ) tan a — [xy sec" a+(x 2 -f.) 2 ) tan ct]=0, 

1 

cos 2 a " cos a 

xy— z 2 sin a f-os a=0, or, 2jry— z 2 sin 2a=0. 

Lx 2. POP' is a variable diameter of the ellipse 

x 2 v 2 

t— •' Z- -L 2—=.. | 

'u* b- ' 

him] a circle is described in ti e plane l’P'ZZ' on PP' as diameter. Prove that or 
PL" varies, the circle generates the surface 

(*2-f >V 5 +2 2) (~+ )a-X 2 + > 2 . 


or, 

or. 

or. 


yy sco 2 a — z 2 tan a = 0, or, xy . 


- 8,n a =0, 


TypeV. Ex. 1. Find the equation to t he sphere though the circle 
x 2 + y 2 +* 2 — 9, 2x + 3 y+4z=S 
and the point (1, 2, 3). 

(A M.I.E. May, 1959 ; Punjab, 1961 ; Pakistan 1954 ; Poona , 1950 ; 

Karnatak B.Sc., 1962) 


•Let the plane be Ax+ Hy+Cz + D = 0. ...(A) 

V it pusses through A and B, 

A.2«+D=0 and 11.26+ D^O. 

Also, *,• plane (A) is parallel to OZ, 

C = 0 (A) gives -f (1=0, 

or - 2 ^ir 1 

t Tho elimination urn alto bo ccnductcd as under : 

From (2) and (3). we have X‘-\y- + z~ — (2ax-\ 2by) {^ u +“^-^ = 0. 

or, x 2 4->' 2 -L z 2 -(ax + 6>) ( ^ ) =0 . 

or, x 2 +y i +z 2 -[x i +y z )—xy (^"+~) =0 ' 

z- — x _)'( tan a-| cot a)=0. 
z- sin 2a — 2x>' — 0. 


or, 

or. 
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Sol. The equation of the sphere passing through the circle 
.v 2 +>- 2 +z2=9 and 2x+3v+4z-5=0 is 

*- r2 +>'“+' 2 — 9)-f).(2.v+3y-Mz— 5) =0 ...(!) 

*•* (1) passes through (1, 2, 3), X=-$. 

/. (1) becomes 3(x 2 -|->'2-f-r2)_2x-3>'-4z-22=0. 


Ex. 2. Find the equation of the sphere which passes through the circle 
(/) z=0, x-+y-=- j8 and the point (a, (J, y). 

(//) x i+y'-+;'—>x=9, z = 0 and the point (4, 5, 6). (Poona, 1951) 

(A.M.I.E. May, 1958 ; Karnatak, 1950; Kashmir, 1911) 
(iii) y*+z-=25, x=0 and th) point (1. 3, -2). (Raj. Engg.. 1958) 

[Ans. (/) y(* 2 'h) ,2 -f-- 3 — fl 2 )=z(x 2 -f-3 a +Y 2 — a 2 ), 

(U) -^ 2 +>' 8 -F- 2 — 2jt — lOr— 9=0 ; 

(iii) -V 2 +3 l2 +z 2 d-llA:-25=0.] 


* 2 -hv*2 


Ex. 3. Fin 1 the eq iitio.i of the sphere which passes through the circle 
= 1, r = J and is cut by the piano .r-F2y-f-2z=0 in a oirole of radius 3. 

(A.M.I.E., May, 1958 ; Karnatak Engg., 1954) 

[Ans. x2-f-y2 +z 2J_6z-4=0.J 


Ex. 4. Provo that the plane x -f-2y— z= 1 cuts the sphere x-+y*+z~- 
r+z-^Oinocirde of ra lias unity ; and fin i the equation of a sphere which 
has this circle for ono of the great circles. (Delhi Hons , 1963) 

[Ans. -t 2 +>' 5 +z 2 — 2x— 2y+2z+2=0.] 


Ex. 5. 


as a great circle. 


Obtain the equation of the sphere having the circle 
-v 2 +y2 + z= + 1 o v -4z= 3. x+y+ : =3 


(Karnatak En%g., 1953 ; Delhi Eneg., 1963) 
[Ans. ar 2 +y-d-z 2 — 4.r-(-6y— 8z-h 1=0.1 


Ex 6. Find the equation of the sphere through tho circle 
•v 2 +yt + z 2 +- 2.v + 3y + 6= 0. .r - 2 y + 4z-9 =0 
and the centro ot tho sphere x- -\-y - -f z- — 2 .v 4y — 6z 5 = 0. 

(Jodhpur En?g., 1965 Sup.) 
[Ans. .v 2 +>-2+j2+7y-8z+2 4=0 ] 


Ex. 7. bind tho equations of tho sphoros through the circle 

.v2+y2 + r 2 =|, 2.r + 4.v+5z=6 

and touching the plane r=0. ( Burdwan . 1964) 

[Ans. x-+y-+z- —2 x — 4y — 5z-p5 = 0, 

5.v2+5y2 + 522_2j t _4y-5z+ 1 =0.J 


Type VI. Ex. 1. P rove that the circles x^d-y 3 d-* 2 -2x+3y [-4*-5 = 0, 
5yd-6z fi = 0 ; x- Fy^d-zi— 3.x-4y F5z -5 = 3. xd-2y-7z = 0 1ie on the same 
sphere, and find its equation. ( 1 gra, 1911 ; /. 4.S . 1953 ; Karnatak, 1961 ; 

Pakistan, 1953 ; Lucknow ( Pass), 1961) 


Sol. The given circles are 
x 2 +> ,2 +z 2_2x+3y+4z-5=0, 5y+6z-f-l=0 
and x*+y*+z~— 3jr-4y+5z-6=0, jr+2y— 7z=0 
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The equation of any sphere through (1) is 
x 2 +y 2 +z 2 —2x+3y+4z—5-t-\[5y+6z+l)=0 .. (3) 

The equation of any sphere through (2) is 

x 2 +y 2 +z 2 -3x-4y+5z-6+ii(x+2y-7z) = 0 .. (4) 

The circles (I) and ( 2 ) will lie on the same sphere, if we can find X, p such 
that (5) and ( 4 ) represent the same sphere. 

Equating coefficients of iike terms in (3) and (4 ), we have 

-2=-3 + g ...(5), 3 + 5x=-4+2|* ...(6), 

4-f6x = 5— 7\i end — 5+X= — 6 ...(8) 

From (5) and (8), ji=l, X= — 1. 

These values of X and n satisfy (G) und (7). 

(3) and (4) represent the saino sphere, when \ = ~ 1 *nd [x=l. 

Putting X = — 1 in (3) or ja ==• 1 in (4). we have 
x 2 +y*+z*-2x-2y-2z-6=0. 

Ex 2. .Show that the two circles 

X-‘+y 2 +z*-y+2z=0, 
x-y+z- 2=0; 
x 2 +y 2 +z*+x-3y+z-5=0. 

2x—y+4z—le=0 

lie on the same sphere, and find its equation. 

{Delhi Thms., 1947 ; Kashmir. 1955 ; Lucknow {Pass), 1963) 

[ Ans. x 2 +y 2 +z 2 -\-3x— 4y+5z—6— 0 .] 

Ex. 3. Find the conditions that the circles 

x 2 +y 2 + z- +2UX+2 vy + 2wz +</= 0, lx + my +nz=p. 

x 2 +y 2 +z 2 +2u'x+2v'y+2w'z+d'=0, I'x+m'y+n' =p' 
should lie on the sumo sphere. ( Punjab B.Sc . 1961’S) 

[Ans. 2 {it -u) 2(v— v') 2 (w — w") d—d" 

l m n —p =0. 

. /' m' /»' - p ' 

the notation indicatin ; that each of the four determinants obtained by omitting 
the first, second, third, fourth columns one by ono from it is zero.] 


SECTION III 

A LINE AND A SPHERE. EQUATIONS OF TANGENT 
PLANES AND CONDITION OF TANGENCY 


6 9 To find the points of intersection of the sphere 

x'H y 2 -fz* — a 2 


and the line 
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Let the sphere and line be 

x 2 +y 2 + z 2 =ar ...(1) 

and - . a = — — -= Z —L =r say .. (2) 

/ m n J ' 

Any point on (2) is 

{Xi+lr, y x +mr t z x +nr ) ...(3) 

If it lies on the sphere (1), then 

(*i-f/r) 2 +(> , i + mrf + (z x + nr) 2 = a 3 , 

or r s (/-’ \-m 2 +n 2 )+2r(lx l +my l -\-nz x )-\-S x =0 ...(4> 

where SjSC^+y^+z^-a 2 . 

Now, equation (4) is a quadratic equation in r, and therefore 
gives two values of r, corresponding to each of which (3) gives a 
point common to (1) and (2). Thus we obtain the coordinates of 
two points of intersection of (1) and (2). 

6' to. Tangent line and tangent plane : Def. 

(ii) Let P and Q be the two points on a sphere. Let M be the 
middle point of PQ. Let C be the centre of the sphere. Further, 
let CM meet the sphere in A. If PQ moves parallel to itself with 
its middle point M on CA, then when M is at A, PQ is called the 
tangent line to the sphere at A. 

(ii) The locus of the tangent lines at A is a plane, called the 
tangent plane at A. 


6 ii. Equation of tlie tangent plane. 

To find the equation of the tangent plane at the point 
(Xu yj, z, ) of the sphere 

x 2 + y 2 -f z 2 + aux + 2 vy -f 2 wz + 6 =o. 

The equation of the sphere is 

* 2 +JV a +z 2 + 2MX+2vy4-2wz-frf=0 ..(!> 


Equations of any line through (*„ ,y„ z x ) are 

= ZzZ> = JL=*k -_= r sav 

l rn n * 

Any point on this line is { x x +lr , y x +mr, z x -\-nr). 

If it lies on the sphere (l), then 

( +■ lr)*+(y x + mr ) 3 + (zj+nr) 2 ^ 2 u(x x + Ir) 
+2v(^ 1 -fwr)+2»v(z 1 + nr)4 «/=0, 


...( 2 > 
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or, r 2 (/ 2 -Pro*+n 2 )+2r[/(x l 4 m) + /«(;’, -fiO + w^ + H')] 

+ x l 2 +y 1 2 -\-z l z +2ux l + 2vy l + 2wz l +d=0 ...(3) 

This is a quadratic equation in r. 

V (*i» *i) lies on (1), 

*i 2 -‘-; , i 2 + Zi 2 + 2ia: 1 ■f2vy, + z I + d=0 ...(4) 

one root of the equation (3) is zero. 

If the line (2) touches the sphere ( 1 ), the other root of (3 is 
also zero, 

i.e.. coefficient of r= 0, 

i.e.y /(.Y 1 + M)+m(y ) + v) + /i(z, + tv) = 0 ...(5)- 

The tangent plane or the locus of the tangent hues at (.v r v p r, ) 
is obtained by eliminating /, m, n between (2) and (5). 

(Y-x 1 )(x 1 4- w )f(>>-y 1 )(>’, + v)-l-(z-r 1 )fr 1 4 u')=0, 
or « at.y , + yy x + zz x 4- ux + v>’ 4- wz 

= x \ 2 + v, 2 + z, 2 + wa: 1 l -vy l + wz l 
or > xx l -\-yy l +zz l + ux+vy + w 2 

= —ux l — vy l — wz l —d t using (4). 

Hence xx x 4-yy l + zz 1 + u(x4-x l ) 4-v(y 4-y,l + w z4-z,) + d = o, 
which is the required equation of the tangent plane at (.v,, y,. 

Aid to memory. The equation of the tangent plane at 
y.. Z|) is obtained by writing xx, f ir x-, yy, for y-, zz, for 

z-“, x 4 Xj for 2 x, y -f y, for 2 y and z fz, for 2 z in the equation of 
the given sphere 

Cor. Tangent plane at a point for a standard sphere. 

( Pakistan , 195S) 

The equation of the tangent plane at the point (a,, y l% j,) of the 
sphere * 2 + y 2 4 z-=a 2 is 

xx :4yy,4zz, = a 2 . 

Note 1. The tangent plane at any point of a sphere is perpendi 
cular to the radius though that point. 

Proof. The equation of the tangent plane at the point (.v,, y,, r,) 
of the sphere 

x*+y 2 +z 2 +2ux+2vy-\ 2wz+d=0 
is x*,4yy,4u(x4jg + vfy+^j + ^+^+^o ...(/) 

The direction cosines of the normal to (/) are proportional to 

x \ + u t y, 4 v and z x +w. 
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The direction cosines of the line joining the centre (—u, — v, — w) 
and the point (* lt y x% zj) are proportional to x x — (— w), y x — (-v), 
z \ — (— w), or to x x -\-u, y x + v, z x +w. 

normal to the plane (/) is parallel to the radius, 

tangent plane at (.v„ y x , zj) is perpendicular to the radius 
through (x u y lt zj). 

Note 2. The tangent line at a point of the sphere is perpendicnlar 
to the radios through that point. 

Proof. Let the point be (*„ y v z x ). 

The direction cosines of the tangent line are l, m, n and the 
direction cosines of the radius through (a*,, v,, zj) are proportional to 
*i + w, + v, z x + w. 


from equation (5) above, the tangent line at ( x Xt y x% zj) is 
perpendicular to the radius through (x x , y lt z x ). 

Note 3. Geometrical condition of tangency. 

(0 U a plane, touches a sphere , the length of the perpendicular 
from the centre on the plane=± radius. 

{ii) IJ a line touches a sphere, the length of the perpendicular 
from the centre on the line = ± radius. 


6*12. Condition of tangency. 


To find the condition that the plane Ix-f-my f nz = p is a 
tangent plane to the sphere 

x " + y 2 + 2 2 + 2ux-f avy 4 2\vz-f d=o. 

{Delhi Hons., 1955 ; Punjab, B Sc., 1961 : Kashmir , 1957) 

The centre of the sphere is ( — u, — v, — u>) and the radius is 

-\V -f v- -t- w 2 — d. 

If the plane 


/•v + my -f- nz =p ...(I) 

touches the given sphere, then the perpendicular from the centre on 
the plane = ±radius, 

nr lu + ntv + mv+p 

Vl‘ + »i>Tn J - ± ^ + «■' -d, 

or, (/« -I- wv+mvf />)==(/* + mHn l J(« 2 + v s +^), 

which is the required condition. 
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EXAMPLES VI iC,> 

Type I. Ex. 1. Prove that (he sum of the squares of the intercepts 
ade by a given sphere on any three mutually perpendicular lines through 
a fixed point is constant. 

( Kashmir , 1954 ; Punjab D.Sc., 1962 S) 

Sol. Let us choose the fixed point as the i-rigin and any three mutually 
perpendicular lines through it as the coordinate axe*. 

yVith reference to these axes, let the equation of the sphere be 

x*+y*+ z2 + 2ux + 2 vy -j- 2 wz- -f d = 0 . . . ( 1 ) 

The .r-axis (y=0, z= 0) meets (I) in points given by 

x-+2ux+d—0. 

Let x x and x 2 be its roots. 


•and 


x 1 + x 2 = — 2u 

X\X 2 ~d. 

(intercept on x-axis; 2 

= (a: 1 — a' 2 ) 2 = + .x 2 ) ? — 4.V1X;. 

= 4(m* -d). 


Similarly, (intercept on y-axis)2 = 4( v--d) 
and (intercept on z-uxis)- = 4 (»r 2 —d). 


sum of the squares of the inter. > 


■which is constant. 


= l(w 2 -j- v 2 4-h'- 


s 



Ex. 2. Does the line 


intersect the sphere 


2x- l=y+3=4-z 


X‘+y 2 + z- — 6x-\-Uy — -i z 0 1 


(Bombay, 1952) 

[Ans. Yes, in points (2- , -L , -L) and ( L , 1 , _L 7 _ J 

Ex. 3. Find the points of intersection of the line 

x—H y 

~4 T— (*"!> 


and tho pphero 


x~+/~ + z*-4x + Cy-2z-\-5 = 0 . 

[Ans. (4, —1, 2), (0. —2, 3>.) 


Type II. Ex. I. Find the equations to the spheres which pass 
through the circle ** + y 2 + z ? =5, *-f2y-f3/.=3 

and touch the plane 4x-r3y = 15. 

( Karnatak , 1961 ; 1 uujab, B.Sc., 196/ ; Raj. Engi., 19 ,3 ; 

Kashmir 9 1956 ; Punjab, 1957 ) 

Sol, Equation of a Bphero passing through ilio given circle it* 

* 2 +y 2 +z 2 -5+X(x+2y + 3z-3) = 0 ' ...( 1) 
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Ita centre is 




and radius is 


or. 


^-+5+3x. 


or 

or 

or 

or 

or 

or 

or 


the sphere (1) touches the plane 

4*+3>>-15=0, 

J_ from ^ -)., - on (2) 

1Y 


= ± \/ 


+ 5+3). 


2). + 3). + 1 5 


= ± 


■v/£ 


+ 5+3). 


\/ 16+9 

25().+3)- — 25 ( +5 + 3).) 

2)2+ 12).+ 18=7)2+ 10+6)., 

5). 2 — 6). — 8=0, 

5)2— 10).+ 4). -8=0, 

5).(). — 2) + 4().— 2) = 0, 

(5).+ 4)(>. — 2)=0. 


■j —o !_ 

/. 5 



(1) gives, when ).= 2, 

x* +y‘ 2 + ; 2 + 2.v + 4 y + 6: - 1 1 = 0 

and when >.= 

5.v- + 5 v 2 + 5r = - 4.v - 8y - 1 2 : - 1 3 = 0. 

Ex. 2. Find the equations of the spheres which pa«9 through the circle 

X- +y* + -y + 3: + 1 2=0, 

2.v+3y— 7-= 10, 

and touch tie piano 

x— 2r+7r=l. {Bombay 9 1956) 

[Ans. * 2 + v2 + z2-2.v+2v-4r + 2=0. 
.v 2 +> ,2 +- 2 — 6.v— 4>’+ 10z+22=0.] 

Ex. 3. Find the equation of tho sphere which touches the sphere 

JC-+ y 2 + z 2 + 2.v-6y + 1 = 0 

at the point (1,2, —2) and passes through tho origin. 

(Delhi Hons., 1963 ; Punjab, 1950 ; Delhi Engg , 1962) 
[Ans. 4( A-’+ y2 + r2) + 1 0* - 25y- 2r=0.] 
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Ex. 4. Rind the equations of the spheres which pass through the circle 

X 2 + y2+ Z '-=], 

2jc+4>'+5z=6 

and touch the plane _ = 0. 


( Punjab , 1958 ; Kashmir, 1958) 
[Ans. x 2 +y 2 +z-—2x— \y — 5z + 5=0, 
5(A 2 +y 2 +r 2 )-2A-4>'-5z + 1 =0.) 


Ex. 5. h ind the equation of the sphere passing through the circle 

A 2 +y 2 — 6 a — 2r+ 5=0, >’=0 

and touching the plane 3>’ + 4r + 5 = 0. 

Ia2+>'2 + z 2_6a-4;--2z + 5=0 ; x-+y- + z*-6x- *i>'-2z4-5 = 0] 

(A.M I.E., Nov. 1962) 


Type III. Ex. 1. Find the equations of the tangent planes to the 
sphere x'-d-y' + z^d- 2x — 4y + 6z — 7 = 0 which intersect in the line 

6x— 3y — 23 = 0=3z + 2. 

( Delhi Hons., 1954 ; Punjab, 1963) 

Sol. Any plane through the line 6a — 3 y — 23=0 = 3z+2 is 

6A-3y — 234>.(3z + 2}=0 ...(I) 


It will touch the given sphere 

a* +y- + - 2 + 2 a - 1 y + 6z - 7 =0, 

if the porpondicul ir l'rorn tho centre ( — 1. 2. — 3) on (1) 

= ±V I 4-4 + 94-7, 





— 6—6 23+).(2-M , _ 

or 

if 


V36+9 + 9/ 2 =v* 1 ' 

or 

if 


(-7>-3 ■)-■ = , 434-9)2,(21). 

or 

if 


49;). + j)2-(2l)(9)(X*+5). 

or 

if 


7X*+70).+ 175-27)2+ 135, 

or 

if 


O 

II 

o 

T 

1 

.N 

or 

if 


2/.- — 7). — 4 = 0, or if (2>.+ l)().-4) = 0 



>.— 4, - 

i- 



When 

>.= 4,(1) gives 6 a— 3y— 234- I2z 4-8=0, 

or, 



6a— 3y+ 12z— 1 5=0, 

or 

» 


2x—y+ lz=5 



When 

>.= -§, (1) gives 6 a — 3y - 2 3 — 1 (3z f 2) 

or 

► 


12 a— 6y— 46 — 3z— 2=0, 

or 

f 


12 a — 6y—3z— 48 = 0, 

or 

i 


4a— 2y — z— 16=0 



(2) and 

(3) aro tho roquired tangent planes. 




Ex. 2. Find equations of two tingent planes to tho Bphere 
+y 2 d-z 2 =9, which pass through tho lino A +>"=6, a — 2z = 3. 

(Karnatak Engg . . 1961 ) 
lAns. 2A+y— 2z='J ; a *-2y + 2z=9.) 
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to the sphere 


Ex. 3. Obtain the equations of the tangent planes to the sphere- 
x 2 +y 2 +z 2 e= 9 which can be drawn through the line 

x—5 v— 1 z— 1 

~ 2 — *= 2 ~ ~ T~ * ( Punjab , 1959 ) 

[Ana. x+2y+2z-9, 2x+.y-2r=9*] 

Ex. 4. Find the equation of the tangent plane at the point 
(a cos 0 sin 0, a sin 6 sin 0, a cos 0) 
x 2 +y 2 +z 2 =a 2 (Afor//i Bengal , 1963 > 

[Ans. x cos 0 sin 0-f>' sin 0 sin 0+r cos 0=0]' 

Ex. 5. Find the equations of the two tangent planes of the sphere 

x 2 +y-+2 2 —-ix+2y—4=0 

which are parallel to the plane 2x— y + 2z= \ ; also find the coordinates of the 
point of contact. ( Gauhati , 1963) 

[Ans. 2x— y+2r+4=0, 

2x—y+2z= 14.] 

Type IV. Ex. 1. (i) Sphere touching the coordinate planes. Find 
the equation of a sphere touching the three coordinate planes. How many 
such spheres can be drawn ? 

(ii) Sphere touching the axes. Find the equation of the sphere 
touching the three coordinate axes. How many spheres can be so 
drawn ? 


Sol. (/) Lot the requited equation of the sphere be 
x 2 4 v 2 4 z 2 + 2u x 4 2 vy 4 2 w: 4 d= 0 

V it touches the j r-plane. i e., x= 0, 
then the condition of tangencv gives 


...(D 


or. 


and 


Similarly, 


7 = ±y/u 2 +\ 2 +w 2 -d, 

v 2 +w 2 =d 
w 2 + u 2 =d 
u 2 +v 2 =d 


Adding (2), (3) and (4), we have 

1.0. .» 3</ 

/t-4v-4»v- = — 

Subtracting (2), (3) and (4) in succession from (5), we hove 

L W 2 = J. 

2 ' 2 ’ 2 


...< 2 > 

...(3> 

...(4> 

...(5> 


ifi— 


of a. 


w*= V*=H * = - j- =0 2 , say. 

11 — ±0. v=i0, »=rLo, and d=2a 2 . 

(1) gives x 2 +y 2 +z 2 ±2ax±2oy±?az±2a 2 *=0. 

There will be on infinite number of spheres depending on the value 

However, if a be given, thero will be only eight such spheres. 

(//) Let the required sphere be 

■* 2 +.V 2 +“ 2 4 2ux+2vy 4 2wz+d= 0 


...( 1 ) 
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It meets *-axis (>-=0, 2=0), where 

x 2 +2ux+d=0. 

v The sphere touches the x-axis, 

4u 2 =4d, 

or » u 2 =d. 

Similarly, *.* The sphere also touches the y and z-axis, 

v 2 =d, w 2 =d. 

u 2 =v 2 =w 2 =d=a 2 , say. 

d—a 2 

(1) gives, A: 2 -f>’ 2 + 22 ± 2 fl(x+y+ 2 )+a 2 = 0 . 

There will be an infinite number of such spheres depending on the 
value of a. 


However, if a be given, there will be only 8 such spheres. 

Ex. 2. Prove that the equation to a sphere, which lies in the octant 
OXYZ and touches the coordinate planes, is of the form 

* 2 +>' 2 +z 2-2>. (x+y+2)+2>.*=0. (Punjab B Sc., 1958 .S') 

Provo that in general two spheres can be drawn through a given point to 
touch the coordinate planes, and find for what positions of the point the spheres 
are (i) real ; (//) coincident. (Dc , hi HonS f m[) 

Ex. 3. Find the point at which the plane 3y + 4z-3l=0 touches the 
sphere x 2 +y 2 +z 2 -2x + 4y-6z= 1 1. 


( A.M.l.E. , Moy , 1955) 

[Ans. (I, 1, 7).] 

Ex. 4. Show that the plane 2x-2y+z + 12 = 0 touches tho sphere 

* 2 + .V 2 -fz2 — 2x — 4>-+2z=3, 

and find the point of contact. {Agra Engg m2) 

TAns. ( — 1,4, —2)1 

TypeV. 

Note. (0 Two spheres touch externally, if the distance between their 
centres is equal to sum of their radii. 


(/'/') Two spheres touch internally, f the distance between their centres is 
equal to the difference of their radii. 


(Hi) When the spheres touch externally, the point of contact divides the 
join of the centres internally in the ratio of the radii. 

(iv) When the spheres tonch internally , the point of contact divides the join 
of centres externally, in the ratio of the radii. 

Ex. 1. Show that the spheres 

x2 + y2 + *2 = 25, 

* 2 +y 2 +x 2 — 18x-24y— 40z+225=0 
touch and find the coordinates of their common point. 

( Punjab , 1950 S, 1962) 

Sol- The spheres are 


x 2 +y 2 +z 2 ~25 
x 2 +y 2 + z 2 —\8x—24y—40z+225 = 0 

Centro of (1) is (0, 0, 0) and its radiu B is 5. 
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Centro of ( 2 ) is (9, 1 !, 20) und its radius is 20. 
Distance between the centres = \/81 + l I4 + 4U0 

= v/b25=25. 

= sum of the radii. 


t ho spheres (I) and (2/ touch externally. The •point of contact 
divides the join of centres internally in the ratio of their radii. 


its coordinates are 

I" 5.9+20.0 5.12+20.0 5.20+20.0 1 

L 5 + 2U * 5 + 2) * 5+20 J 



Ex. 2. Show that the spheres 

**+>'2+r2 = 64 

and **+y2 + 2 2 _ \2x\-4y— 62+48=0 

touch internally, and tiud the poiu ; of contact. 

£ Ans. 


(t 


[Punjab, 1953) 



Ex. 3. Show that the spheres 

* 2 +> ,2 +-*= luo 

a id x- T>’ 2 + -2 — 24.c — 3jy -322 + 400=0 

touch externally, and tind ilie point of contact. 

£ Ans. 



SECTION IV 

PLANE OF CONTACT AND POLAR PLANE 

613. Plane of contact : Def. 

if tangent planes are drawn to a sphere from an external point, 
then the locus of their points of contact is called the plane of contact. 

614. To find the equation of the plane of contact of 
tangent planes drawn through the point (x lt y lt z ( ) to the 
sphere x* 1 -+y--+ z 2 + 2ux + 2vy+ 2wz+ d=0. 

Let (x lt y u z x ) be a point external to the sphere 
X* +y* +- z- + 2 ux -+ 2 vy +- 2 wz + d— 0 . 

Let {x' t y', z') be the point of contact of a tangent plane to the 
sphere which passes through the point (*„ y x , z,), 

The equation of the tangent plane at (*', y', z') is 

xx' +yy' + zz'+u{x+x')+ v(y +y')+ w(z+z') +</=0. 

V it passes through (.v„ z,) 
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/. -VjA ■'-\-y 1 y'+z l ='+u'.x l f *') + v( yi +y')^w( Zi +z') + </=0. 
locus of (x', z') is 

+y>, +rz 1 4-w(x+.v 1 ) -f vD'+j 1 ) + h(z-}-z j ) + </=0, 
which is the equation of the plane of contact. 

6 i5‘ Polar plane of a given point with respect to a 
sphere : Def. 



If through a given point A, any transversal be drawn to meet 
a given sphere in P and Q, and if a point R is taken on this line, such 


that 


AP^AQ AR’ 


then the locus of the point R, for different positions of the trans- 
versal, is called the polar plane of A with respect to the sphere. 


6' *6. To find the equation of the polar plane of the 
point (xj, y„ z,) with respect to the sphere 

x 2 + y 2 + z 2 + 2 ux-f 2 vy+ 2 wz + d = o. 

Let the point A be (x,,y lt z,). 


Equations of any line through A arc 

*-*i _ y-y, _ . 

/ m n 


say. 


Let this line meet the given sphere in points P and Q. 

Any point on this line is (x^/r, v x +mr, z x -\-nr). 

If it lies on the given sphere, then 

( a:, -f !r) 1 -f- (y , + wrf -f (z, + nr ) 2 -f 2u{x x + Ir) + 2 v(y , -f mr ) 

+2 wiZi+nr)^ </= 0 

r 2 f2r[/(w4-x 1 ) + m(v-f y,)+«(H’-f-z 1 )] 

+ (V+J’i 2 +Zi 2 + 2wx,-f 2vy,-f 2 h-Zj + </)=0. 
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It is a quadratic equation in r and, therefore, has two roots 
which correspond to AP and AQ. 

AP-FAQ=-2[/(m+a: 1 )+/m(v+^ 1 )+/i(w+ 2 1 )] 
and AP.AQ=x, 2 +>’j 2 -f-r 1 2 + 2M* 1 + 2v>' 1 + 2w’z 1 -f</. 


Let R(A, [x, v) be a point on APQ such that 


Now, 


• • 


Also, 


I 


AP 

2 


+ 


1 


AQ AR 


1 


L 1 _ AP+AQ 
AR AQ AQ AP.AQ 

-2[l(u+Xi)-\-m(v+y x ) + n(w 4- z,)] 


AR = 


-V +y x z 2 ux x -f 2 +2 wz x +d 

— {xf + v f+zf A-2ux x -\-2vy x -f 2wz, 4-d) 
l(u -p x x ) -p m( v + y x ) + n( w + z x ) 


...( 1 ) 


Hu^Z! = ^i = AR 




w 


V — Z 

n 


A-.v,=/.AR, 
(x — Vj=m.AR 


and v— z, = n.AR •••(2) 

Eliminating /, m, n between (1) and (2), we have 

(A— XjKxi + u) + (jx-^Kv +y,) -I- (v— r,)(z, + w) 

= - (^, 2 -4-J'i a + t 2ux, + 2 vv, + 2wzj + d), 


or, ^Jfi+Jxi'x+vZj + wA + vii+wv 

= V • + y* + - i a + t,x i + w + M -i - (*■ i 2 +y* + z * + 2ux i 

+2vy x +2wz x +d) 


= -(MXi+»7 t + wZi-f-rf), 

or, lx x -f WY P vz r + u (A ■ + x x ) + v(fx + y x ) + w(v + z,) + </= 0 

locus of R (A, (x, v) is 

xx l + yyi+**i-i'«(*+Xi) + v(y + y 1 )+w(z-i-*i)+d=o, 

which is the required equation of the polar plane of A with respect to 
the given sphere. 

Note. The equation of the polar plane of (x x , y x , z x ) with respect to a 
sphere is of the same form as the equation of the tangent plane at (x lt y x , ri). 

Cor. Case of standard sphere. 

The equation of the polar plane of the point (x l9 y x , z,) with 
respect to the sphere x 2 + y* + z* = a* is 

**i+yyi+ zz i^ a *- 
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6 x7. Pole of a plane with respect to a sphere : Def. 

The point, of which the given plane is the polar plane with 

respect to the given sphere, is called the pole of the Diane with respect 
to the sphere 

6 18. Conjugate points : Def. 

Two points are said to be conjugate with respect to the sphere, if 
the polar plane of one passes through the other. 

619. Conjugate planes : Def. 

Two planes are said to be conjugate when the pole of one lies 
on the other. 

6 20. Polar lines : Def. 

Two lines are said to be polar lines with respect to a sphere when 
the polar plane of every point of one passes through the other. 

EXAMPLES VI (D) 

Ex. 1. Reciprocal property. 

Prove that if the polar plane of P with respect to a sphere passes 
through Q. then the polar plane of Q will pass through P. 

Sol. Let tho sphere be 

x 2 +y 2 + z- + 2ux-\-2vy + 2svz + d *=0 .. (jj 

Let P and Q be the points 

(* 1 > )’u * 1 ) and ( x 2 , y 2 , z 2 ). 

Tho polar plane of P with respect to (1) is 

XXi+yyx + zZi + uix+xJ + viy+yJ+wiz+zii+d^G 

V it passes through Q, 

••• x % x i+y2yi+ z 2Zi+it(x 2 +x 1 )-\-v(y 2 +x l ) + w(z%-\-z 1 )+(]—0 ..(2) 

Tho polar plune of Q with respect to (1) is 

xx 2 +yy 2 +zz 2 + u(x + x 2 ) + v(y+y 2 ) + H-(z+r a ) +</-= 0. 

It passes through P in view of ^2>. 

Hence the proposition. 

Ex. 2. Provo that the distancesjof two points from the centre of a sphere 
are proportional to the distances of each from the polar plane of the olhor. 

Ex. 3. Show that the polar line of 
with respect to tho sphere 

x2+y2 +z2= | 

is the lino 

x 7y+3 2-7 z 

-I 11 “ “5 


( Kashmir , 1959) 
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SECTION V 

ANGLE OF INTERSECTION OF SPHERES. 
ORTHOGONAL SPHERES 

6*21. Angle of intersection of two spheres : Def. 

The angle of intersection of two spheres is the angle between the 
tangent planes to them at a common point of intersection. 

Note. Since the radii to a common point are perpendicular to the tangent 
panes at that point, therefore the angle of intersection of the spheres is equal to 
the angle between their radii to the common point. 

6 2*. Orthogonal spheres : Def. 

If the angle of intersection of two spheres is a right angle, then 
the spheres are said to be orthogonal or said to cut orthogonally. 

6 23. To find the condition that the spheres 

X " + y *+ Z 2 + 2U|X + 2V x y -f- 2W, z -j- d x = o 

and x 2 4- y - -f *" -f 211.x + 2v 2 y + 2 w a z -f d. = o 

intersect orthogonally. 

The given spheres are 

*HyHz s +2w 1 A+2v 1 y+2w- 1 z+</,=0 ,..(1) 

and * 2 + >*-f z 2 4 - 2u 2 x -f 2 v^r -f 2 h» £ z + </ e = 0 ...(2) 

Let Cj and C 2 be their centres and P be a common point of 
intersection. 

(1) and (2) are orthogonal, 

ClC; 2 =CjP ! + C.P i , 

or (Wl— M 2 )H(v 1 -v a ) 2 +(H' I -w 4 )*=(i/ 1 2-f-v 1 2+iv 1 *-J 1 ) 

or . +(**!*+ d t ), 

.. . . . *( U l»l+V I V | + W 1 W t ) = d 1 +d f , 

which is the required condition. 

EXAMPLES VI (E) 

Type I. Ex. 1 . Prove that the spheres 

x2 + y 2 +x2+6y+2z+8=0 

nnd * 2 +y 2 +* 2 +6x + 8y+4z + 20=0 

are orthogonal. 

Sol ( Punjab , 1957 ; Punjab. B.Sc., 1959 S> 

Here u^O, v,~3. h 1= 1 and *,=8. 

"2 = 3, v 2 = 4, vv. = 2 and d 2 = 20. 

Now, 2(Mjw 2 -f vjVj-f k , 1 w 2 )=2(0+ 12+2)=28. 
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Also, d\-\-d 2=8-h20 — 28. 

2(w 1 « 2 +v 1 v 2 +m' 1 m’ 2 )=^i + d 2 . 
by Art, 6*23, the given spheres intersect orthogonally. 

Ex. 2. Prove that a sphere which cuts the two spheres S=Q, S'= 0 
orthogonally will also cut lS+mS '= 0 orthogonally. ( Gauhati , I960) 

Ex. 3. Show that every sphere through the circle 

x 2 +y 2 —2ax+r 2 =0, z = 0 
cuts orthogonally every ephero through ths circle 

x 2 +z 2 =r 2 ,y=0. 


Type II. Ex. 1. Find the equation of a sphere which touches the 
plane 3x-f2y — z+2=0 at (1, — 2, 1) 

and cuts orthogonally the sphere 

x 2 + y 2 + z 2 — 4x+oy + 4 = 0 

( Karnatak Engg. y 1961 ; Punjab, 1959) 


Sol. ••• the required sphere touches the given plane at (1, —2, 1), 


the centre of the required sphere lies on the normal to the given 
plane through the point (I, —2, 1). Equations of the normal to the given plane 
through (1, —2, I) are 


x— 1 y+2 z—\ 

1 2 " -I 


= r, say. 


coordinates of tho centre of the required sphere can be written aa 

(l+3r, — 2 + 2r, 1 — r), and 
the radius of tho required sphere is r\/ 14. 


or, 

or, 

or. 


the required sphere intersects tho sphere 

x 2 +y--\-z 2 — 4x -b Gy + -1 = 0 orthogonally, 
(distance between their centros)- 

= tho sum of the squares of their radii, 
(3r-M— 2) 2 +(2r-2+3)2+(-r+l— 0)2»14 i- 2 + 9, 
(3r— l)2 + (2r+l)2 + (r— l)*=14r*+9, 

3 

r ~ 2 ' 

Centro of tho required sphere is 

(- 4 -.-. 4 ) 


and itH radius 


3 / — 
2~V H 


nr. 


its equation is 

( Jf + -y) 2 +(>'+5) 2 + (z- =~. 

x 2 -\-y 2 -\- z 2 +7x+ lOv— 5z+ 12=0. 
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Ex. 2. 
the spheres 


Fmd the equation of the sphere which cuts orthogonally each of 


X 2 +y 2 +Z 2 =a 2 +b 2 + C 2 , 
x*+y 2 +z*+2ax=a*, 
x 2 +y 2 +z 2 +2by=b 2 , 
x*+y 2 +z 2 +2cz=c 2 . 

[ Ads. xHy , + „ + i!±£L x+ j!+n • , + *±£ J 

SECTION VI 

POWER OF A POINT WITH RESPECT TO A SPHERE. 

RADICAL PLANE. RADICAL LINE. RADICAL CENTRE. 

COAXAL SPHERES 

6 a*. To show that if any secant through a point A 
meets a given sphere in P and Q, then AP. AQ, is constant. 

Proof. Let the sphere be 

**+.V 2 + 2 2 + 2 i/.*f 2vy + 2wz+d=0 ...( 1 ) 

Let the point A be (x lt y, t Zl ). 



Let a line through A meet (1) in P and Q. 

Equations of the line APQ are 

x—x x _ y—y\ _ z— Zj 
1 ' rn ~ ,r ~ r » 

say, where /, nj, n, are the actual direction cosines. 

Any point on this line is (x x + lr, y x +mr, z x +nr ). 

If it is lies on (1), then 

(*i + trf + (y x -f mry + (z x + nrf + 2 u(x x + /r)-f 2 v(y x +mr) 

+2w(z x +nr)+d=0. 
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or r l (/ 2 +m*4*w*)+2r[/(K+x 1 ) +m(v+y,) +n(w+z x )] 

+ (x, 2 +y x 2 + Zj 2 + 2ux v + 2 vy x + 2wz x + d) =0, 
or, r 2 -f 2r[/(u -f x x ) +m{v+y x )T-n{w + z x )] 

+ (*i 2 +.V1 2 + z l 2 + 2ux l +2vy 1 + 2wz l +d)'=0. 

This is a quadratic equation in r. It has two roots AP and A Q. 
AV.AQ=x l *+y l *+z 1 2 + 2ux l +2vy l +2wz l +(l, 
which is constant as the result is independent of /, m, n. 

This proves the proposition. 

6 25. Power of a point with respect to a sphere : Def. 

If a straight line thorugh a point A meets the sphere in points 
P and Q. then the constant quantity AP.AQ is called the power of the 
point A with respect to the sphere. 

Note. The power of the point (Xj. y x . z x ) with respect to the sphere 
x*+y*+z 2 +2ux+2vy+2wz+d=0 is 

*i 2 -t-yi 2 + *t 2 + 2 ux 1 + 2vy 1 +2wz 1 +d. 

6 26. Radical plane of two spheres : Def. 

The radical plane of two spheres is the locus of a moving point 
whose powers with respect to the two spheres are equal. 

6 27. Equations of the radical plane of two spheres. 
To find the equations of the radical plane of the spheres 

x 2 +y 2 +* 2 + 2u i x 'f 2v iy -h2w,z -)-d, =0 

and x 2 + y 2 + z 2 + 2u 2 x -f 2v..y -f aw s z -f d 2 = o. 

The given spheres are 

x 2 +y 2 +z 2 + 2tt 1 A'+2v,y + 2w 1 z+</i=0 ...(1) 

and x 2 +y*+z 2 +2u z x + 2v.,x-\-2w. i z-{-cl,=0 ...(2) 

Let (A, p, v) be any point on the radical plane of (1) and (2). 
by def., the power of (A, p, v) with respect to (l) = the 
power of (A, p, v) with respect to (2), 

or, A 2 +|i*-hv 2 -f 2u,A + 2v,|x-l-2w 1 v-f-i/ 1 =A 2 4. p 2 -f v 2 -f 2 m 2 A 

+ 2 i’.,|jl K'WjV 

or, 2A(M,-« 2 )+2p(v 1 — v 2 )+2v(w 1 — w t )+d l —d..=Q. 

locus of (A, (x, v) is 

2x(ui — u 2 ) 4 - 2y(v, - v 2 ) + 2z(Wj - w 2 ) -h dj - d 2 = o, 

which is the required equation of the radical plane of (1) and (2). 
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Aid to memory. The equation of the radical plane is 
obtained by subtracting the equation of one sphere from that 
of the other, after making the coefficients of x 2 , y 2 , z 2 in each 
unity and R.H.S. of each zero. 

6 28. Properties of radical plane. 

(i) To show that the radical plane of two spheres is at 
right angles to the line joining the centres. 

Proof. Let the spheres be 

x i +y i +z t +2u x x+ < lv l y+2w J z+d l =to ..(1) 

and x*-\-y i +z i +2u % x+2v a y+2w i z+d t =0 ...(2; 

Equation of the radical plane of (1) and (2) is 

2x(u l - u 2 ) + 2 y( v, - v 2 ) -f 2z(w t - w t ) +d x - 0 ... (3) 

Direction cosines of the normal to (3) are proportional to 

W,~ W 2» Vj-Vj, — 

Also, the direction cosines of the line joining the centres (— t/ t , 
— v,, — h’i) and (— w 2 , — v 2 , — w t ) are proportional to u x — u s , v,— v st 

Wj — MFj. 

the normal to (3) is parallel to the line of centres. 

.*. the radical plane (3) is perpendicular to the line of centres. 
This proves the proposition. 

(ii) To show that the radical plane of two spheres passes 
through their points of intersection. 

Proof. Let the spheres be 

x 2 +y-+z 2 +2u l x+2v J y+2)f l z+</ i =0 ...(1) 

and .v 2 -f y~ F - 2 -F 2m 2 .y + 2 v 2 y + 2 w 2 z -f r/, = 0 ...(2) 

The equation of the radical plane of (1) and (2) is 

2.v(w , - «,) -F 2y(v, - v 2 ) -F 2r'»i' l - w 2 ) + d x — d t =0 . . .(3) 

Now, (3) is satisfied by the coordinates of the points which 
satisfy both ( 1 ) and (2). 

the points of intersection of (1) and (2) lie on (3). 

Hence the radical plane of the two spheres passes through their 
points of intersection. 

This proves the proposition. 
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6 29. Radical line of three spheres 

To prove that the radical planes of three spheres taken 
two by two, pass through a line. 

Proof. Let the three spheres be given by the equations 

Sj = 0, S 2 =0, S 3 =0. 

The radical plane of the spheres S , = 0 and S.. = 0 is 

Sj = S s -(1) 

The radical plane of the spheres S^O and S 3 — 0 is 

S, = S 3 ..(2) 

The radical plane of the spheres S 2 =0 and S 3 = 0 is 

S 2 = S 3 ...(3) 

the radical planes of the spheres S, = 0, S 2 = 0, S 3 = 0 

pass through the line Sj = S 2 =S 3 , 

This proves the proposition. 

6‘3o. Radical line : Def. 

The three radical planes of three spheres, taken in pairs, pass 
through a line called the radical line of the three spheres. 

6*31. To prove that the radical planes of four spheres, 
taken in pairs, pass through a point. 

Proof. Let S, = 0, S 2 = 0, S 3 = 9, S 4 =0 be the four spheres. 

The radical p’anes of the spheres trken in pairs arc 
S,— S,=(), S,-S 3 = 0, S 1 -S 4 =0, S 2 -S 3 = 0, S 2 -S 4 -0 
and S 3 — S, = U. 

these planes meet in a point S, = S 2 =S 2 =S 4 . 

This proves the proposition. 

6 32. Radical Centre : Def. 

The radical planes of four spheres taken two by two pass 
through one point, called the radical centre of the four spheres. 

6 33. Simplest form of the equation of two spheres. 

To show that the equations of any two spheres can be 
put in the form 


and 


x 2 -f y 2 + z 2 -}-2XjX fd=o 
x 2 -! y* ^ z 2 -[- 2?ux + d = o. 
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Proof. Let the equations of the spheres be 

x 2 -\-y 2 +z- +2u x x+2v l y-\-2w x z-\-d l =0 ...(1) 

and x 2 +y 2 + z 2 +2u 2 x+2v 2 y + 2w t z+d 2 =0 ...(2) 

(i) Take the Hoe of centres as the x-axis. 

Y the centres ( — u x , — v„ — w,) and (— u 2 , — v a , — u’ t ) lie on 
the x-axis (y=0, 2=0), 

Vj=0, »Vj = 0, v„ = 0 and w’ 2 =0. 

.*. the equations of the spheres become 

x 2 +y 2 +z 2 +2u x x+d x =0 

and * 2 +T 2 4-r 2 +2w 2 .Y-K=0. ...(3) 

(ii) Take the radical plane as yz-plane. 

The equation of the radical plane is 

2x{u x —u 2 )+(d x —d 2 )=0 ...(4) 

(4) is the same as the yr-plane, i.e. t x=0, 

Y comparing coefficient of like terms, we have 

• ( u. — u 9 ) d x -d 2 
1 = 0 ’ 
or, d x -d.,= 0. 

d x = d 2 — d, say. 
equations (3) become 
x*+y-+z* + 2u x x + d=0 
and ,v s +>’ 2 + 2 * + 2m 2 v 4- d= 0. 

Hence the equations of two spheres can be put in the form 

.v j +)'H: ! +2A 1 x+(/= 0 
and .v*+y 2 + z 2 + 2A 2 x+</=0. 

6 ’ J 4 - Coaxial system of spheres : Def. 

A system of spheres such that any two of them have the same 
radical plane is called a coaxal system of spheres. 

6 . 35 . Standard equation of a coaxal system. 

T o show that x 2 + y 2 -f z ' -f 2 ^x 4- d = o, reprents a system 
of coaxal spheres, A being a parameter. 

Proof. The given equation is 

x 2 +y 2 + z 2 + 2A* + rf=0 ...(1) 

X being a parameter. 

A is variable, 

(1) represents a sj stein of sphcies. 
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Let the equations of two members of (1) be 
x 2 -t-y*+z s +2A,x+</«0 

x*+y*+z 2 +2\x + d=0. 

The equation of their radical plane is 

2(A 1 -A 2 )x=0, 
or, x=0, 

which is indepentent of A, and A 2 an ^ ,s therefore the same for every 
two spheres of the system. 

Hence, by def., 

x 5 +>> 2 + z 2 +2Ax+</=0, 

where A is variable and d is constant represents a system of coaxial 
spheres. This proves the proposition. 

Aid to memory. The equation 

x 2 + y 2 -f z 2 -f 2Ax -f d = 0 , 

where A is variable and d is constant represents a system of 
coaxal spheres. 

6‘36. Types of coaxal spheres. 

To show that the members of the coaxal system 

x 2 + y 2 4 z 2 -f 2 Ax + d = o, 

intersect one another, touch one another or do not intersect 
one another according as d o. 

Proof. Let the two members of the given system of coaxal 
spheres be 

x 2 +y 2 +z 2 +2\x+d=Q ...(1) 

and x 2 -f y 2 4 z i -\-2\ i x + d— 0 •••(2) 

They intersect where, 

2(A A 2 ) x = 0 , 

or x=0* 

Substituting x=0 in (1), we have 

y a +Z 2 + d=0, 

or, + d ...(3) 

which represents a circlein yz-plane of radius V —d. ...(4) 

Hence the spheres (1) and (2) intersect, touch, or do not 
intersect, according as the circle (3) is a real circle, a point circle, 
or an imaginary circle, 

i.e. t according as its radius is real, zero, or imaginary, 


• This id obtained on subtracting (2) from (lj # 
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i.e., according as d is negative, zero, or positive, 
i.e., according as d^O. This proves the proposition. 


6’37. Limiting points : Def. 

The limiting points of a coaxal system are the spheres of zero 
radius belonging to the system. 

6 38. To find the limitiog points of a coaxal system of 
spheres whose equation is 

x 2 + y ' 4- z 2 + 2Ax + d = o. 

Let the equation of any member of the coaxal system be 

x 2 +> ,2 +z 2 +2A.v + </=0. 

Its centre is f— A, 0, 0) and its radius is V\ z —d. 

For limiting points, radius=0. 

A 2 =r/. 

or, A =*±Vd7 

.*. the two limiting points are (± V ~d~, 0, 0). 

Note. The limiting points are real, coincident or imaginary accord : ng as d 

0, i.e., according as the the coaxal system is non-intersecting, touching or inter- 

' ecting. 

6 39. If S, = o, So — o be two spheres, to show that 
S,-f AS, = o represents a system of coaxal spheres. A being a 
parameter. 

Proof: v A is a parameter, 

Sj-FASo= 0 

represents a system of spheres. Let its two members be 

Si+A,S 2 =0 

and S 2 +A.,S,=0 ...(1) 

The equation of their radical plane is 

(1 +A 2 )(S 1 + A l S 2 )-(l + A 1 )(S 1 +A 2 S 2 )=0 j * 
or (A a -A 1 )(S 1 -S 2 )=0, 

or. S 1 -S 2 = 0. 


* Making coefficients of x-, v*, each unity, the equations (1) become 

S !+* ,S »=0 and ?L±i*S a==0 
I+Xj 1 +Xo 

The radical plane of these is 

Si±XiS, S,+X 2 S 2 

1+Xj i+x 2 

or » (I +X 2 )(8 i+X|S 2 ) — (1+Xi)(S 1 +X2S 2 )«0. 


A\v 
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this is independent of A 2 and A 2 , 

we conclude that every two members of the system have 
the same radical plane. 

Hence S 1 + AS 2 =0 represents (by def.) a system of coaxal spheres. 
This proves the proposition. 

EXAMPLES VI (Fj 

Type I. (Problems on radical r plane, radical line and radical 
centre.) 

Ex. 1. Three spheres of radii r lt r 2 , r 3 have their centres at A, B, C 
at the points ^a, 0, 0), (0, b, 0), (0, 0, c ) and r 1 , ’ + r 2 2 + r 3 - = a- + b-+ c 2 . A 
fourth sphere passes through the origin and the points A, B, G. Show that 
the radical centre of the four spheres lies on the plane ax + by-f cz = 0. 


Sol. The equations of the foar given spheres are 


(X-fl)2+y2 + z 2 = ri 2 

...(l) 

x 2 +(y-b) 2 +z 2 =r 2 2 

...(2) 

x 2 +y 2 +(z—c) 2 =r 3 2 


x : 2 +y 2 +z 2 —ax—by—cz=0 

...(4) 

Radical plane of (1 ) and (4) is 

— ax + by+cz+a 2 — r l - = 0 

...(5) 

Radical plane of (2) and (4) is 

ax— by+cz+b 2 — r 2 2 =0 

...(G) 

Radical plane of (3) and (4) is 

ax + by—cz+c 2 — r 3 *=0 



The radical centre is the point common to (5), (6) and ( 7). 
it lies on the plane 

(—ax+by+cz-\-a 2 —ri 2 ) + (ax-by+cz+b 2 —r z 2 ) + (ax+by—cz+c 2 —r 3 -) = 0, 
or, ax+by+cz + (a 2 +b 2 +c 2 )—(r l 2 +r i 2 +r i *) = 0, 

or, ax+by+cz=0, because 

a*+6*+c*=r 1 *+r a 2 +r s *. 

Ex. 2. Find the equation of the radical lino of the spheres 
x 2 +y 2 +z 2 +2x+2y+2z+2=0, x 2 +y*+z 2 +4y~0 
and x 2 +y 2 + z 2 +3x— 2y+8z+6=0. 

(Ans. x-y+z+\=0, 3x-G>+8z+G=0] 

Ex. 3. A and B are two fixed points and P movo9 so that PA«»/i.PB ; 
show that the locus of P is a sphere. Show [also that all such spheres, for 
different values of n, have a common radical plane. 

Type II. Ex. 1. Show that the spheres which cut two given 
spheres along great circles all pees through two fixed points. 

Sol. Let the two given spheres bo 

X 2 +y2 + Z 2 + 27jC + (J=0 ...(1) 

and x 2 -\-y 2 + z 2 + 2 [ LX+d~0 ...(2) 
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Let any other sphere be 

x 2 +y 2 +z 2 +2ux+2vy+2wz+c=0 —(3) 

The spheres (3) will cut sphere (1) in a great circle, if the centre of (1) 
lies on the radical plane of (I) and (3). 


or, 


...(4) 


( 5 ) 


...( 6 ) 


and 


Now, the centre of (1) is ( — 0, 0) and the radical plane of (1) and (3) is 
2ux+2vy+2wz+c— 2).x— d=0, 

.-. (3) will cut (1) in a great circle if 

— 2ttX + c-|-2x 2 -</=0, 

2X 2 —2u'/.+c—d=0 

Similarly, (3) cuts (2) in a groat circle, if 

2{i 2 — 2w i i+c-<f=0 

Solving (4) and (5), we have 

u=X-fii und c=2'/y.+d.\ 

.*. (3) becomes 

A:*+y a +r 2 +2(X4-|*)-r+2vy+2w2+2x l i+</=0 

All such spheros dearly pass through the locus given by the equations 

y= 0 , r =0 

* 2 +> 2 +z 2 + 2(X+p)x + d+2Xg=0. 
which determine two fixed points on the .t-axis. 

Ex. 2. Show that, in general, thoro are twe spheres of a coaxal system 
which touch a given plane. Find the equations to the two spheres of the system 

x 2 fy 2 +z 2 +2x*+3=o 

which touch the piano 

.v + 2y+22-h4 = 0. 

[Ans. .x 2 +>- 2 +r 2 +4;r+3=0, 2(x 2 +y2+22)_l3.r + 3 = 0.] 

Type III. Ex. 1. Find the limiting points of the system defined by 
the spheres x 2 + y : + z 3 + 4x— 2y + 2a+6=0 

and x 2 + y 2 +* 2 +2x-4y— 2z-f-6 = 0. 

Sol. The radical plane of tho givon spheres is 

2x+2>- + 4z=0, 

or, jr+y+2z=0. 

Equation of any sphero belonging to the system defined by the given spheros is 

.v 2 +y 2 +2 2 +4*— 2y+2z+6+X (*+y+2z) = 0. 

Tho centre of this sphero is 

l 4+X X— 2 2 +2X \ 

V 2 * 2 * 2 ) 

Its radius- ^ (^) a + (^r)V _ (lf^yr6 




= ^ 3> 2 4- 6X y' 2 


Now, the limiting points aro spheres of zero radius belonging to the 


ays t era 


3X 2 + GX = 0, or, 


X=0, -2. 
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(3) gives the limiting points es 

(-2, 1,-1) and (-1,2,1). 

Find the limiting points of the coaxul system of spheres deter- 
x-+y 2 +z 2 +3x—3y+6 = 0 

x- 4- y 2 + z 2 - Gy - Gz + G = 0. 

[Ans. (-2, 1,-1), (-1,2, 1).] 

Type IV. Ex. 1. Find the equation of the sphere belonging to the 
coaxal system defined by 

x 2 + y 2 + z 2 — 2ax— 2ay— 2az + 4a 2 = 0 
and x 2 + y 2 + z ! — 4ax — 4ay + 4a 2 = 0 

and which cuts the sphere 

* 2 +y 2 +* 2 +2ax — 0 orthogonally. 

Sol. The radical plane of the given spheres is 

2ax+2ay — 2az = 0, or, x +y-z = 0. 

equation of any sphere belonging to the system defined by the given 

spheres is 

x 2 +y 2 +z 2 -2ax—2oy-2az+4a 2 +\(x+y—z)=0 .. ( 1 ) 

or *2 + ^2 +z 2 + ( X — 2a)x+().— 2a)y— (x+2<J)z+4a2=0. 

This sphere cuts x 2 +y 2 + z 2 + 2a.t=»0 orthogonally if 

o(X— 2o) = 4a 2 , or if X^Ga. 

(1) gives x 2 +y 2 + z*+4ax+40y— 8az+4a-=0. 

which is the required equation. 

Ex, 2. Find tho equation of the sphoro belonging to the ooaxal system 
defined by tho spheres 

* 2 +y 2 + z 2 + 3x-3j'+2z=0, 

x 2 +y 2 + z 2 + 2x—y—z+ 10 = 0, 
and which passes through (0, 1, 2). 

[Ans. * 2 +y 2 + z- + 4x-5y + 5z-10=0.] 

Ex. 3. Find the epuations of the spheres of tho coaxal system whose 
limiting points ore ( — 1,2, 1) and (—2, 1,-1) und which touches the plane 

2jc+3y + 6z+7 = 0. 

[Ans. x 2 +y 2 +z 2 +4x-2y.f2z+6=0, 

5(x 2 +y 2 + z 2 ) - 568* - 598y - 1 1 6Gz +30 = 0. ] 

MISCELLANEOUS (REVISION) EXAMPLES ON CHAPTER VI 

1. If the axes are rectangular, show that the locus of the centre of 
a circle of radius a which always intersects them is 

x V a*— y a -z 2 + y V a 2 -* 2 — x2+*a/» 2 — * 2 — y 2 =a-. 

(Raj., 1952) 

Sol. Lot P (a, 3, y) be the centre of a circle of radius a which intersects 
the uxes in A, B und C respectively. 


Ez. 2. 
mined by 

and 
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or 

or. 


Lot OA be /, OB be in und OC be n. 

coordinates of A, B, C are respectively (/, o, o ), ( o , m, o) and [o, o, n ) 
Now, PA=PB=PC=fl, 

I»A2=PB2=PC2=a2 

(/— «)2 + 02+Y 2 =“ 2 +("l— |i)2+Y 2 =* 2 +P 2 +(«-Y) 2 =(fl 2 )- 

+ *■ + £, n =Vfl 2 -* 2 -& 2 +Y ...(I)- 

The equation of the plane of this circle is 


J-+JL+S— i. 

/ m /i 


the centre lies on it, 


/ m n 


From (1) and (2), on eliminating I. m, n, wo have 

* .3 , Y 


...( 2 > 


+ 


+ 


v/a 2 -3 2 -Y 2 +* \/a 2 -Y 2 -« a + P v /fl2_ a 8_pa 4 - y 

On rationalising, we have 


= 1 . 


a\/ a 2 — p* — y-' - * 2 + 3 - Y- ~ » * - fJ 2 + Y \ « 2 ~ « 2 ~ P 2 - Y 2 

= a 2_ (a 2 + R2 + Y 2), 


or, 


a \ ' a- - 3 2 _ y 2 -f 3 V a* - y 2 - » - + Y V^ 2 - * 2 ~ P* ; = a 2 

locus of (a, p, y) is 


.x \/ a 1 -y- - z' - +y \/ a- - z* -x - + z y/ a- - x*- y » - a* . 

2. A variable plane is parallel to the given plane 

JL + X + _L-l 

a b c 

and meets the axes in A. B, C respectively. Prove that the circle ABC Ilea 
on the cone 

b 


y* 


( Delhi Hons., 1959 ; Punjab, 1957 ; Karnatak, 1961 ; Vikram 
Engg., 1960 ; Raj., 1954 ; Banaras, 1952 ; Vikram. 1962) 


Sol. E quation of any plane parallel to the given plane is 


*-+y+±.„ k 

a b c 




The intercepts cut off from the axes by (1) are ka, kb. Are respec- 
tively. 

The equation of the sphere OABC is 

x 2 +y 2 + 2 2 — akx—bky — ckz = 0, 

or, x 2 +> ,2 +r2— k(ax+by+cz)— 0, •• (2) 

The circle ABC in question is t lie c urve of intersection of (1) and (2). 
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The locus of the circle ABC will be obtained by eliminating X between 
<1) and (2). 

the required locus of the O ABC is 

(x*+y 2 +z 2 )- (-—+*-£- +-^ (ajr+6y+cz)=0, 

or, „ (4-+-r) +ZJt (v +J r)+^ (-f + ^-)= 0 ’ 

which is a cone. 

3. P is a variable point on a given line and A, B, C are its projections 
on the axes. Show that the sphere OABC passes through a fixed circle. 

(A.M.I.E , Nov., 1959 ; Baroda, 1954 ; Kashmir, 1958) 

4. Prove that the centres of spheres which touch the lines y=mx, 
z-c ; y=-mi, z= — c, lie upon the conicoid mxy + cz(l + m 2 )«=0. 

( Delhi Hons., 1953 ; Karnatak, 1961 ; Punjab, 1955) 


Sol. Let the sphere be * 2 +y 2 + z*+2ur + 2v>'-f 2*>z + rf=0. ...(I) 

It meets y= mx, z = c ...(2) 

where x 2 +m 2 x 2 +c 2 +2nx+2vmx+2wc+d=:0, 

or, x 2 (i+m 2 )+2(u+vm)x+(c 3 +2wc+d)~0, ...(3) 

V (2) touches (1), (3) has oqual roots, the condition for which is 

{u + vm) 2 =(\+m 2 ) {c 2 +2wc+d) ...(4) 

on cancelling 4 from both the sides. 

Similarly, sinco the line y=*—mx, z=— c touohes (1), 

(m— ym) 2 *=(l+m 2 )(c 3 — 2wc+d) ...(5) 

Subtracting (5) from (4), we have 

uvm*=2wc (\+tn 2 ) ...( 6 ) 

Let the centre of (l) be (X, p, v). 

X=— u, |i=-v, v »=— w ...(7) 


Eliminating u, v, w between (G) and (7), we have 

Xiinj=— vc(l+/n 2 ). 

locus of (X, p, v) is xym+zc(l+m 2 )=0. 


Aliter. 


Let pi, p% be perpendicular distances of the centre of the sphere, viz., 
(X, [L, v) from the linos y=*mx, z = c and y=—mx, z*=* — c respectively. 


and 




• • 


Pi 2 “Pa* 


or, 

or. 


+ Y + T 

~m 2 + r [(vL+ w?)2 - (E- *”*>*] -Kv d- c) 2 - (v -C) 2 ° o. 
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or, ml.p+rv (l-f-m*)=0. 

.*. locus of ()., (x, v) is mxy+cr(l+/n 2 )=0. 

5. Two spheres of radii r t and r 2 cut orthogonally. Prove that 
the[radius of the common circle is r \r»l V ri 2 +r* 2 . 

(Delhi Hons , 1962 : Punjab 1956 ; Punjab B.Sc., 1962 ; 

Roj., 1961 ; Bihar, 1961) 


Sol. Let the common circle be j: 2 +> 4 =6-, z=0 ...(1) 

The equation of the sphere passing through this circle is 

* 2 +.V 2 +* 2 -a 2 +2A:r=0 ...(2) 

Let two such spheres be x 2 -fy 2 +z 2 — a s +2Ajr=0 ...(3> 

«nd * 2 +y2+ 2 2_ o 2 + 2A' 2 r=0 ...(4) 

*•' (3) and (4) intersect orthogonally, 

2k x k t =2a-, or, A 1 A- 2 =o 2 ...(5) 


Let r x and r B be the radii of (3) and (4) respectively, 

r 1 2 =Ar 1 *+fl 2 and r 2 *=A: 2 2 4-o 2 . 

or, ai = r j 2 r 2 2 — a~(r 1 2_ f-r 2 *)4-<J‘*» using (5). 

n ' = (,,»+'?,») • ° r > a -'W W+',‘. 

Aliter. 


Let the two spheres be Ar 2 +> ,! 4-z 2 =r| 2 

x 2 4-y 2 4-r 2 4-2i/jr4-2vy4-2»vr4-</=.0 

Let the radius of (2) be r 2 . 

r a 2 =« 2 +v 2 -f-w’2 —d 
(1) and (2) intersect orthogonally, 
rfj — r 1 s =0 

The plane of the common circle is 

(•X J 4-y 2 4-z a +2ux4-2v>'4-2KZ+d) — (x 2 4-y 2 +z 2 — r 1 : )=0, 
or > «x+vy4-H'r+r, 2 =0. ...(5), using (4) 

Let p be the length of the perpendicular from (0, 0, 0) on (5). 


..( 1 ) 

..( 2 > 

-(3) 

...(41 


/»* = ^ 4/(112 + 1 * + »»•*)= 

r^ + d 

= r l 4 /( r 2 a + r l 2 ). using (4). 
Let a be tho radius of the common circle. 


, using (3) 


•1 _ o 


a 2 «=ri 2 — p 2 =r, 2 -f — r -± =- r i“ r «“ 

'i a +'a* r i 2 + r s : 


fl=r l r ;/ \/r i 2 +r 2 2 . 
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The Cone 


SECTION I 


DEFINITION AND EQUATION OF THE GONE 
71. Cone : Def. 

A cone is a surface generated by a straight line (called th 
generator of the cone) which passes through a fixed point (called 
the vertex of the cone) and satisfies some other condition, for 
instance it may intersect a given curve (called the guiding curve) or 

touch a given surface or make a certain angle with a straight line 
through the fixed point. 

Not*. A cone whose equation is of the second degree, is called a quadric 


7'2. Homogeneous equation : Def. 

An equation f(x, y, z) = 0 is said to be homogeneous in x, y andl 
z if fix, ty, tz) = 0 for all values of t. For example 

ax 2 + by* + cz 2 + 2 fyz + ?. gZ x+2hxy=0 
is a homogeneous equation in x, y and z* 


7 3. Equation of the cone with vertex at the origin. To 
prove that the equation of a cone with vertex at the origin is 
homogeneous in x, y, x. ( Nagpur T.D.C., 1962) 


Proof. Let fix, y, z) = 0 

be the equation of the cone with vertex at the origin. 


•Let 


fix, y, z) max*+by*+cz* + 2fyz + 2 gzx+ 2 hxy~Q. 
f(tx, ty, l2)&ailx)2+biiy)2+cilz)2 + 2f(tyHtz) + 2 g(tzHtx) 

~l 2 (ax*+by* + cz2 + 2 fyz + 2 gzx + 2hxy) =0. 


+ 2 h(tx)ity) 
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(i) Let P (jc lf y v z x ) be any point on the cone. 

/(*i, y» z i)=0 

(/'/) Also, the equation of the generator OP is 

x y z 


...( 2 ) 


x i y i 


...(3) 


f • 




...(4) 


Any point on OP is {tx u ty v tz x ). 

(in) V The generator completely lies on the cone, 
the point (/x lt ty v /z,) must lie on the cone. 
f(tx v ty l% tz x ) =0 for all values of t. 

<iv) From (2) and (4), the equation /(x lt y v z,)=0 is homo- 
geneous in (x,, y v z x ) (Def. Art. 7-2). 

(v) f{x,y,z )= 0 is homogeneous in x, y, z. This proves 

the proposition. 


Aliter. 

Let ax 2 + by 2 + cz’ 4- 2 fyz 4- 2gzx 4- 2/i xy 4- 2ux 

4-2vy4-2wz4-i/=0 

represent a cone whose vertex is at the origin. 

We shall prove that u=0=>v = w=d. 

Let P(x„ y v Zj) be any point on (1). 

The equations of OP are 

x y z 


...( 1 ) 


x 


y i 


Any point on OP is (tx lt ty lt tz l ). 

Y OP is a generator of the cone, 
it lies completely on the cone. 

(1) is satisfied by the point (lx„ ty l% tz x ) for all values of t, 

X t 2 (ax 2 +by 2 + cz 2 +2fy l z l +2gz l x l +2hx l y l ) 

+2t(ux l +vy l +wz l )+d=0 must be an identity. 
axf 4- by x 2 4-cz, 2 4- 2/y,z, + 2gz l x l +2hx l y l =0 ...(2) 

MXi 4- vy, 4~ wz, = 0 ...(3) 

and d =0 •••(4) 

From (3), we see that if u, v, w are not all zero, the locus of 
(*i* }’i> z i ) will be a P^ ane * which is a contradiction, for (Xj, z ,) 
is a point on the cone (1). 

.*. U=V=H» = 0. 

By (4). d=0. 
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•*. (1) becomes ax z -\-by*+cz 2 +2fyz+2gzx+2hxy=0, which 

is homogeneous in x, y and z. 

This proves the proposition. 

7.4. Converse of the theorem given in Art. 7*3. 

To prove that every homogeneous equation in x, y, * 
represents a cone whose vertex is the origin. 

Proof. Let the homogeneons equation in x, y, z be 

f(x,y,z)= 0 ...(1) 

Let P(*„ y lt z x ) be any point on the locus of (1). 

)=0 ...( 2 ) 

Y the equation is homogeneous, 

f(tx „ ly v /z,) = 0 ,..(3> 

for all values of t. 

But {tx v ty lt tz x ) is any point on the line OP. 

every point of the line OP lies on the locus of (1), 
i.e., OP itself lies on the locus of (1). 

locus of (1) is a cone whose vertex is at the origin. (Art. 7*1) 
This proves the proposition. 

Aliter. Let the homogeneous equation in x, y, z be 

ax 2 + by 2 + rz 2 + 2 fyz + 2 gzx + 2 hxy =0 . . . ( 1 ) 

Let P(x, f Zj) be any point on the locus of (1). 

.*. ox 1 2 +hy 1 2 +cz 1 * + 2/y 1 z 1 +2gz 1 x 1 -f 2/ix,y I =0. 

Multiplying both sides by / 2 , we have 

a(rx 1 ) 2 + h(ry l ) 2 +c(/z 1 ) 2 -|- 2 /(fy 1 )(/z l ) + (2g(rz l )(rA- l ) 

+ 2//(/x 1 )(/y 1 )=0 

This shows that the point (tx lt ty t , tz x ) lies on (I). 

But these are the coordinates of any point on OP, where O is 
the origin. 

.*. OP itself lies on (1). 

•"* locus of (I) is a cone whose vertex is at the origin. 

This proves the proposition. 

Aid to memory. The general equation of a cone of 
second degree in x, y, z whose vertex is at the ^origin, is 

•* 3 + by* + cx 2 + 2fyx -f 2gzx -f ahxy = o. 
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- - if JL = .Z. = — is a generator of the cone represen. 
' 5- 1 m n 

ted by the homogeneous equation f(x, y, *)=<>» to prove that 
f(l, m, n) = o. 


Proof. Let / (x, y, z) = 0 



be the equation of cone. 


Let -r =— «= — be a generator of (1). 

Any point on this generator is (f/, tm , tn ). 

V the generator lies completely on the cone, 
the point {tl, tm, tn) lies on (1). 
f{tl, tm, tn)= 0, for all values of t. 

But the equation is homogeneous, 

.*./(/, m, n )= 0 (Def. Art. 7*2). 

This proves the proposition. 

Note. The direction cosines or direction ratios of a generator of a cone 
satisfy the equation of the cone. 


7*6. Converse of the theorem of Art. 7*5. 

To show that, if the direction cosines or direction ratios 
of a line which passes through a fixed point satisfy a homo- 
geneous equation, the line is a generator of the cone whose 
vertex is the fixed point. 

Proof. Take the fixed point as the origin. Let /, m, n be the 
direction ratios of the line. 

Let these satisfy the homogeneous equation 

/(/,. m, n)=0 -..0) 

Now, the equations of the line through the origin with direction 
ratios /, m, n are 

...( 2 ) 

/ rn n 

Eliminating /, m, n between (1) and (2), r we get / uv, y , z)=0 
which, being homogeneous, represents a cone with vertex at the origin. 

This proves the proposition. 
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EXAMPLES Vn (A) 


Type I. Ex. I. (i) A plane [-T-+ = 1 meets the coordinate 

ADC 

axes in A, B, C. Prove that the equation of the cone generated by lines 
drawn from O to meet the circle ABC is 

5 ' i (4+t') + “ (-r+v) + * 5 ' (tt+t 

( Punjab , 1951 ; Punjab B.Sc., 1962 ; Delhi Hons., 1962 ; Allahabad, 1962 ; 

Gujarat, 1956 ; Sagar B.Sc., 1962 ; Vikram, 1962) 


)-°. 


(it) Find the equations of the cone whose vertex is the origin and 
which passes through the carve given by ax 2 -|-by 2 +cx 2 =l, ax 2 +(Jy a = 2x. 


Sol. (/) The equation of the circle ABC is 
x 2 +y 2 +z 2 — ax— by— cz=0 ...(1) 


or. 


x 

T + 


+ 


= 1 


...( 2 ) 


a • b • c 

Making (1) homogeneous by the help of (2), we have 
x 2 +y 2 +z 2 -(ax+by+cz) + = °’ 


x*+y 2 +z 2 -x*-y 2 -z*-xy ( -y +-~- ) -y* (-t' + T") 

( T + T ) =0 ' 


or ’ ^(-r+-s-) + “ (-5- + -r) +v ( 

which is the required equation of the cone. 


a b 
T” + 


5 -)-- 


(//) Making the two equations of tho curve homogeneous in x, y, z, t by 
introducing proper power of anothor variable t, wo have 

ax 2 +by 2 + cz 2 = t 2 ••■(!) 

and a.x-+$y 2 = 2zt ...(2) 

Eliminating / between (1) end (2), wo have 

ax 2 +by*+cz 2 = ( ^ ) 2 , 

or 4z 2 (oA 2 -f 6y 2 +cz 2 ) = (ax 2 +Py 2 ) 2 , 

which ie the equation ol the required cone. 


Ex. 2. Find the equation to the cone whoso vertex is the origin and 
which passes through the curve of intersection of the following : 

(/) ax 2 +by 2 +cz*= l, lx+my+nz=p. 

( Punjab B.Sc., 195SS, 1960 ; Sind. 1948 ; Kashmir, 1957) 
(//) x 2 +y 2 -\-z 2 -\-2ax-\-b=0, lx+my+nz=p. 

(Karnatak Engineering, 1961) 
( Hi ) ax 2 +by* = 2z, lx + niy+nz—p. ( Punjab B.Sc., 1961S) 

[Ans. (/) p 2 {ux 2 + by 2 +cz 2 )~(lx+my + nz) 2 ; 

(//) {x 2 +y 2 + z 2 )p 2 +2apx(lx+my+nz)+b(lx+my+nz) 2 =0 ; 
(///') p(ax 2 +by 2 ) = 2z(lx+my+nz)]. 
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Ex. 3. Show that the equation to the cone whose vertex is the origin and 

( xk yk \ 

— , — \ 

Ex. 4. Find the equation to the cone whose vertex is the origin and base 
the circle x=a, y i +z i =b z . ( Punjab B.Sc., 1959S) 

Show that the section of the cone by a plane parallel to XOY plane is a 
hyperbola. ( Delhi Hons., 1954 ; Punjab, 1958S ; Raj. Engi., 1959) 

Type If. Ex. 1. Lines drawn through the point (at, P, Y). whwe 
direction ratios satisfy al 2 +bm 3 +cn 2 =0 generate the cone 

a(a— at) 2 +b(y— -0) 2 +c(x— y) 2 =0. {Bombay, 1953 ; Raj. Engi., 1957) 


Sol. Equations of the line through (a, 0, y) is 

l m n 



The direction oosines atisfy the relation n/ 2 -f 6m 2 +c/l*=0 



Eliminating /, m, n between (J) and (2), we have 

a(x— «) 2 +6(y— P) 2 -f c(z— y) 2 =0, which is the required equation. 

Ex. 2. Prove that a cone nf second degree can be found to pass through 
any five concurrent lines, no three of which are coplanar. 

Type III. Ex. 1. Show that the general equation to the cone of the 
second degree which passes through the axes is fyx + gzx +hxy=0. 

{Punjab B.Sc., 1961, Raj , 1956 ; Agra 1958 ; Kashmir. 1956 ; 

Karnatak , 1953 ; Sind (Pakistan), 1948\ 

Sol. The required cone will have origin as its vertex. The general 
equation of a cone of the second degree having vertex as origin is 

ax 2 +by'-+cz-+ 2fyz 2^rx -f 2hxy = 0 •••( • > 

It passes through x-axi*, 

direction cosines of x-axis, viz., (1. 0, 0) will satisfy (1). 

a=0. 

Similarly, as the cone passes through the y-axis and r-axis, 
we have 6=0, c=0. 

.’. (1) becomes fyz+gzx+hxy=0, which is the required equation. 

Ex. 2. Show that a cone of the second degree can bo found to pass 
through any two sets of rectangular axes through the same origin. 

( Punjab . 1958 ; Raj., 1956) 


Ex. 3. Prove that the equation of the cone through the coordinate axes 
and the lines in which the plane lx+my+nz=0 cuts the cone 

ax 2 +by 2 +cz 2 +2fyz+2gzx+2hxy=L0 is l(bn 2 +cm-—2fnm)yz 

■\-m(cl 2 +an 2 +2gnl) zx+n(am~+bl 2 — 2hlm)xy-=0. 

(Raj., 1961 ; Agra, 1963) 
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7 - 7 . Cone with given vertex and given conic for base. 
To find the equation of the cone whose vertex is (*, 3, y) an 
base the conic f(%, y) = ax 2 +-2hxy f byH 2gx fafy + c-o, z-o. 

The equations of the conic are 

ax 2 + 2 hxy+by z + ?gx+2fy + c=0, z = 0 

The equations of any line through («, P, y) are 

x— g y-P _ 

I ~ 


(i) 


( 2 ) 


m 


n 


The line meets z = 0, where 

x -a y - P 


/ 


m 


_Y 


/ „ ™ 
x=a Y > Y* 


ti ' ’ ’ ■ n 

Substituting these values of x, y in (1), we have 

_ . * \ 


a { a ~T y ) +2/l ( a “^ Y )( P n ‘ 


+ 6 




m 


+ 2g( Y )+ ’/( p --7T T ) +< “° 


...(3) 


(2) is 


Eliminating /, m, « between (2) and (3), the locus of the line 


a 






+ 2/[V 


0 . v]+ c =° 


or a {ia-*()* + m*z--txWz-'ty) + b{$z-Yy) x 

+ 2 g(az-Yx)(z-Y) + 2/(pz-Y>')(2-Y) f <*(*- Y) 2 * 0 ’ 

which is the required equation of the cone. 

EXAMPLES VII (B) 

Ex 1 Find the equation to the cone whose vertex is (a, 0, f) and 
base y 2 = 4ax, * = 0. {Kashmir, 1954 ; Raj., Engg. t 1963 Sup. ; Punjab, 1952 S) 

Sol. Equations of tho lino through (a. 0, y) is 

*-« y-fi z ~' f ...(!} 


/ 


//I 


fl 


/ n m 

This meet* z = 0, where x = a- — Y. y = Y- 
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Substituting these values in y 2 =4ax, we have 


( T ) s=4 '’ ( 


/ 


;/ 


) 


..( 2 ) 


or 

or 


Eliminating /, rn, n between (1) and (2), we have 

([3r-Y>>)2=4fl(az-XY)(z-Yh 

2 ^( p 2 - 4oa) - 2z y [£y - 2a ( a: + a )] + y 2 (yi _ 4a*) = o, 


which is the required equation of the cone. 

£*• 2. Find the equation of the cone whose vertex is the point (a, {J, y) 
and whose generating lines pass through the conic 

x 2 y 2 

~^2 + Jj = 1 , z=0. ( Baroda , 1954) 

[*”*• 4r (ar “ YJC)2 + •p-(P z -r>') 2 =^-r)*-] 

Ex. 3. The section of a cone whose vertex is P and guiding curve the 

... x 2 y 2 

e ipse — - + ~ 1 . 2 0 by the plane *=0 is a rectangular hyperbola. Show 


that the locus of P is — — h ~ — I 

a 2 ^ b 2 


(Punjab, 1954 S) 


Ex. 4. A cone has as base the circle 2 = 0 , x2+y*+2ox+26y=0 and 
pnsit-s t h rough the fixed point (0, 0, c) on the z-axis. If the section of the cone 

by the piano ZOX is a rectangular hyperbola, prove that the vertex lies on a 
fixed circle. ( Banaras . 1954 ; North Bengal Hons., 1964) 

Ex. 5. Two coues pass through the curves y = 0, z 2 =4ax ; x=0, z 2 =4by, 
and they have a common vertex; the plane z =0 meets them in two conics that 
intersect in four concyelic points. Show that the vertex lies on the surfaoe 

('T + T ') =4 t* 2 *- 1 ' 2 )- ( Karnatak , 1961 ; Agra, 1957) 

Ex. 6 . Find the equation of the cone whose vertex is the point (1, 1, 0) 
and whoso guiding curve is y=0. * 2 + 22 = 4 , (Jodhpur Engg., 1965 Sup.) 

[Ans. *2-3y2+z2-2xy+8y-4=0.] 

7 ’ 8 . Right circular cone t Def. 

A right circular cone is a surface generated by a straight line 

which p isses through a fixed point (called the vertex of the cone), 

and makes a constant angle (called the semi-vertical angle of the 

cone) with a fixed line (called the axis of the cone) through that 
fixed point. 


7 9- Standard equation. 

To find the equation of the right circular cone whose 
vertex is the origin, axis the x-axis and semi-vertical angle a. 
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Let P (A. (x, v) be any point on the cone. 



It is given that /_POZ=a. 


Draw PM pependicular to OZ. 


tan a= 


PM 

OM 


V A 2 + (i 2 * 


or A 2 -f-p. 2 =v 2 tan* a. 

locus of (A, (x, v) is x* + y 2 = z 2 tan 2 a, which is the required 
equation of the cone. 

7.10. To find the equation of the right circular cone 

x — a y — (3 z — y 

with its vertex at (a, (3, y), its axis the line — j — = — — = — — 

and its semi-vertical angle 0, ; 1, m, n being the direction 
ratios. 


Let A (a, (3, y) be the vertex of the cone. 



Let P(A, (x, v) be any point on the cone. 


• PM 2 =>OP 2 -OM 2 =>(>. 2 + n 2 + v2) — (projection of OP on OZ) 2 

= (X 2 + H 2 + V 2, - (v ) 2 .=, ) 2 + 1*2 

and OU« projection of OP on OZ=X.O-{-|x.O + v.l =v. 
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Let AP make an angle 6 with the axis AO of the cone. 
Direction ratios of AP are A— a, (x— (3, v — y. 

Direction ratios of AO are /, m , n. 

. cos Q = /(A - a) 4- m(n — ft]+ w(v - y) 

V V (A— a) a -t-([x— p) 8 -f (v-y ) 2 

.*. locus of (A, n, v) is 

(l i +m 2 -rn*)[[x-*)*+(y-p)*+(z-y)*\ cos* 9 
= [l(x—ct) + m(y - (3) -f n{z -y)]\ 

which is the required equation. 


EXAMPLES VII (C) 


Type I. Ex. 1. Find the direction cosines of the axis of the rig!it 
circular cone which passes through the iioes drawn from O with direction 
cosines proportional to (3, 6, —2), (2, 2, — 1), ( — 1, 2, 2) and prove that the 
cone also passes through the coordinate axes. (Vikram Engg., 1960 ) 

Sol. Let /, m. n be t lie direction cosines of the axis of the cone. 

Let P, Q and R be the points (3, 6, — 2), (2, 2, — • I) and (— 1, 2, 2) 
respectively. 

3 6 —2 

.•. direction cosines of OP are — » — • -=-> direction cosines of OQ 


are 


2 


2 1 12 2 
-j-. — — , and direction cosines of OR are — • 

the axis of the cone makes the eomo angle with each generator, 

21 , 6/m 2m _ 2/ 2/m m 

7 ^ 1 T 1 3~ 


J _ 2/m 
~ 3 ' 


2/i 

3 + -y =coa 


say, whcae a is the fremi- vertical angle of the cone. 
From the last two relations, wo have l=n. 
From first two relations, wo have 

6m 


I 


+ 


= 4+ 


2 m 
3 ' 


or, 


3 /+ 18/m-=7/+14mj, 


or. 


4/=4/m. 


or. 


/ = ///. 


l = m=n = 


1 

V3 


.•. direction cosines of the axis are 

_1_ J_ _1_ 

V3’ V3’ v"3 

Now, oo. 
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Let P (X, p, v) be any point on the cone. 



Draw PM perpendicular to the axis OD. 

PM 


• • 


sin a = 


OP ’ 


or, PM2 = OP2 sin 2 *, 


or. 


PM2=(>2 + I1 2 + V 2).f ( *.• 


oo. a=-L) 


.••(I) 


Now, PM 2 =»Squaie of the distance of P(X, p, v) from the line OD haying 

direction cosines , _L , . 

= [(ti-v)2 + (v_).)2 + ().-,x)2H. 


( 1 ) beeomeH 

i[(p-v) 2 +(v->.) 2 + (X-p) 2 ] = f(X2 + p2 + v2). 

locus of (X, p, v) is 

(y-z)*+(z-x)2+{x-y)*~2(x2+y*+z*). 
or, y2+z2-2yz-hz*+x2-2xz+xZ+y2-2xy=2x2+2?2+2z2, 
or, xy+yz+zx=-0. ...(2) 

This is the equation of the cone. 

The direction cosines of the axes satisfy (2). 
it passes through the axes. 


Ex. 2. Lines are drawn from O with direction— cosines proportional 
to (1, 2, 2) (2, 3, G), (3, 4, 12). Provo that the axis of the right circular cone 

through them has direction cosines — , -—y and that the semi-vertical 

ungle of the cone is cos - ! (^ 73 ^ • (Nagpur, T. D. C., 1962 ; Gujarat Engg., 1964) 

Type II- Ex. 1. Find the equation of a right circular cone whose 
vertex is the point (1, 1, 1), the axla is the line given by the equation 

*_ J — — ~~~3~ 8nd Bemi * vertic “* * n gl« !■ 30°. ( Raj. Engg., 1962) 
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Sol. The direction cosines of the axis are 

1 2 3 

“VH » ^14* -y/14 * 



Let P(X, (x, v) be any point on the cone and A be the vertex. 

Direction ratios of AP are (X— I), (p— 1), (v— 1). 

• cos T" - -<>-l)+2(tx-l)+3(v-l) 

VJ4 V l*— 0 2 -Hn— l)*+(v— !) 2 

locus of (X, p, v) is 

14*|[(x:-l)2 + (y-l)2 + ( z -l)2]-(_x+2y+3z-4)2 

or, 21 [x2+y2 +2 *_2x-2y-2z+3]^2[(-x+2y)*+(3z-4)2 

+2(-x+2y)(3z-4)I 

or 2U2+21y2 + 21 z 2-42x-42>>+63 

=2x2+8y2_8x>-+ 18z2+32-48z- 12*z+24yz+ 16x-32y, 
or, 19x2-j-13y2+3z2+8x> + l2xz-24yz-58.Y-10y+6z+31=0, 
which is the required equation of the cone. 

Ex. 2 . Find the equation of the right oircular cone whose vertex is at 

x y z 

the origin, whose axis is the line — = and which has a vertical angle 


of 60°. 


(Gujarat, I 950) 

[Ana. I9x 2 +l3y' 2 +3z 2 —24yz—l2zx—8xy=0.]; 


8 

Ex. 3. Find the equation to the right circular cone whose vertexii 
(2, —3, 5), axis line, PQ, through P making equal angles with the axes, and 
semi-vertical angle is 30°. ( Bombay , 1952 ; Raj. Engg., 1951) 

[Ans. 4{(y-z+8)2+(z-x— 3)2+(x— y— 5)2}=3{(x-2)2+(y+3)2 + ( r _5)2}} 

Ex. 4. The axis of a right cone, vertex origin O, makes equal angles with 
the coordinate axes, and the cone passes through the line drawn from O with 
direction cosines proportional to (1, —2, 2). Find the equation to the cone. 

( Baroda Engg., 1961 ; Punjab, 1960 S) 
[Ana. 4* 2 +4y2+4z2+9yz+9zx+9jcy=0.] 
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7' 1 1. Enveloping cone of the sphere : Def. 

The locus of the tangent lines to a sphere drawn from a given 
point is a cone called the enveloping cone of the sphere having the 
given point as its vertex. 

7 *2. To find the equation of the enveloping cone of 
the sphere x 2 -fy 2 -f- z 2 = a 2 with its vertex at (x,, y,, Zj) 

The equation of the sphere is x 2 +y 2 + z-=a- ...(]) 

Let the given point be A(*„ y v z 2 ). 

Let P (x, y, z) be any point on a tangent drawn from A to the 
sphere. 


or 


The coordinates of a point dividing AP in the ratio m : 1 is 
/ mx+x x my+y x mz + z L \ 

\ m+\ ’ m -h 1 * m + 1 / • 


If it lies on (1), then 


/ iwx+xA* / my+y A* (mz + zA* , 

V m+1 ) + V w+l ) 4 V m+l ) - a '* 


m 


2 U 2 +r'+r , -a 2 )+2m(xx 1 4->'T 1 + zz 1 -a 2 ) + (x l 2 +>V+-i 2 -^) 

=0 ...(2> 

AP touches (1), 


•*. (2) has equal roots, condition for which is 

4(« I +W + zz 1 -a') t =4(x'+/+z ! -a ! )(jr,'tV+2, 5 -a ! ) 

or, (»*+y«+«*-»*)(*,*+y 1 1 +« 1 '-«« ) =(» 1 + yy 1 + „ 1 - B . ) . > 

which is the required equation. 


Note 1. A useful notation. 

Let S denote the L.H.S. of the equation of the given sphere whose R H.S 
is zero, S x denote the expression S after substituting the coordinates of the given 

P f ? 1 ?! I" andTdeno,e the L.H.S. of the tangent plane at the given f aint, whose 
K.H.S. is zero. 


,he ec i ua <ion of the enveloping cone of the sphere 2=.,-' whose 

vertex is ( x lt y u z x ) is 


SS,*=T 2 , where SGx'4yH* 2 -«- S, bi^ + y^+x^-n-. 

T»[*Xl + yyi + S*|-a*]. 

Note 2. A similar result is true for general sphere also. 
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EXAMPLES VH (D) 

Ex. 1. Find enveloping cone of the sphere x 2 +y'”+* 2 +2x— 2y=2 
with its vertex at (1, 1, 1)- 

Sol. Here S=x 2 +y 2 +z*+2x~2y-2, S 1 = l + l + l+2-2-2=l 

7=x(1)+>’(«) + z(1) + 1(-«+1)-1(>'+1)-2. 
=x+y+z+x+\—y—\—2=2x+z—2. 
equation of the enveloping cone is 

(x 2 +y-+z 2 +2x—2y—2) ll)=(2x+z-2) 2 , 
or# x 2 +y 2 +r 2 +2jr— 2y— 2=4x 2 +’ 2 +4+4zx— 4z— 8x, 

or, 3.v 2 -v 2 +4zx-10x+2>>-4z+6=0. 

Ex. 2. Prove that the lines drawn from the origin so as to touch the 

sphere x 2 +y 2 +z 2 +2ux+2vy+2wz+d=>0 lie on the cone d(x*+y 2 +z % ) 

= (//*+ v> f + wz) 2 ( Punjab f I957S). 

Ex. 3. Show that the plane z = 0 cuts the enveloping cone of the 
sphere *2+><2 + z 2 = 1 which has its vertex at (2, 4, 1) in a rectangular hyperbola. 

7 x3. To find the condition that the general equation of 
the second degree may represent a cone. 

Let ax*+by-+cz*+2fyz+2gzx+2hxy+2ux+2vy +2wz+d=0 

represent a cone with vertex at (x v z x ). -(0 

Shifting the origin to (x lt y x , z x ), we have the transformed 
equation as 

a{x+x l )*+b[y+y l ?+cb+z l lP+2f[y+yi){z+z l ) 

+2g(2+2i)(x+x 1 )+2A(x+x 1 )(y-hy l )-f2n(x+x 1 ) 

+ 2 v{y -l-yj) + 2 w{z + z x ) +d= 0, 
r , ax 2 + by 2 + cz 2 + 2 fyz + 2gzx+ 2hxy 

- 4 - 2[x{ax x 4- hy x +gz x + u) + y{hx x + by x +fz x + v) 

+ z(gx, +fy l +cz x +»)\+{axf+byS+czf+2fy 1 z l 

-f 2 gz x x x + 2 hx x y x 4- 2 ux x + 2 vy x 
+2wz x +d)=0 —(2) 

v This equation is referred to vertex as the origin, 
it must be homogeneous equation, 
coefficient of x in (2) = 0, coefficient of y in (2)=0, 
coefficient ofz in (2)=0, absolute term in (2)=0. 
or ax x +hy x + gz x +u=0 ...(3) 

hx x +by x +fz x +v=0 ...(4) 

gx x +fyi + czi+w=0 ...(5) 

and ax x 2 + by? + cz 2 4- 2 fy x z x 4- 2 gz x x x 4- 2hx x y x +2ux x +2vy x 

4-2h'z 1 4-</=0 •••(6) 
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From (6), we have 

x 1 (ax l 4 hy x +gr, 4 «) 4>'i(/>.v 1 4 4/zj 4 v) 

4 Zite*i4»i4 «j4 w) 4 (wx a 4 4 h-z, 4 </) =0 

w^^vyj+wZj+^O ...(7), 


using i3), (4) and (5). 


Eliminating x lt y „ *, between (3), (4), (5) and (7), we have 
a h g 


u 


g 


u 


w 


w 


= o, which is the required con 
dition. 


Note 1. To find the vertex of the cone. 


From equations (5), {4) and (5), we have 



which gives the vertex (x v y lt z x ), provided 


a h g j 

h b f * 0 . 

g f e 1 


Note 2. If F(x, y, z) eax2-f by2 + cz 2 42fyz + 2gzx42hxy 42ux42vy 
42*vz4d = 0 represents a cone, the coordinates of its vertex satisfy the 
equations F,«=0, F v «=0, F z = 0, F ( «=0, where t is used to make F(x, y, z) 
homogeneous and is equated to unity after differenciation, 
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Making F(x, y, z) homogeneous in x, y, z, t by introducing proper 
powers of t, we have 

F ( x > >’> 0= ax * 4 by- + cz--\ 2fyz+ 2gzx+ 2hxy 

4 2uxt+2vyt+2wzt+dt 2 

Now F x =2(ax+gz+hy-\-ut), F y =2(by+fz+ hx+\t), 

F,=2(cz +fy+gx-± M7), F t = 2(ux-j- v>’4 wz+dt). 

Putting t=J t and equating to zero , we have 

ax 4- hy -f gz + u=0, hx+ by+fz+v=0, 

£ x +/>'+ cz-\-w=0, ux+ vy+wz-y d=0 . 


we see from (3), [4), (5) and (7) that the vertex (x ly y x , z,) 
satisfies the equations 

F x —0, F v = 0,F t =0,F t =0, 

where t is put equal to unity after differentiation. 


EXAMPLES VII (E) 


Ex. 1. Prove that the equation 2y- — 8yz— Izx -8xy + 6x — 4y — 2z+5 = 0 
represents a coi.c whose vertex is 



( Delhi Hons., 1950) 


Sol. Hero <7 = 0. b— 2, r=0./= — 4, g— — 2, h=—A, u= 3, v= -2, w= — I, 

d= 5. 


a 

it 

g 

u 


0 

-4 

-2 

3 

It 

b 

f 

V 


-4 

o 

-4 

_2 

g 

f 

c 

w 


-2 

-4 

0 

-1 

u 

V 

ir 

d 


3 

-2 

-1 

5 



= 4[— 4( — 1) + 4(— 10 4-3)— 2(2)J— 2[— 4(— 20 — 2) — 2( — 10 + 3) — 2(4+ 12) 
— 3[— 4(4)— 2(2) — 4(4 + 12)] 

= [ 4 — 28 — 4]— 2 [88 + 14 — 32 ]— 3[— 16 — 4 — 64 ] = 0 . 
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4J()d 


the given equation represents a cone. 

Let F(.v, y t z)=2y 2 —8yz+‘izx — Qxy + 6x~4y—2z+5=0. 

Making 1* homogeneous by introducing suitable powers of l, we have 
F(*» y, z. t) =2y- — 8yz — \zx — 8xy + 6xt— iyt— 2zi + 5/2 


F z =— 4_— 8y + 6/ 

• 

• • 

( F *) /=1 = -4z~8y+.<* 

•s. 

•t* 

1 

H 

CO 

1 

N 

CO 

1 

4> 

11 

Jh 

• 

• • 

(F v ) /=1 =4y— 8z — 8x— 4 

F z = — by— 4.* — 2t 

• • 

(F z ) /=1 = — 8y— 4x— 2 

F ( = 6x — \y- 2z+l0/ 

• 

• • 

(F|) /=J = 6x-4y-2z+10. 

• vertex is given by 



lz+Uy- 6=»0, 

4y- 

■8z— 8.r— 4=0 

-8>-4a 

-2 = 

0. 

vertex is ( 

1 

5 ^ 

\ 6 

3 ’ 

6 ) 

This sutisiios ^ & Q. 




E*. 2. Provo that the equation 

7x- + 2 y- + 2z±- 10z* + I0xy+26x-2y+2z- 17 = 0 
represents u cone whoso vertex is (1, -2, 2). ( Punjab D.Sc., 1961 ) 

Ex. 3. Prove that the equation 

2>--! + 7z-— USyz— \0zx + 2x-\ 2y + 2Gz— 17 = 0 
represents a cone with vertex at (2, 2, 1). ( Karnatak , 1959 , 

SECTION II 

A LINE AND A CONE. TANGENT PLANE. CONDITION 

OF TANGENCY 

714. To find the points of intersection of a line and a 

cone. 


Let the line be 

x-a. y—fi z- v 

/ n~ 

and the cone be 

Ax, y, z)=ax*+by- + cz* -\-2fyz + 2gzx+2hxy=z0 ...( 2 ) 

Any point on (I) is 

P + »ir, ■( \ nr). 
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It will lie on (2) if 

a(a + Ir) 2 -f ft(p + mrf + c(y + nr) 2 -f 2/( p -f mr){ y + nr) 

+ 2^(y + nr)(a + Ir) -f 2/i(a + Ir) ( p + wr) = 0. 

or, r 2 (tf/ 2 +ftm 2 -l- e« 2 -|-2/mrt-F2gn/-f 2ft//w) 

f2r[/(aa+ftp+gy) + m(fta + ftp+/y) 

+n(ga-F/P + cy)]+/(a, P. Y)=0* 


This is a quadratic equation in r corresponding to each of which 
we have a point common to (l) and (2). 

.*. every line meets a cone in two points. 


7*15. To find the tangent line and tangent plane at the 
point (a, p, y) of the cone ax 2 -Fby 2 +c2 3 -fafyz + 2gM-F 2hxy=o. 

V* ft V ft 09 .V 


Let 


*-a = y-p = 2- y 
/ m n 


be any line through the point (a, p, y) of the cone 

f(x, y , z) =ax 2 + by 2 + cz 1 + 2fyz -}- 2gzx + 2hxy=0 ...(2) 

Any point on (1) is (a +/r, p+mr, y+nr). 

It lies on (2) if 

r 2 [/(/, m, n)] + 2r[/(fla-F/.p+gy) + ;u(/ia-fftp+/y) 

+ n(g*+f£ + <"t)]+A a > P» y)=° —W 

This is a quadratic equation in r. 

(a, p, y) lies on (1), 

/(«, P, Y)-0. 

one root of (3) is zero. 

If the line (1 ^touches (2), then the other root of (3) is also zero. 
i.e., coefficient of r=0, 

i.e., /(fla + ftp+gy)+m(fta+ftp+/y)+«^«+/P+nr)=0 •••(*> 

Hence the line (1) corresponding to the set of values of /, m, n 
satisfying ( 4 ) is a tangent fine at (a, p,y) of the cone (2). 

Eliminating /, m, n between (1) and (4), we get the locus of all 
the tangent lines through (a, p, y) i.e., the equation of the tangent 
plane at (a, p, y), viz., (x-a)(fla4-ftp+gy) + 0’-p)(fta+ftp+/y) 

+ (z— Y)(2<* f/P+cy)=0, 

or, *(aa + hp + gy) + y(ha + bp + fy) -f z(ga + f p-f cy) == o. 

Cor. 1. The tangent plane at any point of the cone passes 
through its vertex. 
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Cor. 2 . The tangent plane at any point of a cone touches it at 
all points of the generator through that point, i.e., touches along a 
ganerator.* 

7'i6. A useful notation. 

a h g 

Let (1) D~ h b f = abc +2fgh — af~ ~ bg 2 ~ chr . 

g f c 

(2) A, B, C, F, G, H are the cofactors of a, b , c,f, g , h respecti- 
vely in the determinant D. 

A=bc-p, B = ca-g 2 y C =ab-h 2 ; 

T=gh-afG= hf- bg, H=fg—ch, 


7 * 7 * Condition of tangency. 

To find the condition that the plane lx + my + ni^o may 
touch the cone ax 2 -fby--fcz 2 -}-2fyz : 2gzx -f-2hxy = o. 

Let the plane lx + my+nz = 0 ( 1 ) 

touch the cone ax 2 + by 2 + cz 2 + 2fyz+2gzx + 2hxy=0 ...(2) 


at the point (a, p, y). 

The equation of the tangent plane at (a, p, y) of the cone (2) is 
a + /;p -f gy ) +y(hx + b°s f y Y ) -f- z(gx -f /P + cy) = 0 ... ( 3 ) 

Now (3) is the same as ( I). 

comparing coefficients of like terms, we have 

aa-p/jp+tfy /, a + fcp+/ Y £ a +/3 + CY 

7 = m = h = 

flx-P//p-fgy+M=0 ...( 4 ) 

•Equation of tho generator Ol*. through P(«, p, y) i« — = — = — =, r snv 


i tuo uLor or, turou^u r(y. t p, y) i« = -^—=3 __ =r 8ny 

a 3 y y - 

Any point on thia generator ia (ar, fir, y r). The tangent plane al this 

point ih 

' £ + + » f- - 0 . 

which is tho sarne as tho tungont plane at («, 3, y), .-. etc. 
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and 


Also, 


• • 


h<x -}- b$ 4-/y + Am = 0 

g a +/P+<Y+ wX =° 

(a, p, y) lies on (1), 

/a-f-mp-f /2 y=0 


...(5) 

...( 6 ) 


•••(?) 


Eliminating a, p, y. A between (4), (5), (6) and (7), we have 


a h g l 
h b f m 
g f c n 
l m n o 


= 0, which is the required condition, 


or, using the notation of Art. 7-16, we have 

— ( A/ 2 + B/n- + Cri- + 2Wmn + 2 Gnl+ 2Hlm) = 0, 
or, A/ 2 -fBm 2 -j-C/j 2 -f-2F/wj + 2Gn/-|- 2H//w=0. 


EXAMPLES VII (F) 

Ez. 1. Find the points in which the line 

*+l y — 12 z— 7 

-1 “ 5 “2 

cuts the surface llx 2 — 5y'- + z 2 «=0. [ Punjab (Pakistan), 1957] 

Sol. Any point on tho given lino is 

( — 1— r, 12 + 5r, 7+2r). 

It lies on tho cono 1 lr- — 3y 2 -f-r 3 =»0. 
ll(_l_r)2_5(12 + 5/-)-+(7+2r)2 = 0, 
or, r 2 +5r-fG=0 .*. r=— 2, —3, 

.*. points of intersection aro (1, 2, 3) ; (2, —3, 1). 

E*. 2. P, Q are tho points of intersection of the lino 

X — a p _ 2 - T 
I ~ m ~ n 

with the cone ax i -\-by 2 -\-cz 2 = 0. Show that tho sphere described on PQ as 
diameter will pass through tho vortex of the cono, if 

fl(p2 + V2) + &tv=+> .2) + C(> 2 + p 2 ) = 0, 

>=Pn— y/, ii^yl-an, v = am— p/. 


where 
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SECTION III 

CONE AND A PLANE THROUGH ITS VERTEX 
7' i 8. A notation. 

We shall use P 2 to denote 


a 

h 

i 

u 

h 

b 

f 

V > 

g 

f 

c 


u 

V 

tv 

0 


or, 


-(An 2 -fBv 2 + Ctv 2 -+-2Fi'tv+2Gwn-f-2Huv). 


7 ’ 19. To find the angle between the lines in which the 
plane ux + vyfwz=o cuts the cone 

**(*> y* 2 )= ax “-bhy 2 + cz 2 -f-2fyz-|-2gzx -|-2hxy = o. 

Let the cone be f(x, y, z) 

= ax 2 + by 2 + cz z + 2 fyz + 2 gzx f 2 hxy = 0 
and the plane be ux -f vy + wz = 0 


Let 


x 

l 


m 


z 

n 


•■( 1 ) 

...( 2 ) 

...(3) 


be the equations of a line of section. 

V (3) lies in (2), 

it is perpendicular to the normal to the plane (2) 
ul 4- vm +- wn — 0. 

Also, (3) lies on (1) # 


...(4) 


it is a generator of the cone, i.e., its direction cosines satisfy 
the equation of the cone. 


0/2 + btril + c* 2 + 2 fmn + 2 gnl + 2 him = 0 . 
Eliminating n between (4) and (5), we have 

al*+bm'+c Ul+m ' j 


...(5) 


+ 2 g /(_^) + 2A/m=0 . 
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or, al 2 w 2 -f bm 2 w 2 + c{u 2 l 2 -f v 2 m 2 -j- 2 uvlm) —2fmw{ul + vm) 

— 2 glw{ul -f vm) -f 2 hlmW 2 — 0, 

or, / 2 (aw 2 +cM a — 2guw)+2lm(cuv— fuw— gvw+hw l )+m\bw 2 

+ CV 2 -2fvw)=0. 

I 1 I 

or, - 2 - (aw 2 +cu 2 — 2guw)+2 — (cuv-fvw— gvw+hw 2 ) 


+(bw 2 +cv 2 —2fvw)=0. ...(6) 

Now, (6) is a quadratic equation in — This shows that (2) 

m 

cuts (1) in two straight lines. 

If /j, m l% n x ; / 2 , m 2 , n., be the direction cosines of the lines of 
section of (1) and (2), then — and -are the roots of (6). 


m 


m. 


• • 


IJo bw 2 + cv 2 —2fvw n A /, _ / 2 


m l m i aw 2 +cu 2 —2guw an< * m, • m 


■ + 

1 "*2 


or, 


and 




bw z cv z —2fvw 
l 1 m 2 +l i m 1 


2(cuv— fuw— gvw+hw 2 ) 
aw 2 + cu 2 — 2gu\v 

m x n » 2 


aw 2 4 - cm 2 — 2guw 

WjW 8 


— 2(euv— fuw— gvw + hw 2 ) aw 2 + cir — 2guw 


hh 


• • 




^h - 4 - cv- — 2 !/v»V AH ' 2 -f cu 2 —2guw 

/im a +/,m, 


— 2(cuv— fuw— gvw+ hw‘) 


V ( /,m a 4- /g/Wj ) 2 — 4 


V 4(cw v — fuw— gvw + hw-f —A[bw- 4- cv 2 — 2fvw){aw % + cu* — 2guw ) 

..(7) 


Now, 4(cwv— /«H'-gvw+/m ,? ) 2 

— 4(6h’ 2 — cv 2 - 2fvw){cu 2 + aw 2 - 2gwu) 

— 4[c’w 2 v 2 4- / 2 w 2 w 2 +g 2 v , w*-f /rw*—2cfu 2 vw 
—2cguv-w + 2chuvw 2 + 2 fguvw 2 — 2/huw 3 

— 2 gh nv 3 — bcu 2 w 2 — abw* 4- 2bguw 3 — c -u 2 v 2 

— ca v 2 u' 2 4- 2 c gu v*»v -f 2 cfu 2 vw -f 2 afvw* — A fguvw 2 )). 

= Aw 2 [f 2 u'+g 2 v 2 +h 2 w 2 +2chuv+2fguv—2 fhuw 
—2ghvw—bcu 2 —abw 2 +2bguw — cav 2 +2afvw—Afguv] 

— 4>v 2 [u 2 ( f % — be) + v 2 (g : —ac)\ w 2 (h 2 —ab) 

+ 2uv(ch — fg) 4 2 v w[af—gh) 4- 2wu[bg—h f )] 
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= — 4w 2 [u 2 (6c — / 2 )-f- v-(ca — g 2 ) + \v 2 (ab~h'’) 
+2v\v(gh—af)+2wu(hf -bg)-2uv(fg-ch)] 

= — 4»v ? [Aw-+ BrH C\v~ + 2Ft iv +2Gwu + 2Hi/v] 

= 4»v- P 2 (Art. 7-18). 

(7) becomes 

l\l 2 m,m.. 


or, 


bw* + cv- — 2 / v»v cm* +tf»v 2 — 2gmv 

V. 




/h,wi 2 


±2u-P 


bw-+cv 1 -2fv\v cu*+aiv*—2guw av 2 +hu 2 -2huv * 
(from symmetry.) 


/j/w 2 — / s w, m,w 2 — w 2 «| m,/ 2 — ;i7, 

±2u’P ~ ^-2r/P ±2»P“ 

(from symmetry). 

• • ^1 *2 


.••( 8 ), 






bW i -\-cv- — 2fvw cu *-• aW- — 2gu\v av' 1 bu 2 — 2huV 


each = 


/,/ ? 4 


(6 + c)w- -{ (c+ o)v* + (rt+ 6) h'“ - 2/ nr - 2$im» - 2/niv ’ 

...(9) 

Also, from (8). 


each = + (; i ,/ 2 //,/ ,)'- 4 / a m,) J 

±V / 4P j (mHv'- + W'-) 

from (9) and (10 , we have 

(A -f c)w*+ (ci r/j» - -t- (a-H>)w 2 — 2 /v»v — 2g mv — 2/jm> 

\Z2(»;,/i a - / h 8 h,)- 

±21* V W “-f v 2 -f H' 2 

Let (? be the angle between the lines. 

. cos Q 

(a -t 6 ± c ) m 2 — ( «w 2 ± 6 v 2 + civ- E 2/ v»v + 2guw-\-2huv 

sin 0 


...(10) 


±2** v/ K 2 + + M’ 2 


or 


cos 0 

(a -\' b-\-c)u £ —f(u, v.w) 

tan 0 = 


sin 0 




± 2P V U" -f V- + W" 

(a f b | c)u 2 — f(u, v, w) 


Hence 
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Cor. i. Condition of tangency of a plane and a cone. 

To find the condition that the plane ux-f- vy-f- wz=o may 
touch the cone ax-'+by 2 -Fcz 2 +2fyz-F2gzx-f- 2 hxy = o. 

The plane ux-\-vy-\-ivz = 0 touches the given cone if the angle 
between the lines of section is zero, i.e., if 

0 = 0, or tan 0=0, 

or p=o, or, Aw 2 + Bv 2 H-Cw 8 -t-2Fvw’+2GwH’+2Huv=0, 
which is the required condition. 


Cor. 2. Condition of perpendicularity. To find the 
condition that the lines in which the plane ux+vy-}-wz=o 
cuts the cone ax 2 + by 2 -f cz 2 -f 2 fyz -f 2 gzx-}- 2 hxy = o may be 
perpendicular. 

Let 0 be the angle between the lines. 


or. 


they are perpendicular, 

0=90°, or; tan 0 = co, 
± 2P(u 2 + V 3 -t- w- 2 ) 1 '2 


{a-t-b + c)(u--j- v*-(- it» 2 ) — /(w, v, H’) 
or » (a + btcjlu'+v^w^-^u, v, w) = o, 

which is the required condition. 


= oo 


7 20. Reciprocal cones : Def. 

Two cones are said to be reciprocal if they are such that each is 
the locus of the normals drawn through the origin to the tangent 
plane to the other. 


7'2i. To find the equation ol the cone which is reci- 
procal to the cone ax'-'-j- by 2 4- cz 2 -f-afyz-f- 2gzx-f- shxy = o 

The equation of the cone is 

ax- -|- by 2 + cr 2 + 2/ yz- f- 2gzx -f 2//.vy= 0 

From Art. 7T 9, Cor. 1, the plane 

UX + v>’ -F H’Z = 0 

touches (1) if 

Au 2 +Bv 2 -+ Ch’ 2 T 2Fv»v + 2Gmv-F2Huv’=0 

The direction cosines of the normal to the tangent plane (2) are 
proportional to u, v, w. 


••( 1 ) 

-( 2 ) 

...(3) 
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equations of the normal through (0, 0. 0) are 

JL = y_=.L 

u v tv 



Eliminating u, v, w between (3) and (4), the locus of the 
normals is 

Ax 2 + By a -f Cz 2 +2Fyz + 2Gzx-f 2Hxy = o, 
which is the required equation of the reciprocal cone of (I). 

Note. Let us start with the equation. 

Ax 2 + By 2 -f Cz 2 -f- 2Fyz + 2Gz.y -+2Hxy=0 ...(/) 

of the cone. The condition that the plane 

ux-\-vy + wz=0 ...{2) 

touches the cone (/) is 

A'u - -f B' v 2 + C'ti’ 2 + 2F‘ vvv 4 2G wu -\-2H'uv—0 
where A = BC - F 2 = (ca - g 2 )<ab -// 2 ) - (gh - of f 

=a(abc -f 2fgh — af 2 ~/g' 2 — clr) 

= aD, B' = />D, C' = cD, and 
F' = GH— AF = (hf- bg){ fg - ch) — (be - f 2 ) (gh - a[ ) 

= ( f l gh — cfh 2 — bfg 2 + begh - begh + abef +f 2 gli—of 3 . 

= 2f i gh - cfh- - bfg- + abef - of 3 
=f(abc +- 2fgli - af 2 - bg- - clr ; =/D, 

G'^g D and H' = It D. 

(3) becomes au 2 +bv-+cw*-\-2fvw+2gwu + 2huv=0. 

7 his shows that the normal at the vertex to the tangent plane (2) 

x y z 

v,z ‘t — = — = — generates the cone 

U V w 

ax 2 +by 2 -\ cz i -\-2fyz+2gzx-\- 2hxy — Q .. (4> 

which is the original cone f(x , y , z) = 0. 

Hence ( 1 ) and (4) are reciprocal cones. 

7 22. Three mutually perpendicular generators. 

To show that (i) the condition that the cone 
ax 2 4 -by z 4 -cz 2 4 2fyz4-agzx42hxy =-o 

has three mutually perpendicular generators is a 4 b k = o. 

(Bihar, 1961) 
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and (ii) when this condition is statisfied, the cone possesses 
an infinite number of sets of three mutually perpendicular 
generators. 

Proof 

, . r .Y y z 

' 0 Let “ ~ — — •••(!) be a generator of the cone 

/(-v, y, z ) = ax 2 +by i -\-cz-+2fyz-i- 2gzx -f 2hxy = 0 ...(2) 

/(«. w)=au~-\-bv 2 -\-cw 2 +2fvw+2gwu-\-2huv'=0 ...( 3 ) 

(Art. 7*5) 

The equation of the plane through (0, 0, Oj perpendicular to 

(1) is wx+vy + wzs -0 

If (4) cuts (2) in two perpendicular generators, then 

(<i+ft+c)(M 2 +v® + w 2 )-/(M, v, h»)= 0 [Art. 7*19, cor. 2] 
or » c)(« 2 -|- v*-Fiv 2 )— 0, using (3) 

a4 b + c=o (Y ir -f v 2 -f u ,2 ^:0), which is the required 
condition that (2) has three mutually perpendicular generators., viz., 

the generator (1) and the two perpendicular lines of section of (2) 

and (4). 

*■* - = -^- is any arbitrary generator, 

we find that if a-\ b + c=0, then the plane through the 
vertex (0, 0, (0) perpendicular to any generator of the cone cuts it in 
two other perpendicular generators. These two generators will them- 
selves be perpendicular to the first generator. 

if a + b + c=Q, the cone has an infinite number of sets of 
three mutually perpendicular generators. This proves the proposition. 


EXAMPLES VII (G) 


Type I Ex. t. Find the equations to the lines in which the plane 

2x+y — z = 3 cuts the cone 4x- — y- + 3z'- = 0. 

( Kamatak Engg 1961 ; Pakistan , 1958 S) 


Sol. The plane is 2x +y— r = 0 ...(1 ) and the cone is 

4*2_y2+3r2-0 




Let 


-~= y_ = j_ 

I m n 


be q line of section of (I) and (2). 
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or, 

or. 


2/+m-/i=0 ...(3) and 4/ 2 — w 2 +3/i 2 =0 

Eliminating n between (3) aod (4), we have 

4/ 2 — m 2 +3(2/+™)-=0, 
16/ 2 +2m 2 +12/w=0, 
8/ 2 +6m/+m 2 =0. 


...(4; 


i_ — Gwiv 36m 2 — 32m 2 — 6/wi2m 

16 = nr 


m m 

1 V~T 

Now 4/ + m = 0 
From (3), 21+ni— n=0. 

I _ m _ n 

’-I T r 


2/+w=0 

From (3) 2/+w— /i = 0 
• / _ m _ n 

~rrr r _ Tr 


/. direction cosines of the lines of section of (1) and (2) are propor- 
tional to — 1, 4, 2 and —1, 2, 0. 


equations of the lines of section are 
x y 2 AT 

-=r- =- and — 


y z 

2 U * 


Ex. 2. Find the equations to the lines in which the plane 3.rH 4y-\-: = 0 
cuts the cone I5x 2 -32>> 2 — 7z 2 =0. 


r._. X _ y _ Z . x _ y _ r “] 

^8.-3 2 1 ’ 2 ~ ZT ‘ J 


Type II. Ex. I. Find the angles between the lines of section of 
the plane 3x + y + 5z = 0 and the cone 6yz — 2zx+5xy = 0. 

( Delhi Hons., 1953 ; Pakistan, 1957) 


Sol. The plane is 3x+y+5z=0 ..•(!) and the cone is 



Gyz—2zx + 5xy=0 

...(2) 


Let the equations of a line of section bo 



x y _ 2 

1 m n 

...(3) 


(3) lies in (1), 3/+//l+5/l=0 

...(0 


(3) lies on (2), Gm/i— 2/i/+5/m“0. 

Eliminating n between (3) and (4), wo have 

...(5) 


Gm( - 31 -” 1 \ 21 l ~ V ~ m \ +5/m=0 


or > 

G/ 2 + 9///I — 6/n 2 = 0, 


or, 

2/2+3//H — 2//i 2 =0 



. i 3m-^z\/9m-+ IGw 3 — 3™±5™ 

* ' ' 4 4 



.*. /=2'L f __2 m. 

% 
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Now 2/— 771=0 
From (3), 3/-f m-f 5n=0 
J w n 

-5“-10 = T 


-or 


/ 


m 


ti 


-1 —2 


1 


/+2m=0 

From (3), 3/+w+5n=0 
. I m n 
" 10 “— 5“— 5 


or 


/ m 

T = - 1 


n 

T 


— 1j - 


. . the direction consines of the lines of section are proportional to 
2, 1 and 2, —1, 1. 


Let 0 bo the angle between them. 

... eoaeJ- - 1 )* 2 )^— 2) (-1 )+(D(l) 


0 


■v/12^22+12 v' 2 2 +12+12 
=cos-i(-A-) . 


1_ 

6 


Ex. 2. Find the angles between the lines of section of the following 
planes and cones : 


O') 6x—\0y—7z-0, 1 08x 2 — 20 y 2 _ 7z 2 = 0. 
(//) -t-f 3>>— 2r=0, x2+9^2_4 2 2 = o. 

(m) x-3y+z=0, x*-5y2+z*-0. 


{Allahabad, 1952 ) 


{Calcutta, 1960) 

£ Ans. (/) cos-i (//) c08-1 ( ) . («0 cos-l(5/6'. J 

Ez. 3. Find the equation of the cone whose vertical angle is 90°, which 
has its vertex at (0, 0, 0) and its axis along the line *=— 2 y=z and show that 
the plane r=0 cuts the cone in two lines inclined at an angle cos~l J. 

{A.M.I.E, Nov., 1958 ; Raj. Ertgg. 1955) 
[Ans. x*+lyZ+z*+8yz— 16 z *+8 x .>’=0.] 

Type m. Ex. 1. Prove that the plane ax+by-fcz=0 cats Jthe cone 
yz+zx+xy = 0 in perpendicular lines 

(Delhi Hons., 1955, 1959 ; A.M.I.E, 1959 ; Kamatak Eugg. 1961 ; 

Punjab B.Sc., 1961 S ; Pakistan, 1955S ; Agra, 1953 , 1962 ; 

Punjab, 19S4S ; Aligarh, 1962). 

...( 1 ) 


Sol. Let = -£ 

/ m n 


bo a line of section of the plane 

ax+by+cz=0 
and the cone yz+zx+xy=0. 

(1 ) lies in (2), 

al+bm+cn=i0 
(1) lies on (3), 

mn+nl+lm=x 0 


...( 2 ) 

...(3) 

..(4) 

«.( 5 ) 
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Eliminating // between (4) and ( j), we hav 

(l+m){al+bni) — chn= 0, 

al-+(a+b—c)l»i+bm-=Q, 

+ < a+b-s ) -L + b =0. 

Let its roots be — — 2 

/Wi ’ /;; 2 * 


Similarly, 


/l/g 

///^2 ~~~ a ' 

mint* c 

fi\n 2 = T' * 


/l/2 ttitl* 

7^T == ~ t — = 'Tr“ = >» 9uy. 


/1/2 + //ii/// 2 +//iWg = \(bc+ca +ab). 

. the lines of section ore porpondicular, 

## bc+ca + ab = 0, 


V + T + T“°- 


Aliter. 


pendicuuTnMrthca' 9 ’ °° r ' *’ if 8 ‘ V<> " P '“ n ° CU ‘ 8 ‘ h ° giv6u c 


cone in per* 


bc+ca+ab= 0, r<<i+A+c)(i/* + ,-2 + ,,-2) ,• ,,) = 0j 


f+t+t =0 - 


Aliter. 


*4 v 2 %t ZX+X ?~° “* Ul ° ° quQtio, ‘ ,,f *» cone in which the coefficients of 
» ft* u re each zero. 


sum of the coefficients of v-, y 2, 2 * is zero. 

(Art. 7-22) * l a a 00,10 W,HCfl ,m9 thr0 ° mutually perpendicular genera ton 

s: cul> cono in mu,,mny p " , ’™' ii 


x ^_y _£ 

a b ~ c 


will lie on the cone. 


bc+ca+ab*= 0. 


a + b + T“°- 
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Ex. 2. Show that the angle between tho lines given by 

x+y+z= 0, 
oyz +bzx+ cxy = 0 

i8 if a+6+c=0, 

, . ^ 1 1 1 A 

but T ,f IT +T+— “°- 

(Delhi Hons., 1955 ; Kashmir , 1951 ; Raj. Engg.\ 195S ; Vikram, 1962 ; Sagar, 1962 ) 


Type IV. Ex. 1. Prove that the cones 

ax 2 -f by 2 + cz- = 0 

and -~-f — «0. 

a b e 

are reciprocal. (Baroda, 1953 ; Delhi Hons., 1957 ; Punjab B.Sc., 1962S > 

Sol. Here, a=a, b=b. c=c,f= 0, g=0, Ii= 0. 

- 1 . A = bc—f 2 =bc, ¥—gh—af=0 

B =--ca-g- = ca, G = hf-bg=0 

C=ab—h 2 = ab ; H=fg-ch=0. 

equation of the cone reciprocal to the cone 

O.V 2 -t-A> i2 +C2 2 = 0 


• 

18 

bcx i +cay-+ab: 


x 2 v 2 r 2 

or, 


Aliter. 



The plane //.v + vv + ht= 0 
is a tangent plane at the origin to the cone 



ax 

2 + by- 4 - c: 

2 = 0 



if 


a 

0 

0 

14 





n 

b 

0 

V 

=0, 




0 

0 

c 

»»• 





u 

V 

»r 

0 





h 

0 

V 


0 b 

c 

or if 

a 

0 

c 

n* 

-W 

0 0 

C 



V 

\v 

0 


II II 

W 

or if 



bcu 2 + cav‘ + ab\r 

2 = 0, 





u~ 

V 2 

li-2 



or if 



a + 

b + r 

—o 
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The normal to the plane (1) at the origin is 

x_ = y_ ^ *_ 

U V H’ 


which is u generator of the cone 



in view of (2). 

the given cones are reciprocal. 

Ex. 2. Provo that the tangent planes to the cone Jyz-\- gzx + hxy=0 


are at right angles to the generators of the cone 

f 2 z 2 +g 2 y 2 + h-z 2 — 2ghyz — 2hfzx—2fgxy = 0. (Delhi Hons., 1952) 

Ex. 3. Prove that the perpendiculars drawn from the origin to the tan- 
gent planes to the cone 

3x 2 +4y 2 +5z*+ 2yz + *zx+ 6xy = 0 

lice on the cone 

19x 2 + 1 \y- + 'iz-+(iyz—\0zx—26xy^0. (Kashmir, 195S ) 

Type V. Ex. 1. Prove that the equation ■/ fx -f- y/ gy -f y/ h : = 0 repre- 
sents a cone that touches the coordinate planes (Punjab, 1956), andthat the 
equation of the reciprocal cone is fyz + gzx + hxy = 0. 

(Ra.i., I960, 1963 ; Jodhpur, 1964 ; Sagar , 1960 ; Agra, 1958) 

Sol. Wo have, \'Jx+\/gy+y/hz=iO >>( 1) 

(Vfx + Vgy~)~=hz, or, (fx+gy-hz)*=.(-2y/jgJw')*, 

f~ x ~ +g 2 )- + h 2 z 2 +2fgxy—2gltyz — 2 fhxz =4fgxy, 
f -x 2 +8-y- + h £ z 2 - Ighyz - 2 fhxz - 2 fgxy= 0. 
it is u homogeneous equation of the soconp degree in x, y and z, 
it represent** a cone. 

Now A =g-h- — g'h- = 0 , li=h-f-—h 2 f 2 ~ 0, C=f 2 g 2 -pg 2 = 0 

F=pgh +f-gh = 2f*gh, G =fgVi +g 2 fh=2g 2 fh, 

H =* gh 2 f + h-fg =2h 2 fg . 

equation of the cone reciprocal to (1) is 
2 f*ghyz + Ig'-fhzx + 2h 2 fgxy=0 
fyz+gzx+hxv= 0. 

I* 1 ' 8 cono containK three axon an generators, 

.•. the original cone (1) has throe coordinate pianos as tangent planes. 

Ex. 2. Show that tho general equation to a cone which touches t ho 
coordinate plunee in 

a 2 x 2 + b-y 2 4- c-z 2 — 2bcyz — 2cazx — 2abxy = 0. 

(Kashmir, 1956 ; Punjab, 1959 ; Punjab B.Sc., 1959 S) 


or, 

or, 

or. 
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Ft 3. Find the equation of the quadric cone which touches the 
coordinate planes and the three mutually perpendicular planes 

x-y+z= 0, 2x+3y+z=0, 4x— y-5z=0. 

[ Ans . 64x2 + 9y2 + 25z 2 - 30yz - 80zx + 4Pxy= 0. ] 

Type VI. Ex. 1. (I) Prove that the cone 

ax* + by 3 + cz 2 + 2fy z +2gzx + 2bxy = 0 

ta« three mutually perpendicular tangent planes if 

bc+ca-fab~f 2 -t-g 2 +h 2 . ( Roj ., 1955, 1962 ; Pakistan Hons., 1953) 

(II) If a right circular cone has three mutually perpendicular 

generators, the semi-vertical angle is tan -1 (\/2). 

(Punjab, 1956 ; Sagar. 1960 ; Delhi Hons., 1953) 

Sol. (/) The given cone will have three mutually perpendicular tangent 
planes if its reciprocal oone has three mutually perpendicular generators. The 
cone reciprocal to the given cone is 

Ax 2 + By »+ Cz 2 + 2Fy z + 2Gzx + 2 Hxy = 0 . 
where A <=be-f-, B = co g-, C — ab — h-, 

Y=gh-af, G =hf-bg, H—fg—ch. 

This cone has three mutually perpendicular generators if A+B+C=0, 
or if bc-P+ca-g 2 +ab-li 2 =0, 

or, 6c+ ca+ab=f 2 +g 2 +h 2 . 

(//') Equation of the right circular cone whose vertex is origin axis is 
jr-axis and the semi-vertical angle is a, is (x 2 +y 2 — Z 2 tan 2 x) = 0. 

Here a=l, 6=1, c= —tan 2 i. (Art. 7 9) 

condition for three mutually perpendicular generators is 
a+fc+r = 0. or. 1+1— tan 2 a =0, 

or, a = tan -1 \/2. 

Ex. 2. Obtain the condition that the plane /x+my+nz- 0 should cut 

the oone (6 -c)x 2 + (c-a)y 2 + (a-6)z 2 =0 in perpendicular lines. 

(Karnatak Engg., 1961) 

[Ans. (6— c)/ 2 + (c-a)m 2 +(a-b)n 2 -*0.] 


Ex. 3. If represent one of a set of three mutually per- 

pendicular generators of the cone 5yz—8zx—3xy^0, find the equations to the other 
two. (Delhi, Hons., I960 ; Punjab, 1954S ; Raj., 1956 ; Roj. Engg., 1963) 

[Ans. x=y=—z, 4x = —5y=20z.\ 

[Hint. The plane containing the othtr two generators is x+2y +3z—0. 
x y z 

Let — = — = — is a generator lying in this plane. 

I m n 

l+2m+3n=0, 5mn—8nl—3lm=0. 

Eliminate n and get two equations of l and m. Combine each with l + 2nt 
+5n=0 and get the proportional values of I, m, #i]. 
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Type VII Ex. 1. Find the locus of points from which three mu- 
tually perpendicular lines can be drawn to intersect the conic ax 2 +by*"l, 

a= 0 ( Karnatak Engg., 1961 ; Agra, 1951) 

Sol. Let the point from which three mutually perpondicular lines can 
be drawn to intersect the conio ax 2 -)-by 2 = 1, z=0. ...(1) 

be (X, p, v). Equation of a line through (X, n, v) is 

•* — X y—[x 


l 


= 2 — V. 


...( 2 > 


m 


if 


This line meets z = 0 in (X — fa, p — mv, 0). 

This point lies on the conic ax 2 +by 2 = 1 

a(X— / v)2+6(p-mv)2=l 
Eliminating I. in between (2) and (3). we have 

X-a 12 


...(3) 


•[ 


V. 


]’+* [■*- ^T- 1 - 


or, a(Xz— vx) 2 +b{[U— vy) 2 -(z— v) 2 =0 

or, 22(flX2+6 ! A2-l)-2zv(aXx+Vv'-l)+'' 2 (a- > c 2 +^>' 2 - 1 )= 0 - 

The required locus is obtained by equating the sum of the coefficient* of 
x*, y 2 and z 2 to zero. 

ov 2 -f 6v 2 4-nX 2 -f-6p. 2 — 1 =0, 
locus of (X, p, v) is ax 2 +by 2 +(a+b)z 2 = \. 

Ex. 2. Show that the locus of points from whioh three mutually 
perpendicular lines oan be drawn to interseot a given oirole is a surface of 
revolution. 

Ex. 3. Prove that the locus of points from whioh three mutually per- 
pendicular pianos can bo drawn to touch the ellipse 

■sr+sr- 1 ' z ~ 0 ’ 

is the sphere x 2 +y 2 +z 2 *=a 2 +b 2 . 

MISCELLANEOUS (REVISION) EXAMPLES ON CHAPTER VH 

1. Planes through OX and OY include an nngle a. Show that their line 

of intersection lies on the cone z 2 (x 2 +y 2 + z 2 ) =x 2 y 2 tan 2 a. 

(Punjab, 1955 ; Agra, 1954) 

2. The vertex of a cone is (a, b, c ) and the yr-plano outs it in the curve 
Y(y, z)«*0, x™0. Show that the zx-plane cuts it in the curve 

(Raj., 1950) 


n — ( bx cx—az \ n 

y=0, F ( , 1=0. 

* \ x-a x-a ) 


Sol. Let 


x—a 

7 


y—b 


z—c 


• • 


m n 

be a geneiator of the cone with veilex at (a, b, c). 
It meets x = 0, 


•(I) 
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where 



and 


z=c— 


na 

~T' 


or, 



(1) meets F(y, r)=0, a=0. 





locus of (1) is 



[ bx—ay cx—az 
x—a ’ x—a 




Its curve of intersection with the plane y = 0 is 


7-0, F \J!L 
L X—a 


cx—a z 

y-a 



3. Prove that the equation to the planes through the origin perpendicular 
to the lines of section of . ■>' a+ my-\-nz=0 and the cone ax-+by- + cz 2 —0 

is x {bn- + cm-) +>■-< cI-+an-)+z- (am-+ bl-)-2amnyz-2bnlzx -2clmxv=0. 

(Raj , 1952) 


Sol. Let l lt m lt «i ; / 2 , w 2 , n t be the direction cosines of the lines of 
eection of tho plane lx+my+nz-0 

and the cone ax-+by z +cz 2 = 0 

required planes are 
l\X+ n 1 z«=0, ^a+z/j*) +// 2 r=0. 

The equations of the lines of section are 

— - 2L- and - V = —= — • 

Ii ~ mj — n x / 2 m 2 ” 8 


Tho combined equation to the planes is 

(/jA+ m x y + n l z) (l t x + m%y + n 2 z)= 0, 

or, 2/i/^ 2 +2(/iW a +/>«»i)^=° ”' (I> 

From Art. 7 19, we have 

/i/ a _ 

bn-+cl 2 — cl-+an 2 am-+ / 2 —2clm 

n^Uj+Wj/ti _ ni/ 2 -f ng/i 
~ —lawn —2 bn I 

■ (1) becomes 2 (6 /i 2 +cm 2 )a 2 — S 2a/mi)’2 = 0. 

4. //a line OP, drawn through the vertex O of the cone ax z +by z +cz-=0 
is such that the two planes through OP, each of which cuts the cone in a pair of 
Per pen liculur lines, are at right angles, prove that the locus of OP is the cone 

(2a+b + c) x-+ (2b + c+ a)y- + (2c + a+b)z- =0. 

(Punjab Hons-, 1961) 
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Sol. Let OP be the line 

x y z 
l ~ nt — n 

and let ux+ vy+ ht=0 

be a plane through OP cutting the cone 

ax 2 +by-+cz- = 0 

at right angles. 

From Cor. 2, Art. 7' 19, we have 

(tf+6 + C){u 2 +v 2 +»v 2 ) =n« 2 + bv 2 +cw*, 
or, {b-\-c)u 2 +(c+a' v 2 + (a + 6)w 2 = 0 

V (1) lies in (2), 

lti+mv+n\v=0 


...< 1 ) 
.. ( 2 ) 

-(3) 


• (4) 
...(5) 


Eliminating »r between (1) and (2), we have 
( b+c,u*+(c+a)v- + (a+b ) /< ^" >V J =0, 

or [( b+c)n 2 + (a+b)i ;i ]u 2 -\-2uv(c+b)lm+[{a-\-b)m*+(c+a)n-]v i =0 , 

•> 

or, [(6+0« 2 +(a+^)/ 2 ] +2— ( a+b)/m+[[a + b)m 2 +(c+a)n*]-0 ...(6) 

Let «,x + v 5 >'+h , iZ= 

and // 2 Ar + v 2 >'+t» , 22=0 

be the two planes of tho form (2). 


— and -^-=- are the roots of (6). 
Vl » 2 

«jw 2 (a-f h)m 2 + lr + a)n 2 

Vjv* “ (6 + c)n 2 +(a+6)/ 2 


or « i "2 = ^2 

’ (a+b)m'*+(c+a)n 2 (rt+/>;/ 2 +(A+f)n 2 

due to symmetry, 

V the planes are at right angles. 

Mj«2+ v 1 v 2+ WiM 1 2 = 0, 
or £/ 2 (2o + ft-fr)=0. 

locus of OP is £x 2 (2tH-6-{-r) = 0. 




(6 + c)m 2 + (c+a) / 2 * 


5. Show that the piano ax+by+c:=0 cuts tho cono yz+zx+xy=>0 in 
two lines inclined at an ungle 

4 _J{[a 2 + b 2 + c 2 )(a 2 +b-+c 2 -2 bc-2ca -2ab)}l 1 

aTi L bc + ca+ub J’ 

{Delhi Hons. , 1958 ; Punjab Hons., 

and by considering tho value of this expression whon a+b + c = 0, allow that 
tho cone is of revolution and that its axis is x*=>y=*z and vertical angle is 
tan* 1 (2\/2). ( Punjab Hons., 1958 ; Agra, 1956) 


<b 2 c 2 - 


C. Prove that the common generators of the cones 

a 1 ) Jr 2 + (c 2 a 2 — b 1 ) y~ + (a 2 b 2 — c*) z--0 and 

be — a 2 


by cz 

(bc-4-a 2 )« 4- ( ca-t-b 2 ) y + (ab-t-c 2 ) z=0. 


ca — b 2 ab — c 2 

+ =0 lie in the planes 
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Sol. Let 


/ 


m n 


...(1) be a common generator of 


the given cones. 

and bcmn(bc— a*)-{-canl(ca— b 2 ) + cblf}i{ab—c 2 )=*0 

Multiplying (2) by 2 and subtracting from (1), 
we have (bc+ a*)(bc-a 2 )l 2 +[ca+b 2 ){ca-b*)m*+lab+c*)(ab-c*)n* 

— 2 bcntn(bc--a 2 )— 2 canl(ca~b z )— 2 ablm(ab—c-)=z 0 t 
or, [(bc+a*)l+(ca+b 2 )m+{ab+c 2 )n]\ [(&c-a 2 )/+(ca-fc 2 )m+(«6-c2)n]~ 0, 

Common generators of the given cones lie on the planes 

(bc+a 2 )x+(ca+b 2 )y+(ab+c 2 )z = 0 

and (bc—a 2 )x+(ca—b t )y+(ab—c i )z= 0, 

i.e., lie on the planes (6c;ta 2 ) X+(ffli^ 2 ) ) + (ab±c-) z=0. 

7. OP and OQ are two straight lines that remain at right angles and 
move so that the plane OPQ always passes through the r-axis. If OP des» 

cribes a cone 


prove that OQ describes the cone 


1 > 


[Hint. The plane OPQ contains OZ, aed 
plane XOY. Let its equation be ax+hy= 0. 


t is perpendicular to the 


Let OP be 


and OQ be 


_*_ = _L = _L 

1 1 m i n l 

x y z 


I. 


in . 


n 2 


or. 


OP is a generator of ; the cone F ^ ~ , -j- ^ =0. 

(?•-?)- 

OP, OQ lie in the plane ax+by=0, 
al 1 +bm 1 ^0, o/ 2 +6m 2 «= 0. 

nil n'z 

l\ l 2 

OP, OQ are at right angles, 

li + ^r- /Mi+'T*- «8 = 0. 

'1 *1 


,.(/> 


( 2 ) 


l\ If “I* ni\f)io "f - w — 0, 


Hi y_ ni 2 


n 


2 


m x U 


• ( 2 ). 


• • 


(7) becomes F [-£-* . 



8 

The Cylinder 


8*i. Cylinder : Def. 

The cylinder is the surface generated by a variable straight line 
(called the generator) which remains parallel to a fixed straight line 
(called the axis) and satisfies one more condition, for example, it may 
intersect a given curve (called the guiding curve) or it may touch a 
given surface. 

Note. Any straight l ine lying on the cylinder is called its generator. 

8 2. Right circular cylinder : Def. 

The right circular cylinder is the surface generated by a straight 
line (called the generator) which is parallel to a fixed line (called the 
axis) and is at a constant distance (called the radius) from it. 


8 3. To find the equation of a cylinder whose generators 

y y 7 

are parallel to the line — = — = — and base the conic 

Iran 

ax 2 -f by 2 -f ahxy -f 2gx -j-2fy + c = o, z«=o. 

The given base is 

ax- + 2hxy + by * -f 2 gz -f 2fy + c=0 . . . ( 1 ) 

z = 0, 

and the given line is 


l m n 

Equations of a generator parallel to (2) are 

*-*1 y—yx 

/ ~ m = n ’ 



where (jc, y t z ) is any point on this generator. 
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It meets 
where 

or, 


2 = 0 , 


x—x l y-y 1 

/ m = n 


x=x 1 — 

y=y i- 


i 

T z " 

m 

T z " 


9 


Substituting these values of * and .y in (1), we have 

{ x '-t z T + 2h ( x '~T z ' ) +b ( y >-h y 

+ 2g(^-i-z, )+2/(g,-^z 1 )+c=0 


locus of (x lt y lt Zj) is 



or, a(nx—lzf + 2h(nx—lz){ny—mz) -\-b[ny—mz) z + 2 gn(nx— h) 

+2fn{ny - mz) cn*~ 0, 

which is the required equation of the cylinder. 

Cor. If the generators are parallel to the z-axis. 
then 7=0 = m 

and n =\. 

the equation of the cylinder becomes 

ax- -f 2hxy -f by 2 + 2gx + 2fy + c = 0. 

An observation. This equation represents a conic in two 
dimensions and represents a cylinder whose generators are parallel to 
the z-axis in three dimensions. In general, the equation f(x, y)=0 

represents a cylinder passing through the curve f(x, y)=0 , z-0 and 
with generators parallel to the z-axis. 

8'4- Equation of right circular cylinder. 

To find the equation of right circular cylinder whose 
axis is the line 

X -q _y-(3 Z~Y 

1 — m — n 

and whose radius is a. 

The equations of the axis are 

x—a. y—fi z — y 
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Let P(a, (x, v) be any point on the cylinder. 
Draw PM perpendicular to the axis (1). 
Join P to the point A(a, ,3, y). 



Now PM = r, and PA= V (X - a)* -t-(p -p) 2 -f-( v - yj* 

Also, AM = Projection of A P on the line whose direction 
cosines are 

- 1 ni n 

V P+m't+n 2 ’ V P+mt+ri* * V l 2 + ni 1 n 2 

(A — a)/-K{A — 3)w-f (v — y)ft 

V 

From the right-angled triangle AMP, we have 
AP*= AM*-|- PM 2 , 


or, (A-a) 2 + (u-fip4-(v-Y)2«f^21^±^F-3)i«(v-Y|l2 

locus of (A, (/, v) is 

(x - a) 2 4- r v - 6)* + (z - Yi* = I + wf 1? , • 

or, (1 2 + m- n*)[(x - a)H (y - p) 2 -f (z - y) 2 

. “[I(*-a) + m(y-p) + n(*-Y)]- = (l 2 +m*+n 2 )r 8 , 

which is the required equation. 


8 5. Enveloping cylinder of a sphere : Def. 

The locus of the tangent lines drawn to a sphere, parallel to a 
given line, is called an enveloping cylinder of the sphere. 


8 6. Equation of the enveloping cylinder of a sphere. 
To find the equation of the enveloping cylinder of the sphere 

* 2 + y 2 + z* = a 2 

whose generators are parallel to the fine 



z 
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Let (A, (x, v) be any point on a tangent line to the sphere 

x 2 +y 2 +z 2 =a* 

parallel to the line 

x y z 

/ “ m~~ n 

The equations of the tangent line are 

x— A y—[L z— v 

/ ~~ m ~ n 

Any point on (3) is A -}-/r, (x+mr, v + nr). 


..( 1 ) 

...( 2 ) 

...(3) 


If it lies on the sphere (1), then 

( A 4 lr) 2 + ( n 4 mr ) 2 + ( v 4 nr) 2 = a 2 , 

or. r 2 (/ 2 -f m 2 -|-n 2 )42r[/A-f mjx-f wv)-j-(A*-f pi 2 f v 2 — fl*)=0 .. (4> 

This is quadratic equation in r. 

V the line (3) touches (1), 

.*. (4) has equal roots, the condition for which is 

4( /A 4- w|x + h v) 2 = 4 (/ - 4 w 2 -{- /i 2 )(A a 4 p. 2 4 v 2 - o 2 ) 

locus of (A, (X, v) is 

(x 2 4 y 2 4 z 2 — a 2 )(l 2 + m 2 4 *»*) = (1* 4 m Y 4 
which is the required equation of the enveloping cylinder. 


EXAMPLES VD1 


Type I. Ex. 1. Find the equation of the circular cylinder whose 
generating lines have the direction cosines 1, m, n and which passes 
through the circumstance of the fixed circle x- + y 2 =a 3 in the ZOX plane. 

(A.M.I.E., May, 1956) 


Sol. Let P (X, p, v) be any point on the cylinder, 
generator through P are 


This meets 

where 

or 


x—\ y—y. z — v 


I m 

y- 0 , 

x— X r— v 
/ = n 

X- i!i, z—v~ 
m 


n 


— H 


m 


nu 

m 


Equations of the 


Substituting these values in the curve x 2 +y*=a 2 9 we have 

(~ r 

(mx— /p) 2 + (mv— np) 2 «= m 2 a 2 . 

.♦. loous of (X, p, v) is 

(m.v— ly)*+ (mz— ny)*=m 2 a 2 , 
whioh is the required equation. 


or 
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E x. 2. Find the equation of a cylinder wboee generators are parallel to 
V 2 

the line x— ~ and whose guiding curve is the ellipse x 2 +2y : =\ , 

2=3. ( Kashmir . 1955) 

[Abb. 3x2+6y2+3z2+8>-z-2rx+6x-24>— 18r+24 = 0.1 

Ex. 3. Show that the equation of the cylinder whose generators are 
parallel to the z-axis and intersects the curve ax 2 +by-=2z, lx-\-my-\-nz=p is 
n(ax 2 -\-by 2 )+2(lx+ my)=2p. 


Type II. Ex. 1. Find the equation of a right circular cylinder 
whose axis is x=2y=— x and radios 4, (Punjab. 1957 S) 

Bad pk area of the section of the cylinder by the plane XOY is- 

24 tr. ( Vikram Engg., 1960 ; Karnatak, 1959) 


Sol. Let P(X, p, v) bo any point on the cylinder. 

The axis is given to be 

x _ y _ z 

T = 'T “ -T 

It passes through the origin 0 (0, 0, 0). 

Draw PM perpendicular to the axis. 

Join OP. 


Now, 


PM-4. OP=V>-“+H- + v-- 


Also, OM = projcction of OP on the axis 

= > J ■ I* 1 

v« 2 +j + l 2 2 V / l 2 +i+l- 

2 ). , 1 2 
*“ 3 + 3 14 3 V ' 

Op2 = OM2 + Mp2, 

or * >.2 + H 2 + v 2 =-| r (2X+n-2v)*+l6. 

locus of (X, (X, v) is 

9(x z +y 2 ’\-z 2 ) = (2x-\-y—2z) 2 + 144. 
or, 5x 2 +0y2_p5 2 2— 4x>’4-4yz-f 8zx— 144 — 0, 

which is the required equation. 


— > . 


1 

■V1-+1 + 1- ’ 



The equation of the plane through the origin perpondiculur to tho axis is 
2x + y — 2z=0. The area of tho section of tho cylinder by this plane = rr(4) i = 16rr. 
Lot A be tho required area of the section of tho cylinder by tho plane z = 0. 


Then the above circle is tho projection of this section on tho plane 

2*+y— 2z—0. 


or. 


Let 0 bo the angle between this plane and z = 0 piano. 
A cos 0= lGn, or, A=16 tt . -y- 

A«=24tt. 


cos 0 


" t) 
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£ x 2. The radius of a normal section of a right circular cylinder is 2 

units, the axis lies along the line - — - = ~ p » find ,ts equation. 

[A.M.I.E., May , 1961] 

[Ans. 29 jc 2 + 29y 2 4-29z 2 + 2jcy— 2xr4- 2yz— 30* + 15Qy— 93z+ 75=0.] 

Ex. 3. Find the equation of a right circular oylinder (i) of radius 2 
whose axis phases through (1, 2, 3) end has direction cosines proportional to 

2 2 0 

(A.M.I E., Nov., 1962 ; Raj. Engg , 1959 ; Gujarat, 1955 ; Jodhpur , Engg., 1965 ) 

(//) whose radius is 2, whose axis passes through the point (1, 2, 3) and 
iB parallel to the X-axis. ( North Bengal, 1964) 

[Ans. (0 45.t 2 -M0>- 2 +13z2+36^— 24zx+l2xy— 42x-280y— 126r+294=0; 

(ii) y 2 4 -z 2 — 4y— 6z+ 9=0.] 


Ex. 4. Find the cartesian equation of the right circular cylinder, whose 

axis is the z-axis and radius a. ( Pakistan , 1956 S) 

[Ans. x 2 +y 2 =a 2 , z=0] 


Ex. 5. Find the equation of the right circular cylinder of radius 2 

whoso axis is the line - ' V . ) - —y~ 2= (Kashmir, 1952) 

[Ans. 5.x 2 + 8v 2 4-5r 2 — 4vz— 8zx— 4x>’4-22x— 16y-14z— 10=0.] 


Type 111. Ex. 1. Obtain the equation of a right circular cylinder 
on the circle through the points (a, o, o), (o, b, o) and (o, o, c) as the guid- 
ing curve. What is the equation of the axis ? (Roj-t 1958) 


Sol. 

written as 
and 


The equation of the circle through three given 

-v 2 4 -y 2 + z 2 —ax—by—cz*=u 



points can be 

...( 1 ) 

...( 2 ) 


Let (*. 3, y) he any point on the cylinder having the above circle as 

base. 


Equations of a generator through (a, p, y) on ^ parallel to tho axis 
which is perpendicular to the plane (2 so that its direction cosines are prepor- 

1 1 1 

tionul to , -7- . are 

a b c 

x-i _ y — p _ z—y 
1/u 1 lb lie 


Any point ou it is ^ at 4- - — , 34- -p • Y4- ~ ^ • 

it meets tho circle, /. the point will satisfy both (1) and (2). 
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and 


and 


+ ' a 2 + p2 + Y 2_ fla _fc3_ CT) = 0 

— (v+4 + -7-,)/( a T+^) 


...( 3 ; 


...( 4 , 


Eliminating r between (3) and (4), wo have 

GKiS) ‘ V >*♦* / u * ■ 

+ (a2+p2 +Y 2_ Oa _fcp_CY) = 0, 

or, ( i + T 2 + c2 )(« 2 +P 2 +Y 2 -oa-6p-f Y ) 

locus of (a, 0, Y ) is 

(n-2-} 6-2 + c-2)(A: 2 +>'-+r 2 -flx-6> -f2) 

=(v + -f + 1-')(4 + ^ + ;f- 2 )- 

which is the required equation of the cylinder. 

Now*, axis of iho cylinder is a straight [lino through the centre of the 

. ( a b c \ 

sphere viz., 1 -jp • <p ~Y ) 

and having the direction cosines propc rtionul to — 

. x—a/2 y—bt'l z—c/ 2 

, its oquution is — —_ x =■ — jpj = - £-T~ ' 

Ex. 2. Find the equation of the right circular cylinder whose guiding 

circle is * 2 +>'*+2 2 «=9, x-y+z~‘3. 

( Kashmir , 1954 ; Punjab, I959S ; Karnatak, 1953) 

[ Ans . X- -f 4 z 2 +yz + xy - :x - 0. J 

Ex, 3. Khow tliat the equation of tho right circular cylinder, descrit>ed 
on the circle through the thro© points (1, 0, 0). (0,1, 0) and (0,0,1) as the 

guiding curve, is x i -\y l -\-z-—yz—zx—xy=\. 

Type IV. Ex. 1. Find the equation of the enveloping cylinder of 
the sphere x'-’-f y- 4 z'-'— 2x4 4y = 1, having Its generators parallel to the line 

x = y — x. ( Punjab , 19605 ; Kashmir, 1953) 
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Sol. Let (a, p, Y ) be any point on a tangent line parallel to the line 

z 


X 

T 


y 

T 


1 


... 0 ) 


Then the equations of the tangent line are 

x—a. _ y — p _ z — y 


1 


1 


1 


Any point on this lino is 

(®+r, p + r, y-f-r). 

If it lies on the sphere * 2 +> 2 +z 2 — 2x+4y— 1=0 ...(2) 

then (a+r)HO+r) 2 +(Y+r)2-2(«+r)+4(p+r)-l=0, 

or, 3r 2 +2ar+2pr + 2Y/’-2a-2r+4p + 4r-l+a 2 +P 3 +Y 2 =0, 

or, 3r2+r(2a + 2p+2 Y +2)+(4p-2a-l+a2+p2+ Y 2) = 0 ...(3) 

the line touches the sphere, (3) has equal roots, the condi- 

tion for which is 

(2a + 2p + 2Y + 2; 2 =12(40-2ct-l+a2+02+Y 2 ) 

or («+P + Y+D 2 =3(4p-2a-l+a>+p2+Y a )- 

locus of (a, p, y) is 

( * +y. + z -I- 1 ) 2 = 3 (4y — 2x - 1+ x* +>•« + z 2 ) 

or x 2 +y 2 +z 2 +\+2xy+2z+2xz+2yz+2x+2y 

= 12y-6.v-3+3x*+3y2+3z3, 

or, 2 a 2 + 2y 2 + 2z 2 - 2xy- 2xz— 2yz- 8ar + 1 0 y - 2z- 4=0, 

or » x-+y-+z i —yz—zx—xy—4x+5y—z—2. 

Ex. 2. Find the equation of the right cylinder which envelops a sphere 
of centre {a, b, c) and radius r, and hue its generators parallel to the direction 

[Ans. (l*+m*+n*){(x-Q)*+(y-b)+(z-c)*-r*} 

={/(*- a) +m(y—b) +/?(z-c)} 2 .] 

Ex. 3. Find the enveloping cylinder of the sphere 

x 2 +y 2 +z 2 — 2y— 4z= 1 1 

having its generators parallel to the line x= — -2y=2z. 

[Ans. 5x 2 + 5y2+5z 2 +2jry+2yz— 2zx-f2x— 14y— 22z=G7.] 


MISCELLANEOUS (REVISION) EXAMPLES ON CHAPTER VIII 

1. Show that the coordinates of the foot of the perpendicular from a 
point P^a, p, y) on the lino x =y = —z are 

[*(« + p-Y),i(«+P“Y). -*(«+P-Y)]. 

Deduce the equation of the right circular cylinder of radius a having its axis 
along the line given above. (A.MJ.E., 1962) 

f A *» • 2x2 + 2y 2 + 2z 2 - 2 xy + 2yz+ 2zx= 3fl».J 
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2. A right circular cylinder is cut by a sphere whose centre is on one 
of the generators of the cylinder. Prove that the projection of the curve of 
intersection on the plane containing Iho axis of the cylinder and the centre of 
the sphere is a parabola whose lotus rectum is twice the radius of the cylinder. 

(Raj. Engg., 1952 ) 

3. Find tho radius of the circle 2x— y — 2r+13 = 0. x -+y- + z 2 =2x + 4y 
-M- + 1, and the equation of the right circular cylinder which has the circle for 
-a normal section. 

[Ana 1, 5x 2 +8y 2 +5z 2 — 4yz+8zx+4xy—34x—28y— 202 + 56 = 0.] 

4. Find the equations of the projections upon each of the coordinate 
planes of the curve ot intersection of the plane 

-X—y+2z-4 = 0 and tho surface x-—yz- f-3x=0. ( Calcutta , 1962) 

[Ans. 2x 2 —y 2 +xy+6x—4y=0, z = 0 ; x 2 +2z 2 +zx+3x-4z=0, y = 0 ; 

y-+4z-—5yz+ly—\4z+28=Q t x=0]. 




The Central Conicoid 


9'x. Conicoid or quadric : Def. 

The general equation of the second degree in x,y, z , viz., 

F(.y, y, z)=ax 2 +by 2 + cz- + 2fyz+2gzx+2hxy+2ux+2vy 
+ 2wz+d=Q represents a locus called a conicoid or a quadric. 

Note. The equation of the conicoid contains only nine disposable 
constants. 

H e can reduce this equation to some standard form by the suitable change o 
the axes. 

9 2. Centre : Def. 

The centre of the conicoid is a point such that every line 
through it intersects the conicoid in pair of points equidistant from it. 

9 3. Central conicoid : Def. 

The conicoid having a centre is called a central conicoid. 

SECTION I 

9 4. Tracing of the loci of some standard central 
conicoids. 

[A note on symmetry. 

(/) If on changing x to — .v, y to —y and z to — r, the equation 
remains unchanged , i.e., if only even powers of x, y and z occur in the 
equation of a surface . then the origin is a centre of symmetry. 

(H) If °n changing x to ~~x and y to —y the equation remains 
unchanged, i.e., if only even powers of x and y and products of x and 
y of the same power occur in the equation of a surface , the surface is 
symmetrical about the z-axis. 
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Similar results hold for the symmetry about the x and y axes . 

(Hi) If on changing x to —x, the equation remains unaltered , 
I.e., if only even powers of x occur in the equation of the surface , the 
surface is symmetrical about the yz-plane. 

Similar results hold for the symmetry about the zx and xy 
planes. 

(iv) If yz and zx planes are both planes of symmetry, their line 
of intersection is an axis of symmetry. 

(v) If axes of x and y are both axes of symmetry , axis of z is 
also an axis of symmetry. 

In this case there may be no plane of symmetry. 

( vi ) If all the three coordinate planes are planes of symmetry , 
■then all the coordinate axes are axes of symmetry and the origin is the 
centre of symmetry .] 

(A) To trace the locus of the equation 

^ r+ b r+ ^ r = I (Ellipsoid.) 

(i) [Existence of the centre.] 


If (a, p, y) be a point on the ellipsoid 



i x l+y 2 >iL-\ 

a 2 b 2 + c 2 

...(1) 

then 

a 2 B* y 2 , 


or 

(-«)*. (-W*(- y) 2 , 

a* + b 2 + c 2 



This shows that the point ( — a, — p, — y) also lies on (1). 

The middle point of the line joining these points is (0,0,0), 
the origin. 

( a . Y) and ( — a, — p, — y) are the points on the line 
through the origin and are equidistant from the origin. The origin 
bisects all chords passing through it. 

the origin is the centre of the surface (I). 
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(2) [Symmetry] 

If the point (a, (3, y) lies on (1 ), then the point (a, (3, — y) also 
lies on it. The middle point of the line joining these points is (a, (3, 
0). This point lies on the plane r=0 and also the line is perpendi- 
cular to this plane. 

the coordinate plane XOY bisects all chords which are 
perpendicular to it. 

Similarly YOZ and ZOX planes also bisect all chords perpendi- 
cular to them. 


Hence (1) is symmetrical with respect to the three coordinate 
planes* which are called the principal planes of the ellipsoid. 
The three lines of intersection of the three principal planes, taken in 
pairs, are called the principal axes. In this case, the coordinate 
axes are the principal axes. 

(3) [ Axes-intersections.] 

(t) The surface (1) meets the x-axis (y=0, 2 — 0) in points 
A {a, 0, 0) and A '(-a, 0, 0). 

(ii) The surface (1) meets the y-axis (r = 0, x=0) in points 
B(0, b, 0), B'(0, -b, 0). 

(Hi) The surface (1) meets the r-axis (x=0, y=0) in points 
C(0, 0, c) and C'(0, 0, -c). 

(4) [Closed surface.] 

Tf .v is numerically greater than a, then from (1), either y 2 or z z 
will be negative, i.e., either y or r will be imaginary. 

.r cannot be numerically greater than a, 
i.e., the surface (1) lies between two parallel planes x=a, x=—a . 

Similarly, it lies between y=b, y= —b and z=c, z= —c. 

(1) is a closed surface. 


(5) [Section of (1) by planes parallel to the coordinate 
planes.] 

The section of the surface (1) by the plane z=k, which is 
parallel to the XOY plane, is the ellipse 


x • . y . k 2 


4. 1 _ _ /- 

2 ^ b- c-' 


• •(A) 


•OtherMrisc *.* (1) contains even powers of x % even powers of y y and even 
powers of r f (1) is syrametrical about YOZ, ZOX and XOY planes. 
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Its semi-axes are 



(/) k cannot be numerically greater than c for we have shown 
that the ellipsoid is a closed surface bounded by the planes 
z=c , z = — c ; x=a, x= — a ; y=b, y=—b. 

for values of k greater than c, the ellipse is imaginary. 

(/'/) If k = c or — c, the semi-axes of the ellipse are zero. 

•*. the section is an infinitely small ellipse. In fact it reduces 
to the points (0, 0, c) or (0, 0, -c) and the planes z=c, or z=-c 
touch the ellipsoid at these points. 


2 o 

(Hi) If k = 0, the section is an ellipse ^--r —■ =1 in the XOY 

a - b~ 

plane. 


(/v) As k varies from-c to c, the ellipse first increases in size 
and then again diminishes. 

The ellipsoid may, therefore be generated by the variable ellipse 
(A) as k varies from — c to c. 

Similarly, it can be shown that the sections by the planes 
parallel to other coordinate planes are also ellipses and the ellipsoid is 

generated by them. Hence the shape of the surface is that shown in 
the figure. 



Not® 1. The surface ~ -f 2L+ — i /j an imaginary ellipsoid. 

(why ?) 
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r2 y 2 

Note 2. Ifb=c, the section of the surface — + 7 =/^y the 

a 6 c- 

plane parallel to YOZ plane is a circle. 



equation 



y2 + z 2 

b* 


= 1 represents an ellipsoid of revolution 


formed by revolving the ellipse 
is called prolate spheroid. 


x- y 2 

— + - 77 T =/» 2—0, about its major axis. It 
a s b‘ 


Similarly the equation X -f =1 represents the ellipsoid formed by 

a 1 o 3 

revolving the same ellipse about the minor axis. It is called oblate spheroid. 

9 5. Representative equation of a central conicoid. 

All the three equations of the three central conicoids given 
above may be represented by the equation ax 2 + by 2 + ca 2 = i, which 
is 


(/) an ellipsoid if a, b, c are all positive, 

(ii) a hyperboloid of one sheet if two are positive and one 
negative, 

(Hi) a hyperboloid of two sheets if two are negative and one 
positive, 

and (iv) a virtual ellipsoid if all are negative. 

Note i. The conicoid represented by the equation ax- +by 2 -+- cz- — I has 
origin as the centre. 

Note 2. The above equation is called the standard equation of the central 
conicoid. 


9'6. Diameter : Def. 

The diameter of a conicoid is the chord of the conicoid which 
passes through the centre of the conicoid. 

9*7. Diametral plane : Def. 

The plane which bisects a system of parallel chords of a conicoid 
is called a diametral plane. Thus the plane YOZ is a diametral plane 
of OX. since it bisects all chords parallel to OX. 

9 8. Conjugate diametral planes : Def. 

If three diametral planes be such that each bisects chords 
parallel to the line of intersection of the other two, they are said to 
be conjugate diametral planes. Thus the coordinate planes are 
conjugate diametral planes of the central conicoid 

ax 2 + by* + cz 2 = 1 . 
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9*9- Conjugate diameters : Def. 

Three diameters, which are such that a plane through any two 
bisects chords parallel to the third, are called conjugate diameters of 
the central conicoid. Thus, the coordinate axes are conjugate 
diameters of ax 2 -\- by 2 -\- cz*= 1. 

910 . Principal planes : Def. 

The diametral planes, which are at right angles to the chords 
which they bisect, are called principal planes. 

9 'n. Principal Axes : Def. 

The lines of the intersection of principal planes, taken two by 

two, are called principal axes. 

9 'i 2 . Note. Important. 

If axes are rectangular, ar'+by’ + ct’-i represents a 
central conicoid referred to its principal axes as axes of 
coordinates. 


SECTION II 


9 *3- To find the points of intersection of the line 

z-y 


»-« y - 3 

1 m 


and the central conicoid ax 2 -f by 2 -f cz 2 = 1 . 

Let the given line and given conicoid be 

y~P z-y 


and 

respectively. 


x — a 

l ~ m ~ ~n 

ax 2 + by 2 + cz 1 = 1 


= r, say 


or, 


Any point on (1) is (a + /r, p+mr, Y -f nr). 

I« if lies on (2), then 

a(« + /r) 2 + A(p-f W) r)2 + c(Y+//r) 2 =l, 

r 2 (<?/ 2 + bnr 2 -f cn 2 ) + 2r(ala -f bm$ -f cny) 

+ (tfa s + />p 2 -f c Y 2 — 1) = 0 

This is a quadratic equation in r. 
it has two roots, say r, and r t . 


..( 1 ) 

..(2) 


•••( 3 ) 
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Hence the two points of intersection of (1) and (2) are 

(«4/r lt (3-f/wr, y 4-Wj) 
and («+/r 2 , 04-mr„ y+nr t ). 

Note 1. If /, m, n be actual direction cosines and, P be the point 
(a, p, y) Q and R be the points of intersection of (1) and (2), then r t and 
r a give the lengths of PQ and PR. 

Note 2. Any plane section of a conicoid is a conic for every line in its 
plane meets the curve of intersection of the central conicoid and the plane in two 
points only. 


9*14. Tangent Plane at a point. 


To find the equation of the tangent plane at the point 
(*i> Yn 2 i) °f the central conicoid ax 2 -f-by 2 -fc* 2 =i. 

The equation of the given conicoid is 

ax l +by i + cz l = 1 ...(1) 


Equations of any line through (jc lt y x , z x ) is 


x-x x y—y x z — Z\ 

— 7— *=- — — = —r. say. 

/ m n 



Any point on this line is [x^lr, yj-J-w, Zi+nr). 

If it lies on (1), then 

+lr) 2 + b(y 1 + mr) 1 ■ + c(z, + nr)' = 1 , 

Of. r*(al* -|- bm l + cn 2 ) -f 2 r(alx x + bmy x + cnz x ) 

+ (ax x 2 +by x 2 +cz x 2 — 1)=0 ...(3) 

(*i» .Vi» -1) lies on (1), 

ax x l + by x z -|- cz x 2 = 1 ...(4) 

(3) becomes r 2 (aP-\- bm 2 +cn 2 ) + 2r(alx l +bmy l -\-cnz l )=0. 
its one root is zero. 


The line (2) will be a tangent line to (1) if the other root is 
also zero. 


This requires that alx x + bmy x +cnz x = 0 ...(5) 

Eliminating /, m , n between (2) and (5), the locus of all tangent 
lines is ax l (x-x x )+by x (y-y 1 )-\-cz 1 (z-z 1 )>=O t 

or, axx x + byy\ -f czz x = ax x 2 + by x 2 + cz x 2 . 

Hence axxi+byyi-fczz^i, using (4), which is the required 
equation of the tangent plane at (jq, y lt z x ). 
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Note. The equation of the tangent plane at any 'point (a, p, y) of the 
•ellipsoid 


x 2 


y- z 2 

HT+ +72* = 1 13 


{Delhi Hons., 1959 ) 


~ . _i z - 1 

a- b 2 + c 2 I# 

The students are advised to verify this result. 

9’*5» Condition of tangency. 

To find the condition that the plane lx + my + nz = p 
should touch the conicoid ax 2 +by 2 +cz 2 =i. 

The equations of the given conicoid and given plane are respec- 
tively ax* + by- + cz 2 *= 1 

and !x-\-my-\-nz=p. 

Let (2) touch (I) at the point (a, 0, T ). 

The equation of the tangent plane at (a, 0, Y ) is 

oxo. byfi -f- czy = 1 . 

(2) and (3) represent the same plane, 
we have on comparing coefficients of like terms, 
aa 60 cy 1 
l ~ m~ ~ 

1 


...d) 

•••( 2 ) 


...(3) 


n 


a.— 


0 = 


Y C P 


...(4) 


...( 5 ) 


= 1 , 


ap ' 1 bp ’ 

(a, 0, y) lies on (1), 
aa 2 -t- 60 2 -f- c y 2 = 1 . 

From (4) and (5), we have 

* «?) 

T+f+T-,-. 

which is the required condition. 

Not® 1. Point of contact. 

From (4), the point of contact is 

/ m n 

\ap bp ’ cp 

Cor. To find the equations of the two tangent planes 
to the central conicoid ax 2 +by 2 + cz 2 =i, which are parallel 
to the plane lx-j-my-j-nz=-o. 


)■ 
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The equation of plane parallel to the plane 

lx+my-\ nz = 0 is lx-\ my+nz=p. 

If it touches the given conicoid ( then 


...d> 


I 2 m 2 n* 


a 


+ TT + -V =P* 


or. 


=± v 


/ 2 n- 

T + T + 7 


Substituting these values of p in (1), we have 


Ix-f-my-fnz 


=± V 




which are the equations of the tangent planes to the conicoid for all 
values of /, m, n. 

Note 2. Case of ellipsoid. 

The plane lx+my+nz=p touches the ellipsoid 


*2 v2 *2 


The point of contact in this case is 

b ! m 


(t • 


c 2 n 


P P 

Ex. Obtain the tangent planes to the ellipsoid 


> 


*2 

fl2 


y- r 2 f 
+ 62 + 72'- / 


which are parallel to the plane 

lx+my+nz=0. 

( Delhi Hons , 1959 ; Punjab Hons., 1961 ; Baroda B.Sc., 1960) 

[Ans. lx 4- my -f-nz=4:\/ a-H+b'-rn 2 -\-c' : n-j 


EXAMPLES IX (A) 


Type I. Ex. 1. Any three mutually orthogonal lines drawn through 
a fixed point C meet the conicoid ax 2 + by 2 +cz s = 1 In P„ P 2 ; Q lt ; R,. R ? 
respectively. 


Prove that 


and 

are constants. 


1 I 1 1 

GPi'.CP a + GQi.CQ2 + CR,.CH 2 

PiP a 2 , QaQ»L_ . R t R 2 2 

CPj a .CP J 2 ^ CQr CQ a 2 + CR,2.CRj2 

(Osmania, 1961, second part) 


Sol. Let the fixed point C be (x lt Vj, Zj) 

Lot the equations of CPjP., be 

*-*i y y i *- z i r 

l\ = mj n c ~ ' 

where / lt m j, n j are actual direction cosines. 
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Any point on this line is (Xj-f l x r, yi + m x r, Zi+n x r). 

If it lies on the given eonicoid, then 
r 2 (ali 2 +bmi 2 +cn l *) + 2r(ax l li-{-by x m l +cz 1 ni) 

+ (flx 1 2+*y 1 2 4. C r l 2_l)=0 




Let r x end r 2 be if© roots. These two roots correspond to the measure? 
of the distances CPj and CP 2 . 


Then 


CP 1 = r ,, CP 2 = 

PiP 2 =r i~r 2 . 


Let / 2 , m 2 , n 2 and / 3 , m$, n$ bo the actual direction cosines of the lines 
CQjQ 2 and CRjRo respectively. 


and 


Now, 


the lines CPiP 2 , CC^Q^ CR 1 R 2 are orthogonol, 

2/t2=i=s^i 2 =E«, 2 . 

1 _ 1 _ tf/| 2 +fcW|2 + <7||2 


CP 1 .CP 2 r,r 2 axi 2 + hy x - + cz , 2 — I * 


using (1) 


Similarly, 


1 


< 7 / 2 2 -f-/>Wo 2 + Crt » 2 


and 


CQj.CQg ax^+by^-hcz^-\ 

1 fl/i* 4- c/t^ 2 


CR^CRjj-flx^ + iy^ + rr! 2 -! 


1 


1 


I 


a+h + c 


rp,;cp 2 + CQ l .CQ a + CR l .< R 2 -«Ti 2 +Z>y,2 + (ri .* 


-1 


using (2), which is constant. 


t ■ )x 
• ••[-/ 


Aguin, 


P 1 P 2 - 


( r 1 ^ ( r \ “I* * 2 ' • — 4r 1^2 


CP^.CP.,2- r, 2 r 2 - 

<r x +r 2 \ z _4 
r,-r 2 - 


r r 2~ 


r x r 


12 


_4r«x,/, +&j> |m|+ c: l B l P 4 (a/, 2 4 . />m ,24 r//| 2 > 

~ («Xi 2 -f-Ay| 2 + rz, - -’ — 1)2 — ax ^ -f- by x 2 + cr , 2 — 1 

Similarlv Q 'Q * 2 _ 4 fox , / 2 + by x m., -)- rr , //.d-* 4(al-, z +hmo* + cn., 2 ) 

CQg* (AX^+fty^+rr, 2 -!) 2 ax x *+bv x *+7^*-\ 

and Rl*V 4fflX|/a+/»y 1 m : , + rr|ff l l2 4 (o/ ;i - {-A/;/ ,2-1. c/j.,2) 

CK| 2 .CH 2 ‘- — (oxi 2 + 6vi 2 -f-cz,-'— l)-’ ~ ( t/.r , />»• , -}- rr ^ — T) 

Pj-2 2 Q,Q, 2 R,R, 2 

* ' CP 1 ?*CK 2 *‘ 1_ CQ I a«CQ 2 '* + CRi* 7 CR t 2 

4fn-x,-’+6 2 v, 2 + r-z, 2 ) 4( a -\-h-\-r) 


which is constant. 


(ax^+by^+cz^-XK ax^+by^+cz^-] 


Ex. 2. A is a given point and POP' any diameter of a central eonicoid 
If OQ and OQ' are the semi-diameters parallel to AP and AP', prove that 
APS AP'2 . 

T^Qi+OQ 72 1Bcon8tant - 
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Ex. 3. A line through a given point A meets a central conicoid in P 
and Q. If OD is the diameter parallel to APQ # prove that AP.AQ j OD 2 is 
constant. 


Type II. Ex. 1. If P be the point of contact of a tangent plane 
ABC to the ellipsoid 

,2 


X 2 y 2 


/ 2 t 

•T + b 2 + c* 1 


and PD, PE, PF are perpendiculars from P on the axis, prove that 
OD.OA=a 2 , OE.OB = b 2 , OF.OC=c% A, B. C being the points where the 
tangent plane at P meets the coordinate axes. 

Sol. Lot P bo the point (xj, y lt z x ). 

Equation of the tangent piano at (x lt y u z) is 


- 1 . . ■ zz l _ , 

+ + c a ~ 1 


...( 1 ) 


(!) cut » the axes at A. B, C respectively, 


OA= - — 

x i 


OB=— and OC» — 

y i 


* 


aiul 


. PD, PE and PF are perpendiculars from P on the axes, 
**• < - ) D=x 1 , OE=y, and OF«z^. 

Now, OD.OA = X 1 . ~ = a - t OE.OB-y,. — =£2 

v i y\ 

OF. OC= Zl .—= C 2. 

r i 


Ex. 2. hind the equation of the tangent plane to the surface 3x*-fy 2 
-r:~ = 23 at the point (2, 3, 0;. (fo/. Engg., 1956) 

[Ans. 2x+y—7.J 

Type III. Ex. 1. Prove that the equation of the two tangent planes 

to the conicoid 


ax 2 +by-+cx 2 = l 
which pass through the line 

uEElx-fmy-f-nz — p — 0, 
u'EEl'x+m'y+n'z — p' — 0, 
fis 


-4 2 + f 2 -p' 2 )- w (v+^+t-'-pp) 


, l 2 m 2 n- \ 

+ " 2 (v+-b+T- p 3 j=°- 


( Punjab Hons., 1959 ) 


Sol. The equation of any plane passing through the given line is 

“+ XU '=° .7.(1) 
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It will touch the given conicoid if 
(/+X/') 2 , («+Xm')S , (« + >7i) 2 

b 


+ 


+ 


= {PV'P')-...(‘1) (Art. 9 15) 


(I D C 

s Thie is a quadratic equation in X. 

it ha8 two roots. 

Hence there are two tangent planes passing through the given line. 
Eliminating X between (1) and (2), wo have 


(u'l-ul')* , , {u'n-un'r- , 

_ +— ~ b ^ = (up-u P )-, 


or. 


“ 2 ( 

/' 2 

T‘ + 


ii 


■ — n2 

+ \ 

. a 

^ b ^ c 

— y- 


m'* 


7, 2 O'/ 11 ' . mm ' nn \ 

b - 2 “" (-^- + b + c ~ PP ) 

n 2 \ 

H — - p 2 J =0, which are the equations of the required 

tangent planes. 


Ex. 2. (/) Find the to equations two tangent planes to lx- — Cy 2 +3z 2 = 5, 

which pass through the line x-f 9y— 3z=0, 3x— 3y + 6z — 5 = 0. 

( Punjab Hons., 1946) 
[Ana. 4x + 6y + 3z = 5, 2x- I2y+9r«=5.] 

(ii) Find equations of two planes that can be drawn through the line 
x—4, 3y + / lz = 0 to touch the conicoid x* + 3y*— 6z l = 4. (Delhi Hons., 1953) 

[Ans. x + 9y+12z = 4, x-9y-12z = 4J 

Type IV. Ex. 1. Director sphere. Find the locus of the point of 
Intersection of three mutually perpendicular tangent planes to the central 
conicoid ax 2 4-by 2 -t-cx 2 = l. (Karnatak, 1961) 

Sol. The equation of the given central conicoid is 

axi + byt+cz*^) ...(l) 


Let the three mutually perpendicular tangent pianos to (1) be 


, / ti l . nr «i 2 

f\.x+m l y-\-n x z— f^y + b + c ~ 

...(2) 

l 2 x+m 2 y+niz= /v / a + b + c 

• ••( 

end / 3 r + m 3 y + n 3 z= ^ + 

..(3) 

,;i i» I /i # n* f / 3f m 3 , n 3 are direction coainea of three mutuality 

perpendicular linoa, being tho normala to tho throe mutually perpendicular 
tangent planoa (2) f (3) and (4), 

/i'-’ + / 2 2 + / 3 2 = 1, etc., /i/ 2 +"iimj-fnin 2 =>0, etc. 
etc. ; / 1 2 + m 1 2 -b«i 2 <= 1, etc. 

; /^fi+VM|+Vwj=0 > 


Tho locus of the point of intersection of (2), (3) and (4) is obtained by 
eliminating l v m lt n u ; / a . m 2 , n 2 and / 3 , m 3 , « 3 between them. 
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Squaring (2), (3) and (4) and then adding, we have 

*W+/* 2 +/3 2 )+J ,2 (™ 1 2 +m*H/n3 2 )-f-2 a (« 1 2 +na 2 +ns 2 )+2jc(/n 1 n 1 -fm s n 2 +m s i»,> 
-J-2rAr(n 1 / 1 +/7 2 / 2 +/i3/ 3 )-|-2.x>'(/ 1 m 1 -f / 2 m 2 +/ 3 m 3 ) 

= — (/ 1 2 +/ 2 2 +/3 2 )+y-(m 1 2 +/w 2 2+m 8 2 )+-i-(/i 1 2+ff,*+n 3 8), 

or, x 2 +y 2 +22 = J_ + _L + JL 

a b c 

Note. This is the equation of the 'Director sphere 1 of the conicoid. 

F rov © that the locus of points from which three mutually per- 
pendicular planes can be drawn to touch the ellipse 

X 2 >2 

~z +~ga =1 * r=0 * 8 the sphere x*-\-y' i -\-z i =Q i +b-. 

(Punjab, ( Pakistan) . 1956S ; Sagar B.Sc., I962y 
3* Prove that the locus of the foot of the perpendicular drawn from 
the centre of the ellipsoid — - -f to any of its tangent planes is 

a 2 x- -f 6 a .v 2 + c 2 -2 = (X‘ +y 2 -f 2 2 ) 2 


Type V. Ex. t. If 2r is the distance between two parallel tangent 
planes to the ellipsoid 2\, + = 1 , prove that the line throngh the 

origin perpendicular to the planes lie on the cone 

X2(a2- r 2,. f . y 2 (b 2_ r2) + 1 2( c 2_ r 2 )==0 . 

(Punjab Hons. t 1961 ; Delhi Hons., 1959) 


Sol. The parallel tangent planes to the given ellipsoid are 

1.x + my +n:=± \/a*/*+b*m* 

Ry the question, 

2V«-/'-4/> 2 m2+f2/j2 
/2 + m 2 4-«2 =2r * 

(n2-_ f 2 ) /2 +(6 2_ r 2 )m 2 +(f 2_ r2)n2=0 

\ line throngh the origin and perpendicular to (1) is 

-V v _ z 

1 m ~ n 

'» from (2), the line (3) generates the cone 

(a n ~-r n -)x*+ ( 62 _ r 2 ) V 2 + (c 2 _ r 2) 2 2 = 0 . 



...( 2 ) 

...(3) 


Ex. 2. If the line of intersection of two perpendicular tangent planes to 

the ellipsoid whose equation referred to rectangular axes ja X * 4- -{- ** a | 

a s b- 


passes through the fixed point (0, 0, k), show that it lies on the cone 

X*(b* + c2-ki)+y*(c* + a*-k*) + (z-k)*(a* + b*) = 0. 

(Delhi Hons., 1960 ; Karnatak, 1961) 
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Ex. 3. Tangent planes are drawn to the ellipsoid —— - _ l 

* a- b- ' c- 1 

through tlie point (a, [J, y). Prove that the perpendiculars to them from the 
•origin generate the cone a-x‘ l +b 2 y t -\-c-z*=:[<M.x+ $y+. (Z yt m 

( Marathwada T.D.C., 1961 ; Sagar B.Sc.. 1952) 


SECTION III 

9 16. Polar plane of a point : Def. 

If any secant APQ, through a given point A, meets a conicoid 
in P and Q, then the locus of R, the harmonic conjugate of A with 
respect to P and Q {i-e., AP, AQ and AR are in Harmonic progres- 
sion), is called the polar plane of A with respect to the conicoid. 


917. To find the polar plane of a given point A(x,. y, z ) 
with respect to the conicoid ax 2 4- by 2 4- cz 2 = 1. ’ 1 

The given conicoid is ax 2 -\- by-+ cz 2 = 1 . (1) 

Let the equations of any secant APQ through the point 

y lt z.) be 

say, where /, ni, n are the actual direction cosines. 

Let /-j and r 2 be the measures of AP and AQ. 

From Art. 913, r x and r 2 are the roots of the quadratic 

■equation 

r 2 (a/ 2 4- bm 2 4- cn 2 ) 4- 2 r{ax x l 4- by x m 4- cz x n) 

+ (ax x 2 + by x * + cz x 2 -\)=o ...(3) 

Let p be the measure of AR. 


AR 


2 r x r, 


r,tr. 


because AR is the harmonic mean between AP and AQ, 


or 


AR= P = ".M-AV + cz, 2 -! 

— {alx l -\-bmy 1 + cnz 1 ) 


..(4) 


using (3j. 


Now, if R be the point (A, pi v) which lies on the line (2) foi 
r= p, we have 
A- Ar, = /p, j x-y l = m^ 

^nd v— z x = n p 

where p is the distance of R from A. 


.( 5 ) 
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Eliminating p between (4) and (5), we have 

ax^X—xJ + by x {\k -y x ) 4 cz x (v -zf)=- (ax? +by?+cz ?-\ ), 

or ax 1 A4fc>’ 1 p4cz 1 v = 0. 

locus of R(A, (x, v) is the plane 
axx 1 + byy 1 -f-czz 1 = i, 

which is the required polar plane of the point (at,, y lt z,) with respect 
to the conicoid (1). 

Note 1. The equation of the polar plane is of the same form as that of the 
tangent plane at the given point. 

Note 2. The point A is called the pole of its polar plane. 

9’ i 8. Conjugate points : Def. 

Two points, such that the polar plane of either with respect to a 
conicoid passes through the other, are called conjugate points. 

9 x9. Conjugate planes : Def. 

Two planes, such that the pole of either with respect to a 
conicoid lie on the other, are called conjugate planes. 

9‘20. Polar lines with respect to a conicoid : Def. 

Two lines, which are such that the polar plane of any point on 
either with respect to a conicoid passes through the other, are called 
the polar lines with respect to the conicoid. 


9 21. To find the equations to the polar line of the line 


*-*■ _= y~y» 

1 


with respect to the conicoid ax 2 + by 2 -f cz 2 =* 1. 

The equations of the given line are 

= z ~ z ' =r, say 
/ m n 

and the equation of the given conicoid is 

ax 2 4 by 2 -f cz 2 = 1 

Any point on (l) is y x -\-mr, Zj-fnr). 

The polar plane of this point with respect to (2) is 
ax(x x + lr) 4 by(y\ 4 mr) 4cz(z 1 4 nr) = 1 , 
or, (axx x 4 byy x 4 c:z x — 1)4 r(alx 4 bmy 4 enz) =0. 




•••( 2 ) 


(Art. 9-17) 
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This plane, for all values of r, passes through the line given by 
the intersection of the planes 

axx i-\-byy x -\- czz x = 1 
anc * a lx -f bmy -f- enz = 0. 


Hence the equations of the polar line cf (i) are 

axxj-f byy x + czz, = i 

an ^ alx-f bmy-f cnz = o. 


Ex. 


ellipsoid - — 
a * 


Obtain the equations of the polar of a given line with respect to the 

v 2 Z 'l 

+ ‘£7 + 7T = / - (Karnatak M.Sc., 1961 ) 


EXAMPLES IX (B) 

Type I. Ex. I. Prove that the locus of the pole of the plane 

lx + my + nz= p 

with respect to the system of conicoid *“ 1 y ~ z 


- + 


+ 


= 1, where 


a‘‘ + k b 2 -fk ' c* + k 

k Is a parameter is the straight line perpendicular to the given plane 

Sol. Let (a, p, y) bo the polo. 

Its polar with respect to the given conicoid is 


or. 


or 


or. 


xac 


+ 




+ 


zy 


= 1 


« 2 +A: b 2 +k * c*+k 

Now (1) in identical with lx+my+nz=p 

Comparing coefficients in (1) and (2), wo have 
!(o 2 -\-k) m(b 2 + k) «(c 2 + Ar) p 


1 


<*+k= ££. b , +k= IP 

I m 


c= + A= PS , 


a2- 


— — fl 2 — a 

P 


P « 
/ 


b 2 — 


3 n 

in 


c*-n=_k 


n 


ni . - 


it 


c 2 - 


* — 


IIP 

/a 2 

P 


3 - 


m/p 
mb 2 


nip 


y— 


nc 


I 


in 


n 


.\ locus of (a, P, y) i» the straight line. 

la 2 mb 2 nc 2 

x _ y _ _ 2 

P P 


... ( 1 j 

-.( 2 ) 


7 


m 


n 



256 A NEW TEXTBOOK OF ANALYTICAL SOLID GEOMETRY 


This straight line is clearly perpendicular to the plane 

lx+my+nz=p. 

Ex. 2. Prove that the locus of the poles of the tangent planes of ax 2 4- 
by~-\-cz 1 = 1 with respect to xx 2 +P.y 2 +Y‘ 2 = l the conicoid 

a 2 * 2 P 2 y2 -r’z 2 


a b c 


Ex. 3. Reciprocal property. If the polar plane of a point P with 
respect to a central conicoid passes through a point Q, prove that the polar 
plane of Q passes through P. 


+- 3 


Type II. Ex. 1. Find the equations of the polar line of 

x+1 y-2 

2 ~ 3 " 

with respect to the sphere x 2 + y 2 +z-= 1. (Punjab, 1956) 

Sol. Here .r,= -l, y 1 =2, Zj=— 3, 1=2, m= 3, n=l, 

a=\, b= 1, c=l. 

From Art. 9'21, the required equations of the polar line of the given 
line are -x-\-ly—3z=\ and 2x+3y+z=0, 

or, x— 2y+3r+l=0 and 2 jc+ 3>'+z=0. 

Ex 2. Prove that the polar lino of 

x— 1 y — 2 z—5 

~2~ = ~3~ “ ~T~ 

with respect to the conicoid x- — 2y--\-3z 2 — 4=0 is 

jc + 6 y-2 z-2 


3 


1 


Type III. Ex. 1. Find the conditions that the lines 

*-* y-P *-r *-«' y-P' *-r' 


- — and 

1 m n 1 

must be polar lines with respect to the ellipsoid 

x 2 y a * 2 

a 2 + b 2 + c 2 - 1 * 


m 


(Karnatak A {.Sc., 1961) 


and 


Sol. Let PQ and RS be the givon lines 

P _ t 

/ m n 
x-ol' y-P' z-f 


/' _ m‘ 


n 


• • ( 1 ) 


...( 2 ) 


The equations of the polar line of PQ are 

« .&L+IL.1 

Q i + *,2 + 

lx my nz 


•••( 2 ) 
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Now, if the polar line of PQ is the given line RS, then RS lies on both 
the planes of (2). The conditions for this are that 


(/) the point (a', P,' y') on the line RS must satisfy both the equations 
of (2) and 

(ii) the line RS must be perpendicular to the normals of the planes 

of (2). 


.'. the required conditions are 


ao' PP^ 
a- + b* 



a 2 ' b' £ + 


<•2 


xT 3 m' y// 
a* * b* + c2 



//' mm' nn’ . 

-sr+ 


Ex. 2. Find the condition that the line 


_*-« y-$ 

z ~y t 

1 - m 

/I 

*-a' y-p' 

Z ~Y 

r ~ m' 

n’ 


[Ans. (axi +b$rn' -f cy/j' ) (ax' I -f 6p' m+ cy' n) 

= (all' + brunt' + cnn') (flax' +6pP' + c YY' — 1 )]- 


Type IV. Ex. 1. Prove that If AB intersects the polar of PQ, then 
PQ Intersects the polar of AB. (Karnatak M.Sc., 1961 ) 


Sol. Let RS bo the polar of PQ inteisecting AB in C, and EF be the 
polar of AB. 

Let us consider the polar plane of C. 

RS, PQ are polar lines, 

.'. the polar piano of C (a point on RS) passes through PQ. 

Also, v AB and EF are polar linos, 

the polar plane of C (a point on AB), passes through EF. 

.*. the polur piano of C passes through PQ, EF, 
l.e., PQ and EF aro coplanar. 

.*. EF, the polar of AB, intersects PQ, 

i.e., PQ intersects the polar of AB. 


Allter. 


and 

respectively. 


Let AB and PQ be the linos 

•* — a y-P - Y 


/ 


rn 


n 


x y-v *—(' 


r 


m 


n' 


...( 1 ) 

...( 2 ) 
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The equations of the polar line of the line (2) with respect to the coni- 
ooid flX 2 +6>' 2 +cz 2 = 1 is the line EF given by 


and 


ax'x+b$'y + cy'z— 1 = 0 
al' x+bm’y+cn'y =0 


.(3) 


If the line AB intersects EF given by (3), then any point (oc-f-/r, p+/wr, 
y+nr) on AB must satisfy (3), for some value of r. 

••• a*'(*+lr)+bV($+mr)+cy' (v+nr)=l 
and al'(<z+lr)-\-bm'^+mr)+cn'ly-\-nr)=0, 

or# (flaa , +6pp'+f- / 7'-lH-r(flac7+Ap'm+c T '/>)=0 

And (aal'+bfim' +C'fn')+r(all'+bmni'+cnn')=0 


Eliminating r between these equations, wo obtain the condition that 
'must hold in order that AB may intersect EF. 

. • . (a act ' + hpp ' + cyy' — 1 ) (o//' + bmm ' + cnn ' ) 

= (aai'l+b$'m+cy'n){(ni + b$m' + cyn') ...(4) 

The symmetry of the result (4) shows that if the line AB intersocts the 
polar of PQ, then the line PQ will intersect the polar of AB. 

Ex. 2. Show that the polar of a given line with respect to a central 
oonicoid is the chord of contact of the two tangent planes through the line. 


Ex. 3. Show that the polar of the line joining two given points is the 
lin e of intersection of their polar lines with respect to the conicoid. 


SECTION IV 


9 ' 22 . Section with a given centre. 

To find the locus of chords of the central conicoid 
ax 3 -fby 2 + cz 2 =i which are bisected at the point (ij, y,, a,). 

The equation of the conicoid is ax 2 +by 2 +cz 2 =: 1 ...(1) 


Equations of any chord of (1) passing through (jc lt y,, r,) are 


x—x 
l 


m n * 


say 


... 12 ) 


Any point on this line is (*,+ //•, y x -f mr> Zj-fnr). If it lies 
on (1), then 

+ Irf + b(y l + mrf + c{z x + nr)*= 1 , 
or, r- [at 1 -f bm- + cri 1 ) + 2 r( alx t + bmy 1 -f cnz 1 ) 

+(flx 1 2 +fcy 1 *-Fcz I 2 -l)==0 ...(3) 

This is a quadratic equation in r and therefore has two roots, 
(Xj, y v z,) is the middle point of the chord (2) 
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(3) has roots equal in magnitude and opposite in signs, 
i.e.y the sum of the roots of (3) is zero. 

alx l + bmy l + cnz l =0 ...( 4 ) 

The required locus is obtained by eliminating /, m, n between 
<2) and (4). 

a{x—x 1 )x l -f b(y - y 1 )y 1 + c(z - z 1 )z 1 = 0, 
or, azx, -f byy, + czz, = ax, 2 -f by, 2 -f cz, 2 , 

■which is the required equation. 

_ ^°* e J f s =0x 2 +by 2 +cz*—l = O be the equation of the eonicoid and 
l —ax x + yf>-\. cz fL—l and'T—oxxi + byyx + czZi — 1^0 be the equation of the 
angent plane at (x lt y lt z,), then the above equation can be written as 

T=S,. 

Note 2 ‘ The section of the eonicoid by this plane is a conic such that all 
chord, pQssing trough <*„ >■„ z,) are bisected at it, i.e , (*,/>•„ z,) is the centre 

J me come. This equation determines the equation of the section of the coni oid 
whose centre is the given point. 

9’ a 3- To find the locus of the middle points of a system 
of chords of the eonicoid ax 2 + by 2 + cz 2 = i which are parallel 

«o the line = = 

1 in n 

Let (A, pi, v) be the middle point of one chord ofthe system of 
chords of the eonicoid ax 2 +by 2 -\- cz*= 1 ..,( 1 ), which are parallel 

to the line' -- = -Z_ = _£ 

/ m n 


then 


equations of this chord are 
X — A y — |z_ z — v 


l 


m 


n 


...( 2 ) 


If (A, |x, v) be the middle point of the chord (2), 

al\ -f- bm[K c/iv = 0 ...(3) (Art. 9 22) 

locus of (A, (x, v) is 

alx4-bmy+cnz = o, which is a plane. 

Note 1. This plane passes through the centre of the eonicoid and is called 
i«netral plane of a systim of parallel chords parallel to the line 


l 


ni 


n 


to sam e direction Co>IVersely ’ evcry antral plane is a diametral plane corresponding 
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EXAMPLES IX (C) 

Type I. Ex. 1. Find the equation to the plane which cuts x 2 +4y* 
— 5z 2 = 1 In a conic whose centre is the point (2, 3, 4). 

[ Punjab B. Sc. {Hons.), 1951 ] 


Sol. Here X 1 = 2, >’ 1 =3, ^=4, 0—1, 6=4, c= -5. 

The required equation of the plane is 

2* + 12.y_20z=4+36— 80. (Art. 9 22) 

or, 2x+12y-20z»=-40. 


or x+6y— 10z+20=0. 

Ex. 2. Find the centre of the conic given by the equations 
2.v— 2y-5z+5=0, 3* 2 +2y 2 -15z 2 =4. 

[Punjab B.Sc. (Hons.), 195 5] 
[Ans. (—2, 3,— 1).] 

Ex. 3. Prove that the centre of the section of the ellipsoid} 



by the plane through the three extremities of the different axes is the centroid 
of tho triangle formed by those extremities. 

Type II. Ex. 1. Find the loons of the centres of the sections of 

•* 2 + by 2 -f c* 2 = l which touch ax 2 -f (Jy 2 +YZ 2 = 1. 

(Punjab Hons., 1958 ; Raj., 1952) 

Sol. Let ()., (x, v) be the centre of one of the sections of the conicoid 

ax*+b}*+c: 2 =1 -(0 

•\ equation of the section is 

(x— x)o).+(y— p) b[L+(z— v)cv=0 


then 


If (2) touches the conicoid ax 2 -f (3>> 3 -f-YZ 2 = 1, 
0X 2 +6p 2 + cv2= 


a 2 ). 2 + 6V 2 ^ c 2 v 2 


locus of (X, p, v) is 
(ax 2 +by-+c:Z)2= — X ~ + 


P 


b*y 2 

3 


+ 


C»Z3 


Ex. 2. Show that the centres of sections of a conicoid that pass 
through a given line lie on a conic. ( Baroda , 1953 ) 


3. Prove that the locus of the centres of parallel plane sections of 
a conicoid is a diameter. ( Punjab Hons 1950) 


Ex. 4. Find the locus ‘of the centres of sections of a conicoid that are at 
a constant distance from the centre. {Allahabad 1963} 

[Ans. If the equation of the conicoid bo ax 2 + by 2 +cz 2 = 1, and d is tho constant 
distance of the section from tho centre, the required locus is (ox 2 +by- 
+ cz2)2 « d 2 (a*x* +b-y-+ c*z * ) . 1 
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Type III. Ex. 1. Prove that the middle ipoints of chords of 
ax 5 + by 2 + cz 2 = l which are parallel to x=0 and touch Jt 2 +y 2 + z 2 = r 2 lie on 
the surface by 2 (bx 2 +by 2 +cz 2 — b r2 ;-fcz 2 (cx'- + by 2 + cz 2 — cr 2 )=sO. 


Sol. Equations of any chord parallel to x = 0 are 

0 ni n 

where (*, 3, y) are tho coordinates of the middle point of this chord. 

V (a, p, y) 1 9 on the diametral plane, 
bfim+cyn—O 

V (1) touches the sphere Ar 2 +y 2 + z 2 ==r 2 , 

/. the perpendicular from (0, 0, 0) on (l) = i r » 

T " r}7=±' 


( 1 ) 


or. 


or, 

or, 

or, 

or. 


( 2 ) 


m-+ri 


[ ( a 2 + (i2 + Y 2)_/ _^L_ + 

L W« 2 +n s V 

(«»+P»+Y a )~ ( - g ^^ f ”l 2 => 2 . 

(* 2 +0 2 +? 2 — r*)(m 2 +n-) = ($m+ Y n)2 

( p + * ) “I* 2 -! ( 1 + ) , 

[ iP _ 5L y ]= =( „ wm [ 1+ ^] 


locus of (a, p, Y ) is 

[,_A,]W + , W) [, + ^ 

Or, (C~6)2y2z2 = (x2 + r2 + 2 2 -r2)(fe2 > 2 + c 2 z 2) > 

or, c 2 > 2 2 2 + b*y*z* - 2bcy 2 z- = 6 *y 2 . t t + tfy* -f b*y*z- - b*r*y* + c 2 jc 2 z 2 + c2y*z* 

+ C 3z4_ C 2 r 2 z 2 > 

or, 6>'2(6x2+6>'2 + fz*-6r2)+cr2(fx2+6^2 +cz 2_ cr 2) = 0. 


Ex 2. Find the locus of tlio middle points of chords of the conicoid which 
pass through tho point (a, P, Y ). [Ans. cix(x~ *)+by(y — p) + cz(z— Y ) = 0.] 


SECTION V 


9 24. Enveloping cone : Def. 

The locus of the tangent lines drawn from a given point to a 
given conicoid is a cone called the enveloping cone or tangent 
cone to the given conicoid having the given point as its vertex. 

9*25. To find the equation of the enveloping cone of ,the 
conicoid ax“-}-by 3 -f- cz- =i with its vertex at A(x,, y,, z,). 

The equation of the given conicoid is 

ax'- -f- by - -[ cz- = 1 


...U) 
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Let A be the point (x v y x , z x ). 
Equations of any line through A are 


*-*i y-y i z -zi . 

/ " m ~ n ’ 


say. 



Any point on (2) is (x x +lr, y x +mr, z x +nr). 

If it lies on (1), then 

a{x x + lr) 2 + b(y x -f mrf 4 c(z x 4 nr) 2 = 1 , 

or , r 2 (al l 4 - bm* 4 cn 2 ) 4 - 2 r(alx x -f bmy x + cnz x ) 

+(ax x 2 +by*+cz x 2 -l)=0 ...(3) 

The line (2) will be a tangent line to the conicoid (1), if (2) 
meets (1) in two coincident points, i.e., if (3) has equal roots, the 
condition for which is 

4(alx x +bmy x +cnz x ) 2 =4(al 2 -\- bm 2 -\- cn t )(ax x 2 +by x t + cz x 2 — 1 ) ...( 4 ) 

The locus of the tangent lines is obtained by eliminating /, m, n 
between (2) and (4). 

the required locus is 
[ax x (x-x x )+ by x (y-y x ) + cz x (z - z x )] 2 
^[aix-xJ'+biy-y^+ciz-zJ'KaxS+byS+cz'-l)* ...(5) 

or, [a(tf - 2xx x + x x 2 ) + b(y 2 - 2 yy x +y x 2 ) 

+ c(z 2 -2zz x + z x 2 )] .(ax x 2 +by l t +cz x 2 -\) 
= [(oata:, - ax x 2 -|- byy x - by x -+czz x - cz x 2 ] 2 , 

or, [(ax 2 -f by 2 4 cz 2 ) 4 ( ax 2 +by 2 + cz 2 ) 

- 2 (axx x 4 byy x -f czz x )] . (ax x 2 4 by x 2 4 f z x 2 - 1 > 
“ [axx x + byy x + ) - (ax 2 4 - by 2 + cz x 2 )] 2 , 

or, ((ax 2 -\-by 2 +cz 2 -x)+(ax 2 f by x 2 +cz'-i) 

- 2 (axx x 4 byy x + czz x - 1 ) ] . (ax 2 -f by x * 4 cz 2 - 1 ) 
= [(aataTj 4 byy x 4 czz x - 1 )- ( 0*^4 by x *+ cr, 2 - 1 )] 2 , 

(Note this step) 

* If the 8=aj:2-f.6>-24«»-l, Sj = a^ 1 2+6>’ 1 2+cr 1 *- 1 , 

T = axx x +byy x 4 czz x — 1, 

Then (5) becomes [(T+ 1)- (S x 4 1)]*=[(S4 1)-2(T+ 1)4(S,4 1)1S, 
or, (T-S 1 )2=(S-2T4S 1 )S 1 , 

or, T*-2TS 1 +Si2 = 8S 1 -2TS 1 4S 1 2, 

or, 8Sj=T2, 

or, (ax*+by 2 +cz 2 ~ 1 )(ax 1 *4 cx x *— 1 ) 0 = (axx x +byy x + czz x — 1 )*. 
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or, (ax 2 + by 2 -\-cz 2 — \){ax x 2 +by x 2 -\- czf — 1)4(o*i 2 4 by\ 2 -\-cz x 2 — l) 2 
— 2{axx x + byy x 4 czz x — 1 ){ax x 2 - f 4 cz x 2 — 1 ) 

= (axx x - h byy x 4 czz x — 1 ) 2 — 2 ( axx x 4 byy x 4 czz x - 1 ), 

(ax x 2 +by x 2 +cz x 2 - \) + {ax x 2 +by x 2 -\-cz x 2 - l) 2 , 
or, (ax 2 4by*4 cz 2 — i)(ax 1 2 4by 1 2 4 czj 2 — i) 

=(axx 1 4byy 1 4czz 1 — i) 2 , 

which is the required equation of the enveloping cone. 

Aliter. Let Q be any point on a taDgent line drawn from A. 

The coordinates of the point dividing AQ in the ratio of k : 1 
is f kx+x x ky+y x kz + z{\ 

L *41 * ‘ *41 ' *41 J* 

If it lies on the given conicoid, then 



or, a{k*x 2 4 x x 2 4 Zkxx x ) + b{k 2 y 2 4 > 4 8 4 2 kyy x ) 

4 c{k 2 z 2 4 z x 2 4 2 A:zz, ) = k 2 4 2k 4 1 , 

° r * k 2 (ax 2 + by 2 + cz 2 — \ ) 4-2k{axx x + byy'i -f czz x — 1) 

4 {ax 2 + by 2 A-cz 2 — 1)=0 ...(A) 

This is a quadratic equation in k. 

AQ touches the conicoid, 

(A) has equal roots, the condition for which is 
4(axx x 4 byy x 4 czz x — ]) 2 =4{ax 2 -\ by 2 -y cz*—\)(ax x 2 + by\ 2J r cz , 2 — 1 ). 

or, 

U * 2 +W + c * 2 ~ 1 ) ( a *i 2 + by , 2 4 cz, 2 - i) = (axx, 4 byy, 4 czz,- i) 2 , 
which is the required equation of the enveloping cone. 


Not*. 1. 

and 


If S=ax 2 +by 2 -j-cz 2 — I , S x =ax x 2 +by x 2 -\-cz\ 2 — 1 
T=axx l +byy x +czz x -l, 


the above equation can be written as SS,=T 2 . 


(Allahabad, 1950) 


Note 2. The enveloping cone is satisfied by those points which satisfy 

both the equations ax 2 -\-by 2 +cz 2 = / and axx x +byy , +czz x = /. 7 he former is the 

equation of the conicoid and the later is the polar plane of the \ erf ex (x t , y x , z x ) 

yvith respect to the given conicoid. Hence the enveloping cone may also be regarded 

as a cone with the given point (x x , > i , z x ) as the vertex and the guiding curve as 

the section o f the conicoid by the polar plane of the vertex with respect to this 
conicoid. 
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9*26. Enveloping cylinder : Def. 

The locus of the tangent lines to a conicoid which are parallel 
to a given line, is a cylinder called the enveloping cylinder of the 
conicoid. 


9*27. To find the equation of the enveloping cylinder of 
the conicoid ax 2 -f by 2 4-cz 2 =i, whose generators are parallel 

_ y 

— * • 

1 


to the line — = — = 


The equation of the given conicoid is 

flx 2 +&y 2 +cz 2 = 1 ...(1) 

Let (A, p, v) be any point on a tangent line of (1) parallel to 
the given line 



or. 


The equations of this tangent line are 
.y— A y—y. z— v 


/ 


m 


n 


=r, say, 


Any point on this line is (A-f/r, p.-f mr, v-fnr). 

If it lies on (1). then 

a{ A -f Ir ) 2 + b (y -f mr) 3 -f c(v -f nr) 2 = 1 , 


r*(a/ 2 + bm 2 + cn 2 ) + 2r(o/A -tbmy + cm) 4 (aA* + by} + . rv 2 - 1 ) = 0 




This is a quadratic equation in r. 

V (3) touches (1), 

(4) has equal roots, the condition for which is 
4(a/A 4 bmy 4- c/iv ) 2 = 4 [a l 2 4- bm 2 4- cn 2 ) (aA 9 + by *- + cv 3 - 1 ) . 
locus of (A, y, v) is 

(ax- 4- by 2 4- cz- — i)(al 2 4-bm 2 4-cn 2 )=(alx-fbmy4-cnz) 2 , 

which is the required equation of the enveloping cylinder of the given 
conicoid. 


Aliter. The enveloping cylinder whose generators are parallel 
x y z 

to the line — =— = — is a limiting form of the enveloping cone 
whose vertex is (/r, mr, nr), when r 
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or. 


The equation of the enveloping cone having vertex at 

(Ir, mr, nr) is 

(ox* 4 by* 4 cz- - 1 )(al-r- 4 bm'r* + cn'-r- - 1 ) 

= (a.xlr -* bymr+ cznr — 1 ) 2 , 

(ax * 4 by- 4 cz- - 1 ) ( 67- 4 bm- 4 cn- ~ 74 ) 
= fax 1 4 bmy 4 cnz ■ 


Taking the limits when r >co, we have 

(ax'-4by 2 4cz 2 -i){al 2 4bm 2 4 cn 2 ) = (alx -f brny + cuz/-, 

which is the required equation of the enveloping cylinder. 

EXAMPLES IX (D) 

Type I. Ex. 1. Find the locue of points from which three 
mutually perpendicular tangent lines c«n be drawn to the surface 

«z 2 -r-by 2 +cz 2 = 1 . ( Jodhpur , 1962 \ I.A.S. , 1955 ) 

Sol. Let (>., n, v) be a point from which three mutually perpendicular 
tangent lineB can be drawn to the surface ax 2 +6y 2 40' 2 = s 1 •••(*) 

The three mutually perpendicular tangent lines drawn frnm ()., p, 4 will 
be three mutually perpendicular generators of the enveloping cone of the 
conicoid (1) having vertex at (>., \i t v). The equation of the onveloping cone is 
(fiX*+by i +cz--\)(a/. 2 +biL--vCv--\)=(axy.+byit + czv -\) 2 •••(!) 

••• this cone has mutually perpendicular generators, 

sum of the coefficients of x 2 , y 2 z- in ( 1) must be 7.oro 
a(b\i 2 -\- cv 2 — l) + 6(o>. 2 4fv 2 — 1)4 c(o>. 2 -f by. 2 — l) = 0, 
or c)y. z = a + b+c. 

.'. locus of (>., ix, v) is £a(6-f c)x J = a+Ht‘. 


Ex. 2. The section of the enveloping cone of the ellipsoid 

2 ») 2 

— ■ 4^L- + —r,- = 1* whose vertex is P, by the plane z = 0 is a rectangular 
a*- b 2 c- 

hyperbola. Find the locus of P. (Delhi, 1958 ; Bombay, I960) 


Sol. Tho enveloping cone with vertex P(). # (x, v) is 



Its section by the piano is 



If tho section is a rectangular hyperbola, tho sum ol tho coefficients of 
X 2 ur*d y 2 in ( 1 ) is zero. 




or 


_i 


T 2 

) + b- \ a 2 H c* 

/ i 

1 \ 11 

*!■ 

+ 

62 ) “ fl 2 + 6 2 * 

> 2 +P 2 

•l 

4 -- = 1 . 

ai + b* 

r c 2 
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— / 

] 


.\ locus of Pis — -f — m=l 

a 2 +b 2 C 2 

Ex. 3. Find the locus of a luminous point if the ellipsoid 

fl 2 + c a - 1 

cast, a circular shadow on the plane z-= 0. (Bihar, 1961 ; Jodhpur, 1965) 

f Anm. .r«=0, - • >2 ■ ■ -f-.il «-!• y^Q ** i * 8 c 

L b 2 —a 2 ~ c* * ' u * a 2_Z,2 + 7 T c 

Ex. 4. The section of the enveloping cone of the ellipsoid 

a: 2 v 2 r 2 
~a* +- p"+ 7a ” 1 

»ho.<, vertex ie P by the place r=0 is a parabola. Find the loco, of P. 

[Ans. z = icj 

Type II. Ex. ]. Prove that the enveloping cylinders of the 

ellipsoid l z « . 

a 8 ~ b 2 c 2 ’ whos « generators are parallel to the line 

— = — _L__ * 

0 .--b^ c ’ me<t “• plane z=0 in circles. 

(Delhi Hons., 1954) 

enve ^°P in ? cylinder of tLo given ellipsoid whose generators 
are parallel to the given line is 

( ^ _ + P" + 7 2 '“ 1 )(^^' +tf)= (± — a '~ b *- >'+ 7V) 2 •••( Art - 9 27) 

It meets the plane r=0 in 

z=0 Hl(*?,y 2 ,\ a 2 -b 2 „ 

’ & \ * 2 4 bi ~ ] ) bT y~’ 

or, x 2 +y*=a 2 , r«=0, which is a circle. 

Ex. 2. Enveloping cylinders of the conicoid ox 2 4 6y*-f rr*=l meet the 
pane . = 0 in reolanjular Ij peiloloe, show that li e central peipendiculurs to 
their planes of contact generate the cone 

c\& 2 .*2+ a-y 2 )+cb(a+ b)z~= 0. 

Ex. 3. Show that the enveloping cylinder of the conicoid 

ax 2 + by-cz+ 2 =\ 

with generators perpendicular to the r-axis meet the plane r-0 in a parabola. 

SECTION VI 

normals to a conicoid 

9. *8. Normal : Def. 

Doin , n "Td 31 " 3 POi "' ° n 8 COnicoid is ,he line drawn through that 
point perpendicular to the tangent plane at that point. 
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9.29. To find the equations of the normal at the point 


x 2 y 2 z 2 

(*i> Yi» * 1 ) on the ellipsoid y = 1 • 


The equation of the given ellipsoid 


a 2 



[In terms of direction ratios.] 


The equation of the tangent plane at (x lt j,, r,) is 

x JEi,yyi . z ii _ 1 
a 2 + ^ c 2 


The direction ratios of the noimal at Or,, ; r,) are 

*i_ Zl 

a 2 ’ 6= ’ c 2 * 



the equations of the normal at (*„ y Jt r,) are 

x - x » -y~yi _ z ~ 2 » iV . 

*./a a y a /b 2 *,/ c* 

[In terms of direction cosines.] 

Let p be the length of the perpendicular freni ihe centre (0,0,0) 
on (2). 



The direction ratios of the normal are 







direction cosines of the normal arc 

_£i / J_ ji 1 ± _£» / _L 

a 1 / p ’ b l ) p ' c 2 / p ’ 

£*1 AVr ££1 
a* '6* ’ c 2 * 

equations of the normal at (*,, y,, z,) are 

*-*1 _y-y» = *— *1 

p x i/ a * pyi/b* p*,/c* • 
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Note. The equations of the normal at (jr lt y lt z x ) on the conicoid ax*+ 

by~- s r cz~=l are 

X-Xl 

ax \ by i cz x 


or 

where p is the 
(xi, }’i, z x ). 


x-x i _ y-yi = z- Z} 
ax x p by x p cz\p » 

eng tli of the perpendicular from (0, 0, 0) on the tangent plane at 


9,30. Number of normals from a given point . 

To show that from a given point (xj, y„ z 1 ), six normals, 
in general, can be drawn to the ellipsoid 

x 2 y 2 z 2 

T5 + 13 + "7s— *• 


Proof. The given ellipsoid is 

x 2 y 2 

a 2+ b 3+ C 2~ l - 


... 0 ) 


The equations of the normal 

X — a 






y~P z-y 


then 


a /a 2 “ p/6 2 - y/c 2 

If it passes through the given point (x„ y„ r,), 

s . v 

2 — a A2 — ..//-a ~~ > 


a/a z p 6 2 y/ c 

a = — 3=- yi 
a 2 +X’ p b 2 

(a, p, y) lies on (1), 

~ 2 P 2 


c 2 z, 


+ X' 1 b 2 -f-A* Y c 2 -fX 


a 


5+ 


+^- 1 . 


c- 


or, 

or. 


a-.x 2 


c 2 r 2 


= 1 


...( 2 ) 


...( 3 ) 


...( 4 ) 


“ m , by* «- -1 
(<i 2 -f A ) 2 + a ) 2 (c*-f-X ) 2 

a 2 .Y 1 a (6 2 +A) 2 (c 2 +X) 2 -i-6 2 y 1 2 (fl 2 +X) 2 (c 2 4-A) 2 

+ r 2 r 1 2 (fl- , + X) 2 (6 2 +X) 2 =(fl 2 4-A) 2 (6 2 + X) 2 (e ! -fX) 2 


This is an equation of the sixth degree in X, giving six values of 
X, corresponding to which six points on the ellipsoid are obtained, 
the normals at each of which pass through the point (jtj, y„ z x ). 

Hence six normals, in general, can be drawn to the given 
ellipsoid from the given point. 



THE CENTRAL CONICOID 


269 


This proves the proposition. 

Note 1. In cose of the conicoid ax-+by-+cz-=l , equation (4) becomes 

a *i 2 _ , W , czj 2 

(«>.+/)* 1 (C>.+ /)2 * 

and the relations (3) become 

x i p. _ ) l _ -i 

I -f-ox ’ J-j-by. ^ I+C\ 

Note 2. .4// j/x normais need not be real. 

9*3*- To show that the feet of the normals from (x,, y 1; z t ) 
to the ellipsoid 

x 2 y 2 z 2 

a 2 "*~ b 2 + " c 2 ~ 1 

lie on three cylinders which have a common curve of inter- 
section. 


Proof. The given ellipsoid is 

V 2 v 2 z 2 

-X- i -=1 

a a+ 6*+c 2 

The equations of the normal at (a, p, y) on (1) are 

■ X— « y — p y 

a/a 2 p /b z y/c* 

If it passes through the point (jc„ z 4 ). then 

x ,_« Zi __ Y 

a/a 2 “ p/A* “ y/c 2 ’ ay 

From (3), the feet of the normals lie on 

*»-* y\-y /i-z 

xla 2 y/b 2 zjc 2 * 

or o 2 (3C,- .x) JbHyj-y) c*(z,-z) 

x y z ’ 

on the cylinders 

-T)= c 2 y( 2 , - z), c 2 x(zj --) = a*z(xj 
and a*y(X!— x) = /)*x(y,— >) 

From (3), we have 

B =-^L Y »^!£l_ 

' a*+X* H A*+V r cMT 


From (5), the feet of the normals lie on the curve 

v _ a**i v _ c 2 z, 

«*+V ' 6* + V ‘“c 2 +A 

where A is a parameter. 


..( 1 ) 




..•(3). 




...(5> 


•• ( 6 > 
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Hence the three cylinders given in (4) have a common curve of 
intersection given by (6). 

9.32. Cubic curve through the feet of the six normals 
drawn from a point. 

To prove that the feet of the normals from (x x , y 1( Zj) 
to the ellipsoid 

x a y 2 z 2 

a 2+ 

are the six points of intersection of the ellipsoid and a certain 
cubic curve. 


Proof The given ellipsoid is 

X 2 y 2 Z 2 

The six feet of the normals from (x x , y v r x ) to (1) lie on the ellipsoid 

( 1 ). ...( 2 ) 

Also, from (3) of Art. 9*29, the feet of the normals lie on the 

curve 

v=-^- -=-^ (3) 

<r + A’ y Z> 2 + X’ “ c 2 -f X 1 ; 

where X is a parameter. 


We shall now show that (3) is a cubic curve, 
meets any plane 

w.Y + vy+»vz+d=0 


The curve (3) 



where 



or utfx^b 2 ■ + X) ( c- + X ) + vb'y^a* + X)(c 2 -f X) 

-r>vc 2 r 1 (fl'4-X)(fc 2 -t-X)-fd(a 2 +A)(6 2 -f-A)(c 2 +X)=0, 
which is cubic equation in X, giving three values of A. 


Substituting these values of A, one by one, in (3), 'we get three 
points in which the plane (4) meets the curve (3). 

the curve (3) is a cubic curve, 

the feet of the normal* from (* x , y lt z x ) to (1) lie on the 
cubic curve (3). ...(5) 

From (2) and (5), the feet of the normals from fjc x , y x , z x ) to (1) 
are the six points of intersection of (1) and the cubic curve (3). 

This proves the proposition. 
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9*33. To show that the six normals from (xj, y,, zj to 

the ellipsoid — „ — I lie on a cone of the second 

a~ b" c- 

degree. 


Proof. The given ellipsoid is 


a 2 ^ b 2+ c* 


- 0 ) 


the normal at (a, p, y) passes through (Xj, y lt z,) 

„ u~y « t' 2 ~ 

a = 


fl2 *i o_ &yt v _ C‘Z, 
a 2 - i A ’ P— A*-hX ,T r 2 + A 


( 2 ) 


Let the equations of a normal from (x„ y v z Y ) to (1) are 

x-x* _ y-y, z-z i 


/ 




/i 


(3) 


Then 


/= 


a 2 


ax 


sqX’ using (2) 


- **1 or 

a 2 i-A ’ ° ’ +A “T 


...(4) 


Similarly, 


/> 2 + A= 


AVi 

w 


...(5) 


and 


n 


...( 6 ) 


Multiplying (4) by b 2 — c 2 , (5) by c 2 — a 2 and (6) by a 2 — b 2 and 
adding, we have 


0= ^-(b'-c 1 ) b (c>-o 2 )+ Ih. ( a *-b% 

l m n 


or, 


T (c 2 -o 2 )+ 4f (a 2 -* 2 )=o 


y, 

m n 

(7) shows that (3) is a generator of the cone 

y i 


...(7) 


±^. (*’-«’) + (c 2 -^, + - ; ^ (a 2 -i ! )=,0. 


x— x, • ' J'-J'i ' ' • z-z 

which is a cone of the second degree. 

the six normals from (x,, y lt zj to (1) lie on a cone of the 
second degree. 

This proves the proposition. 
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EXAMPLES IX (E) 


Type I. Ex. 1. Prove that the normals to 

£1+ yi+*L=i 

a 2 + b* + C 2 

at all points of its intersection with lyz+mzx+nxy=0 intersects the line 

a 2 * b 2 ? c-z 

l(a 2 -b 2 )(c 2 -a 2 ) “ m(b 2 — c 2 j (a 2 — b 2 ) n(c 2 -a 2 j(b 2 -c 2 ) 

{Raj., 1950) 

Sol. The equations of the normal at (a, p, y) 

x ~ a = y-P 

a/a 2 p/Z > 2 Y/c 2 

V (a, p, y) lies on lyz+mzx+rtxy= 0, 

/PY+/Wya+nap = 0 •• ( 2 > 

(1) intersect the given line if 


a 


Y 

a 


Y 


b 2 

C 2 

■L (a*-t‘)(C*-a*) 

£ { b 2 -c 2 )(a 2 -b 2 ) 



or if 


a 2 b 2 c 2 {a 2 — b 2 ){b 2 —c 2 )(c 2 —a 2 ) 

aa 2 (6 2 — c 2 ) p6 2 (c 2 — a 2 ) yc 2 (a 2 -b 2 ) 

a{b 2 —c 2 ) p(c 2 — a 2 ) Y (a 2 -6*) 

| l{a 2 —b 2 ){b 2 —c 2 )(c 2 —a 2 ) m{a 2 -b 2 ){lfi-c 2 )(c 2 -a 2 ) n{a 2 -b 2 ){b 2 -c 2 ){c 2 -a 2 ) 


=0 



aa 2 (6 2 — c 2 ) 

P6 2 (c 2 — a 2 ) 

Y c 2 (a 2 — 6 2 ) 


or if 

a{b 2 —c 2 ) 

P'c 2 — a 2 ) 

Y(a 2 -* 2 ) 


=0, 


l 

nt 

n 




a 2 (b 2 — c 2 ) 

b 2 (c-—a 2 ) 

c 2 (a 2 —b 2 ) 



or if 

b 2 -C 2 

(c 2 — a 2 ) 

(a 2 —b 2 ) 

= 

=0, 



m 

n 




a 

T 

Y 




on taking a, p, y common from the first, second and third columns respectively, 

a 2 {b 2 —c 2 ) b 2 (c 2 —a 2 ) c 2 {a 2 —b 2 ) 

or if I b 2 -c 2 c 2 - a 2 a 2 -b 2 =0, 

/ Py "jy x w*p 
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or if 


0 

0 

0 


b 2 (c 2 ~a 2 ) 




c 2 (a 2 —b 2 ) 
a 2 -b 2 


0. 


my* nx§ 

on adding second and third columns to the first column and using (2) which 
is true. Hence the problem 


Ex. 2. 

axis of x and a 


Prove that the greatest value of 

x 2 

normal to the ellipsoid . ... -f- 


shortest 




distance between 
= 1 i 8 (b — c). 


the 


®* x * 3- Prove that the poiots on an ellipsoid the normals at which 
intersect a given straight line lie on the eurvo of intersection of the ellipsoid 
and a conicoid. (Punjab, 1958) 

Ex. 4. The normals at P and Q point s of the ellipsoid 

— + ^-+ — = l 

meet the plane of XOY in A and B and make angles 0 and 0 with PQ, prove 
that PA cos 0-fQB cos 0=0 

„ .,^** e ,**‘ 1* The normal at a variable point P on the ellipsoid 

a a |j 2 *^"^2 meets the plane XOY in A and AQ is drawn parallel to 
OZ and equal to AP. Find the locos of Q. 

[Agra, 1958 ; Punjab (Pakistan), 1956] 

Sol. The equation of the normal at P(;tj, y lt z 1 ) is 

X-Xi y-y 1 z-zj 

*i!“- yi/b* ~~ z x !c 2 - (l) 

This moots the piano z = 0 in A. 


^■bere - 0 x ~ x \ y~y i -T\ 

’ XylaT- yi lb 2 ' ZjC 2 ’ 

or, ,_ 0 x ~ x i y-yi -z\ 

’ *ila- )'i lb 2 z x !c 2 

_ V(X- Xl ) 2+(y-yi)2+ Zl 2 

PA 

* / x j'L + *i 1 + z A 

\/ ai + b* + c* 

/*i 2 +yr , *x 2 

V a* + b* + c* 

Now, tho x and y coordinates of Q are the 
^-coordinate of Q is PA. 

same as thoso of A, while tho 

For tho point Q, 


*- ^- c X A= S- (a2 - c2) 

.. (2) 

ymm *-*&-$(*-*) 

..(3) 

and z= _ ca (*J? + y£+*jL\l 

\ a* + b* + c* ) 

...(4) 
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Now from (4), 

Z 2 /Xi 2 V, 2 Z, 2 \ , /*1 2 , >'l 2 \ , /i *1* 

[V (* 1 , >>i, z 2 ) lies on the ellipsoid] 


(iS-c2> 




•2 


a* 


„2_ C 2 fc 2 -C 2 


using (2) and (3). 


The locus of 0 is the ellipsoid 


x 2 


i+ 


fl 2 — c-' b- — c- c 2 


4- 


= 1 . 


E*. 2. If Q be any point on the normal at P to the ellipsoid such that 
SPQ-PGj-f PG 2 +PG 3 , then prove that the locus of the point Q is 

fl 2^2 b 2 y 2 c 2 z 2 1_ 

( 2 a 2 — c 2 j* = ( 26 2 -c 2 — q 2)2 = (2c 2 — a 2 — b 2 ) 2 ^ 9 * 

where G lt G 2 , G 3 are the points in which the normal at P meets the principal 
planes. 

Ex. 3 . If a length PQ be taken on the normal at any point P of the 
ellipsoid ^-+^+^-=1 such that PQ=-^-, where X ia a constant and p 
is perpendicular from the origin to the tangent plane at P, the loons of Q is 


a 2 x 2 


(a 2 +X 2 ) 2 


1 . 


Typem. Ex. 1. Prove that of the six normals from a point to an 
ellipsoid at least two are real. 

Sol. From Art. 9 29, the sixth degree equation in X giving six values of 
X corresponding to the six feet of the normals drawn to the ellipsoid 

^ + Z 2 - + -£ 2 -c,i 

fl2 + f,2 + C 2 

from the point (Xi, yi, Zi) is 

(X+flaiafX+^sfx+c^s-fl^fX+^iatX+c 2 ) 2 

_ft2y 1 2( X +c 2 ) 2 (X+a 2 ) 2 -c 2 r 1 2 (X+o 2 ) 2 (X+^ 2 ) 2 =0 •• 0> 

Let F(X)=(X-f a 2 ) 2 (X+ 6 2 ) 2 (X+c 2 ) 2 — fl 2 x, 2 (X-f& 2 ) 2 (X+c 2 ) 2 

-6 2 yx 2 (X+c 2 ) 2 (X+a 2 ) 2 -c 2 z 1 2(X+fl*) 2 (X+6 2 ) 2 . 

Let us assume that a 2 >b 2 >c 2 . 

-a-<—b-<—c-. 


Now F( — oo)' 

F(-d*)> 
F (-& 2 ) 
F(— c 2 )« 
F(+ “l 1 


■+“ = + ive, 

- a 2 Xl H-a 2 +b*r-(-a*+c*) 2 e= 

— 62 yi 2 (- 6 2 +C 2 ) 2 (- 62 +a 2 ) 2 = 

— c 2 zi 2 (— c 2 +a 2 ) 2 (— c 2 +6 2 ) 2 = 
+ eo =+ive. 


—ive, 
= — ive, 
—ive. 
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From theory of equations, at least one real root of (1) lies between 
— co and — a 2 . and at least one real root of ( 1 ) lies between — c- and + co. 

.\ at lea 6 t two roots of ( 1 ) are real. 

Hence at least two normals out of the six are real. 


Ex. 2. (/) Prove that four normals to the ollipsoid ~^r + -jpr + — v 


1 


pass thsough any point of the curve of intersection of the ellipsoid and the 
conicoid £x 2 (b 2 hc-) = £b-c 2 . 


(//) Provo that the four normals to tho ellipsoid [- — =1 pass 

4 5 6 

through any point of the curve of intersection of tho ellipsoid and the conicoid 
11x2 + 10/2+0^ = 74. (Sagar, 1961 


Type IV. Ex. 1. (i) Prove that the feet of the six normals from 


Z 2 


(*> P. Y) to the ellipsoid -5-+ +— = 1 lie on the curve of inter- 

b 4 c- 

section of the ellipsoid and the cone £ ° =0. 

[Agra, 1962 ; Delhi Hons., 1955 ; Punjab Hons , 1954 ; Raj., 1954 ; 
I.A.S., 1960 ; Raj. M.Sc. ( Physics ) 1963 ; Sagar I960 ; Karnatak 1961 ] 

(ii) Show that the cubic curve through the feet of the six normals 
drawn from a point to an ellipsoid lies on the cone. {Raj. t 1961) 

Sol. (/) The equations of tho normal at (x lt y lt r x ) of tho given 

ellipsoid are X ~ Xl = y ~ yi = i—EL 

xja 2 y x \b 2 zjc 2 

V it passes through (a, p, y), 

a-*! p -yi 


Y — z i 

xi/a 2 yi /b 2 ~ z.lc 2 


= >., say. 


or. 


the six feot of tho normals from (a, p, y) ore given by 

a 2 a b 2 X _ c*X 

lfi+X' yi ~ b 2 + X ’ ?2+x ’ 

a 2 a 

b 2 e 


X 1 

X 


-a 2 


>1 


b 2 


X = — 7-c2. 


( 2 ) 


...(3) 


...(4) 


wo have 
0 


Multiplying ( 2 ) by b 2 -c 2 , (3) by c°—a 2 and (4) by u% — b 2 , and adding 

2 . 


or 


•=(^--o 2 ) ( 6 *-c*)+ ^ b — -b 2 y c 2 -a 2 ) + (- 7 ^ -c 2 ^(a 2 -/> 2 ). 

2 =0 , 
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(*i, y\, 2i) Ho on the cone 

= ...(5) 

X 

i,e. t the feet of the normals lie on (5), 

Also, the feet of the normals lie on the given ellipsoid. 

Hence the feet of the six normals from (a, 0, y) to the ellipsoid lie on the 
carve of intersection of the ellipsoid and the cone (5). 


AUter. 


From Art. 9'30, the feet of the normals drawn from the point (a, 0, y) 
to the given ellipsoid lie on the cylinders 


fend 


(b 2 -c-)yz=b-$:—c‘ l yy 

(c : —a-)zx—c-'(X—a 2 xz 

(a-- b-)xy= a 2 *y-b-$x 


...(D 

...( 2 ) 

...(3) 


Multiplying (1) by (2) by 6°-0 and (3) by c*y, and adding we have 

2 a 2 ( 62 _ c 2 )ayr=- 0 , 

^ a-(b 2 c2)q _ n 


/ e , the feet of the six normal lie on this cone. Also they lie on the ellipsoid. 

they lie on the curve of intersection of this cone and the ellipsoid 

(//) The parametric equations of the cubic curve passing through the feet 
of the six normals drawn from the point (Xj, y\ t ?i) to the ellipsoid 


*2 

a 2 





are 



Substituting these values of x, y and z in the equatiou of the cone 

* 1 ( 62 — c*) 

X-Xi 

it is satisfied. Hence the cubic curve lies on this cone. 


2“ 

Ex. 2. Show that the six normals to the ellipsoid -pjf =1 

drawn from the point P(a, 0, y) are the generators of a cone which haa for its 
generators also the lines through P parallel to the axes and the perpendicular 
from P to its polar plane with respect to the ellipsoid. 

If O be the centre of the conicoid, is PO a generator of the cone ? 

(Raj., 1959) 


Ex. 3. Prove that the generators of the cone which contains the nor- 
mals from a given point to on ellipsoid are at right angles to their polars with 
respect to the ellipsoid. (Roj., 1959 ; Sagar, 1962) 
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Type V. Ex. 1. If P f Q f R; P 7 , Q', R' are the feet of the six normals 
from a point to the ellipsoid and the plane PQR is given by lx + m y + nz = p 
then the plane P 7 Q' R 7 is given by 

T=0. 


a 2 l 


+ 


b 2 m 


+ 


+ 


c-n 


(I.A.S., 1961 ; Punjab, 1962 ; Raj , 1963 : Allahabad, 1961; 

Agra, 1957 ; Bombay, 1959) 


Sol. Let the equation of the plane * 


be /'x-f m'y + «'z— p'=0 

...( 1 ) 


The combined equation giving all the six feet of the normals 
given point (Xj, y lt z x ) is (Ix+my + nz— p)(l’x + m'y+n' z— p') = 0 

Let (a, (3, y) be a foot of the normal from the point (x lt y x , Zj). 

(la+mp+ny-p) (/ / « + m'p+n , Y-/) / )=0 

the normal at (or, p, y) passes through (Xj, >i, Zj), 


from a 

...( 2 > 


...(3) 


a = 


x,-a 

y i- 

"P_ ■ 

? l— Y 

•g "1 an e 

a/a 2 

P/6 2 

y/c 2 

= A , o*iy 

0 2 X! 

Q 

6 2 >i 



a 2 +>. 

, P=- 

62 + ). 

. Y = 

r 2 + > 

t lie ellipsoid 

-S + 

*L + 

b°- 

£ = *• 


(4) 


• • 


a2 *i 2 _l b l y\i , r2z, 2 , 


(3) 


This equation, being a sixth degree oqimtion in >, gives six values of > 
corresponding to tho six feet of the normals. 

Rewriting (3) after putting tho values of a, p, \ f r< in (A) we have 
( a2 Xl l b*y x m c^ x n \ , b*y x m’ . c*z x n' \ _ 

V ’.«* + >. 62+). fS+X p ) \ />-’ + > f2+). / 


0 

.. (fi> 


(5) and (6) are identical, 

comparing coefficients of liko terms, we have 
a*ll' _b*mm' _ c-inn' pp' 

W~ ’ 


o 2 


c2 


I 


or 


r^- r L p - p J!l. p,/ 

fl2/ ,m ~b*m ,n = ~ Wn 
Substituting these values of /', m' , n ' , in (1) we have 


pp' 


£EL y — z c= o 


or 


a*/ 6 2 m 


PP 

h 

1 


c *n + T-°- 
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Aliter. From Ex. 1 (/), typo IV, the feet of the normals from (a, P, y) 
to the ellipsoid L_-|- -vrrH — — !• •••(!) 


0 “ 

a 2 (6 2 — c 2 )a 


x- v s -- , 


=o. 


lie on the cone 2 
or, £a 2 (6 2 -c 2 )ayz= 0 


...(2) 


Now, equation (2) does not contain terms of x 2 , y- and 2*, and a pure 
constant term. 

Let the equation of the plane P'Q'R' be 

l'x+m'y+n‘z=p' --(A) 

Combined equation of the planes PQR and P'Q'R' is 

(Ix+my+nz— p)(l'x+triy+n'z— p')=0 ...(3) 

The equation of any surface passing through the points of intersection of 
(1) and (3) is 

(_f! + >1 + -^--1^+x (Ix+my+nz-p) (rx+m'y+n'z-p')=0. 

If it is the same as the equation of tho cone through the feet P, Q, R ; 
P', Q', R' of tho six normals from (a, p, y) to (1), then the coefficients of X-, y- 
and z 2 are separately zero. 

. i_+X//'=0, -r7+Xmm'= 0, -4-+X/m'= 0. 


and 

or. 


a- b 2 

-1+Xpp'«=0, 


/'=- 


l 


fl 2 X/ ’ 


/;»'= — 


6 2 Xm 


•, n' = - 


\ 


1 


C a X/I * P Xn 


Substituting those values of /', in', n’, p' in (A), wo have 


-ifl 

x L «-/ 


b 2 m c 2 n 


I 


-- 1 = - 
>Vi J Xp 


or, 


x y z 

a 2 1 b 2 m c*n p 


Ex. 2. Two planes are drawn through tho six feet of tho normals drawn 


-V“ >>- 


-2 


to the ellipsoid + "^o + -pr = l from a given point, each plane containing 

three feet ; prove that if A (x, y) and A'(x' t 3', y') bo tho polo9 of the planes 
with rospeet to tho ellipsoid, then ax' + fl 2 =33'+6 2 ==yy' + c 2 t 

and A A' 2 — O A 2 — O A' 2 = 2 (n 2 -f Z> 2 + c 2 ) . 

[Raj., 1961 ; Bombay , 1959 (second part)] 

Ex. 3. If the foot of three of tho normals from P to tho ellipsoid 

V“ Z 2 X V ’ 

— ~ + lie in the plane — — f- -V + = 1* the foot of tho other 

a 1 b- c- a b c 

x y z 

three lie in tho piano — — + 1=0, and P bos on the line a(b 2 -c-)x 

•mb{c i —a-)y=c(a-—b'-)z. 

( Gujarat , 7955 ; 795*7 ; Banaras , 7950 ; Vikram, 1962) 
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SECTION VII 

CONJUGATE DIAMETRAL PLANES AND CONJUGATE 

DIAMETERS 

9'34- II P and Q, be the points on the ellipsoid 
x 2 y 2 z 2 

— ^ + -r-7, 4- — ^ =i whose centre is O, and the diametral plane 
a- b- c* 

of OP passes through Q,, to show that the diametral plane of 
OQ, passes through P. 

Proof. The given ellipsoid is ~-f -f •• (!) 

a~ b- c i 


Let P and Q be the points (*,, y v z x ) and (x 2 , y t% z 2 ) 
respectively. 


The equations of OP are 


.v— 0 y - 0 r—0 


or. 


*i — 0 Ti-0 z x - O’ 

y - z . 


-.( 2 ) 


The equations of the diametral plane of OP with respect to (1) 


is 


**’ yyi , zz^ 


L + j- 

> I I o 


a 2 ' b 2 c 


.. (3) 


(Art. 9-23) 

If it passes through Q, then 


* 2*1 , }' 2 >' 


ci 


+ -^- + ^-=0, 


b 2 


or, 


* 1 * 2 . , y x yt . 

a 2 *** b 2 ^ 


2 


^=0 

C* 


..(4) 


The symmetry of the result (4) shows that it is also the 
condition that the diametral plane of OQ should pass through P. 


This proves the proposition. 

Cor. Let P be a point on the ellipsoid, and Q a point on the 
diametral plane of OP and on the ellipsoid, and OR the line of 
intersection of the diametral planes of OP and Q, R being on the 
ellipsoid. Then the planes QOR, ROP and POQ are conjugate 
diametral planes and OP, OQ, OR arc conjugate semi- 
diameters. 


*The relation (J) shows that the diametral plane of any diameter is parallel 
to the tangent plane at the extremities of that diameter. 
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9 36. To obtain the relations between the coordinates of 

the extremities of three conjugate semi-diameters of the 

_2 —2 

ellipsoid — +Xj + — = ,. 

Let OP, OQ and OR be three conjugate semi-diameters of the 
ellipsoid £+£+£-• ...(»> 

Let the coordinates of P, Q and R are respectively 
(*i> yi » ^i)» and (* 3 , y 3 , z 3 ), 

[A] V P, Q and R lie on (l). 



L + — + 

a ^ ki 


...(I) 


a 2 t" k'2 + c 2 — 1 J 

Also, since the diametral plane ] of any]'semi-diameter passes 
through the extremities of the other two conjugate semi-diameters 
(Art. 9‘35), 


x 2 x, 


y,y 




Z,z, "j 

— s* — = O 1 


+ + 
b- ^ 


Z 3 Z, 


= 0 


II) 


: 2 X 3 


. o , y 2 y 3 , __ , 

a 2 + b"- + c 2 ° J 

[B] By virtue of the relations (I), we see that 

V\ . *2 y 2 -2 . - y 3 -V3 ^3 

a 0 c a b c a b c 
may be considered to be the direction cosines of some three lines. 


Also, by virtue of the relations (II), these three lines are mutu- 
ally at right angles. 

We know that if 7 lf m„ n x ; / 2 , m 3 , // 2 ; / 3 , /m 3 , m 3 , be the direction 
cosines of three mutually perpendicular lines, then /,, / 2 , / 3 ; 

/Mo, /m 3 ; /i], Mo, m 3 are also the direction cosines of three mutually 
perpendicular lines. 
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are the direction cosines of three mutually perpendicular lines 

we have the relations 

*i 2 4 x 2 2 +x a 2 =a 2 } yi*i + y 2 *2 + y«*3=°'J 

y 1 2 H-y 2 > -fy 3 *=b 2 > ...(III) ZjXj + ZjXo-f z 3 x 3 =o> .--(IV) 

» 1 2 +*2 2 +*a 2 =c 2 J xiyi+xty 2 4-*3y 3 =°J 

[C] Solving first two equations of the relation (II), we have 

*i/a _ yj b r ■ !c 

{y»M-y*z«)lbc (z t x 3 —z 3 x 2 )lca {x 2 y 3 —x 3 y 2 );ab 


ys(f -i-'t-T) 


- = ± sin 90' 


— i 1 . 

since the angle between the lines whose direction cosines are 

±1 , * . a and £i , & , k 90”. 

a b c a b c 


Hence 




y***-Y'j 

be 


z *\ yi _ 

~b~ 


z,x 3 -z A x t ) 1 


*1 _ . (ac 2 v a -x a y t ) 

c ± ab 

... (y 3 *i- z ay,) 


Similarly, — =x 

a 


be 


, etc. 


f-(V, 


and 


^=-fc fe etc, 
a be 


[D1 


*i yi 

| 

x 2 y 2 

1 

CO 

1 1 
ei 

-N 

X 

II 

W 

N 

x a y-i 

tm 

-3 

rx^c 

y*ca z'ab 

± L « 

+ b + c 

= ±a6c[j 

‘V’V* 2 1 

2 /)2 r C* J 


+ -i(x..>’3-x 3 yo) 


±abc 


(VI; 


9*37* Properties of conjugate semi-diameters. 

(A) To prove that the sum of the squares of any three 
conjugate semi-diameters of an ellipsoid is constant. 

Proof. Let Pu„ ,y u Jr,),Q(x 2 , y v z 3 ) and R(x 3 , .v„ z 9 ) be the 

extremities of three conjugate semi-diameters OP, OQ and OR of the 


ellipsoid ^,+4 + i-L 
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Now, OP 2 + OQ 2 + OR 2 = (*!*+ *•+*»*)+ (xJ+yJ+zS) 

+W+y 9 *+zJ) 

= W + -V + -V) + (y x *+yf +y 9 *) + w + V+V) 

= a 2 -f £ 2 -+-c 2 , using Art. 9 36, which is constant. 

(B) To prove that the volume of the parallelopxped 
having three conjugate semi-diameters of the ellipsoid 

o *> o 

a 2 b a c* 

as coterminous edges is constant. 

Proof. Let P(x lt y lt r x ), Q(* 2 , y 2 , z 2 ), R(x 3 , y a , z a ) be the ex- 
tremities of three conjugate semi-diameters OP, OQ and OR of the 

v'2 p2 *r2 

ellipsoid 5-+3L + Z-=\ m 

a 2 b l c~ 

From Mensuration, we have 

The volume of the parallelopiped which has OP, OQ and OR 
for coterminous edges. 

= 6(volume of the tetrahedron O, PQR) 


o 

**:o 

CD 

II 

0 

0 1 


Ti 2 i 


Ti 

r, 1 = — 

*2 

* Z * ...(1) 

.y 2 

->>2 

“2 1 

^3 

y 3 z 2 

• V 3 

T3 

“3 1 



Now, ' x x 

Ti 


y 1 

z i 

1 *2 

y% 

r 2 x Xo 

y* 

Z 2 

! *3 

y* 

~3 1 X 3 

y 3 

Z 3 



X 3 x x 

* 2 

*3 

= >’l 

y* 

y 3 x y x 

>>2 

y* 

1 r x 

2 

-3 

^2 

Z z 

» v 2 i v 2 

— “T*2 

+ -v 3 2 



X x Z x +X 3 Z t +X a Z 3 

! + * 2 y 2 + * 3 v 3 ^i 2 +r 2 2 f j 3 2 

Tl Z l +.7**1 +^3*3 

X 

M 

4- 

• 

2 z 2 -F.Y3Z3 y i z 1 +y x z 2 +y 3 . 

^3 

zZ+z^+Zt 2 1 

a 2 0 

0 

| 



0 /’ 2 

0 

, using Art. 9 36 



0 o 

c 2 
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*1 

3T 


*2 

3^ 


*3 

y 3 

r 3 


= ±[abc). 


(1) becomes, 

the required volume= — (±abc) = ±abc. 

volume in m <gnitude = d/n-, which is constant. 
This proves the proportion. 


(C) If OP, OQ,, OR be three conjugate semi-diameters 
of the ellipsoid 



and Aj, A 2 , A 3 be the areas of the triangles QOR, ROP, POQ 
respectively, to prove that A^-f A ? 2 + A 3 2 is constant. 

Proof. Let P(*,, y lt z x ) Q(.y 2 , y 2 , z 2 ), R(jy 3 , y 3> r 3 ) be the 
extremities of conjugate semi-diameters OP, OQ, OR of the ellipsoid 

x 2 y 2 z 2 , 

-f" “ Co -J — 1 • 

a 2 1 b* 1 c* 

Let l rt m r , n r = 1, 2, 3 be the direction cosines of the normals to 
the planes QOR, ROP, POQ respectively. 

Projecting the triangle OQRon the yz-plane, 

, e *» *=0, we get a triangle whose vertices are (0, 0, 0), (0, y 2 , z>) and 

3*3, ^3). 

Its area is i(y 2 z 3 -y 3 z 2 ) 
or is using Art. 9 36. 


But the area of this projection = A 1 / 1 . 

a: 


• • 


A x^±bc.f a . 


and 


Similarly, 


A i ,n >=±ca.ij£ 

A i n l = ±ab.^ . 


• • 


squaring and adding these relations we have 
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or 


and 




Similarly, 


b 2 c 2 


C 2 a 2 

•I 

! + 

a 2 b z 


4 b 2 

-Ji a 

4c 2 z i 

2 

b 2 c 2 


+ 

c z a z , 

, a 2 6 2 

4n 2 

*2* 

TB* 

+ 4c*' 

6 2 c 2 

o 

+ : 

c*a 2 a 

, , a 2 b z 

4a* 

*3“ 

46 2 * 

+ 4c a ' 


2 


2 


— (1) 


...( 2 ) 


...(3) 


Adding (1), (2) and (3), we have 

A,H A ,• + A ,*=. ^-(V +xj + x,*) +' ^-( yf- + y*- + *•) 

a'b* 


+ ^(V+Wi 1 ) 
= i (6 2 c 2 -f c 2 a 2 -f 0 2 6 a ), using Art. 9-36, 


which is constant. 


This proves the proposition. 

(D) To prove that the sum of squares of the projections 
of conjugate semi-diameters, (i) on a given line, (ii) on a given 
plane, is constant. 

Proof P(.v„ y„ z,), Q(.r 2 , y 2 , z 2 ), R(* 3 , y 3 , z 9 ) be the extremi- 
ties of conjugate semi-diameters OP, OQ, OR of the ellipsoid 

2?+*? + _f!=i 
a b 2 + c - ' 

(/) Let /, m, n be the direction cosines of the given line. 

projection on OP on this line 

= (.v, - 0)/+ (y x — 0) m -}- (z, — 0) n = x x \ +>\m + z L n. 

Similarly, the projections of OQ, and OR on this line are 
respectively 

lx 2 4- my 2 -f nz., and /x 3 +my 3 +nz 3 . 

sum of the squares of the projections of OP, OQ and OR 
on the given line 

= ( /x, 4- my i + wz, ) 2 + (lx 2 + my« + nz 2 ) 2 + (lx 3 + my 3 -f nz 3 ) 2 

=I 2 (x i 2 +x 2 2 + x 3 2 ) -1- m-(y 2 +y 2 2 -f y 3 2 )-}- »*(***+ z 2 * + V) 

+ 2/m(x,y 1 + * 2 y, + x 3 y s )2mn + + y 2 z a + y 3 z 3 ) 

-4- 2nl(z 1 x 1 + z 2 .x 2 +z 8 x 3 > 

= a 2 / a + 6 2 /n s -fc 2 n a , using Art. 9*36, 
which is constant. 
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(ii) Let /, m, n be the direction cosines of the normal to the 
given plane. 

square of the projection of OP on the given plane is 
OP 2 — (lx x + my x + /!-,)- 

Similarly, the square^ of the projections of OQ and OR on the 
given plane are respectively 

OQ' — U’ x 2 -\-my 2 -\ nz 2 ) 2 , OR- — (/.v 3 +/n>’ 3 + ;jz 3 ) 2 . 

sum of the squares of these projections 

= OP' + OQ - + O R 2 — ( lx y + my x + nz , ) 2 - ( lx 2 + my t -f- nz 2 )- 

, -(/.x 3 + my 3 + nz 3 ) 2 

= a- ] b- + c*-a*l i -b 2 m--c 2 n 2 , using Art. 9*36 and 

Art. 9-37 (A) 

= aHm*+h 2 ) + b 2 (n i + l*) + cm*+m 2 ), (•/ /*+«*+«*« 1) 

•which is a constant. 

This proves the proposition. 


EXAMPLES IX (F) 


Type I Ex. 1. Find the equation of the plane through the 

~£L° f ‘ H CO f jUgate 8emi d,a “eter8 of an ellipsoid and show 
* “ inches a fixed sphere. (Lucknow Hons., 1962 ; Delhi Hons., 1961 ; 

I.A.S., 1953 ; Jodhpur, 1964 ; Agra, 1962) 

of the coniii ^ ^^a ^ y% ' Z ~* and R, * 3 » ->’3» - 3 ) he the extremities 

conjugate Bemi-d.ametore OP, OQ and OR of the ellipsoid 


and 


or, 

or. 




y- 


22 


-2 +T7 + — = 1 


a- 


c- 


...( 1 ) 


...( 2 ) 


Let the required plane PQR be 

lx+my+nz=p 

'•* (2) passes through P, Q, and R, 

lxi+my 1 +nz 1 =p (3) 

lx 2 + my 2 + nz 2 =p (4) 

lx 3 + my 3 +nz 3 -p ... (5) 

Multiplying (3) by x lt (4) by x t and (5) by x 3 . and adding we have 
H*l*+X % * +* 3 2 ) + nt(x l yi + x 2 y . i + ^ 3 y a ) + n(z lXl + z 2 x 2 + z 3 x 3 ) 

— P (*|+** + -*3b 

ia-'=p(x l + x 2 + x 3 ), using Art. 9 36 


/ 


"JT (*l + *2 + *3) 
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Similarly, 


and 


m=z ~S2 (>’l+>'2+>’3) 
n== ~~2 ( Z l + Z 2 + Z 3)- 


Substituting these values of /, m, n in (2), we have 

p (*±g±*), + „ (£i±^) 2=/) , 


or. 


^-(*l + *2 + *3) + p-(yi+Y2 + y3) H ^o(Zl+Z2 + z 3) = L 

which is the required equation of the plane PQR. 

Ex. 2. Show that the plane PQR touches the ellipsoid 

+ 


*2 y2 2 - 1 

62 + c- — 3 


<J2 

at the centroid of the triangle PQR. ( Punjab , 1959 ; Sagar, 1961 ; 

Aligarh, 1961 ; Kama f ok, 1961 ; Calcutta Hons., 1962 > 

Ex. 3. OP. OQ, OR are conjugate semi-diameters of the ellipsoid 

a- ^ b- + c- 

show that the sides of the triangle PQR touch the ellipsoid 

a"~ c= = 2 ’ 


Type II- Ex. 1. Prove that the locas of the foot of the perpendf- 

x 2 y 2 x 2 

calar from the centre of the ellipsoid — * 1 on the plane PQR, 


b* 


through the extremities of conjugate semi-diameters OP, OQ and OR, 

is a2x2 + b2y2 + C 2z2=3(x2 + y2 + z 2)2. 

(l.A.S , 1953 ; Punjab Hons , 1951 ; Raj., 1955 > 
Sol. From Ex. 1, Type I above, the equation of the plane PQR is 

(tj 4-x 2 +x 3 )4- -~r (y\ +>* 2 +^ 3 ) -{- — j (2i + ^2+ z 3) = L 

-(I) 


Let (>., ji, v) e the foot of the perpendicular from the centre (0. 0, 0 


on (1). 


equations of this perpendicular are 

x y : 

(A V 

(2) is parallel to the normal of the plane (1), 

>. jx v 

(xj+jr 2 +* 3 )/« 2- (yi+yi+y^ib* ~ (z l +z 2 + 2 3)lc 2 
(>., u, v) lies on (1). 

{*i+x 2 + x 3 )+ (yi4y 2 +ya)+ -^5- (^+^+-3) 

= 1 


...( 2 ) 


...(3) 


.-(4) 
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From (3), wo have 

a'/. 


b[i 


CM 


(xi+x 2 +x 3 )la (J'l+.Va+J'aJ/A <z. + Z;j+r 3 )/c 

\/aZ'J+b-u. z + c--> 


—r (•^i+- y 2 + - x 3) 2 + •p - (>’i+>'2+>'3)" + -py (ri + r 2 -fz 3 )- 

V 'j2>l4-7)2 tl 2 + c2 v 2 


-V/3 

X] +X 2 +X 3 


a°~ 


and 


, using Art. 9 36 (II ) 
x/ 3 X 

a^+b-iit+ci^ ' 

V3 n 

N / a 2).2 + /,2 |i 2 +r 2 v 2 

Z i±^2±?3 V3 v 

c 2 “ Va^+W+f^- * 

Substituting these values in (4), we have 


ri+i’a + Va 
6 -' 


V'3()2+ ! i2 + V*)= ^^02+62^2 + ^2 

locus of (X, |x, v) is 

fl2*2 + b~y~ + C 2 Z 2 _ 3(X 2 +^2 + r 2)2. 

Aliter. Let (X, p, v) be the foot of the perpendicular from the centre on 
the plane PQR. 

•\ equation of the plane PQR is 

xjx-XJ+pO’— p)+v(z— v)=0* 

XX + >’p + ZV=X 2 + (i2 + v2. 

V it is the same as the equation of the plane PQR, viz . , 

(*i+*2TAr 3 )+ -p- O'l+J't+J’j) + (Zj + r 2 + r 3 )=l 


or 


...( 1 ) 


and 


Comparing coefficients of like terms, we have 

p2 X 6 2 p <-2v X2+p2 + v2 

Xi + X 2 +X 2 >'l+> , 2+>'3 z l + z 2 + r 3 • 

. Xj+Xt + X* a>. 

a - X* + p2 + v2 

>'l+>’2+>^ = 

' b X2+p2 + v 2 

Zj + Zj + Zg Oi 

C "X 2 + p 2 + v 2 

Squaring (3), (4) and (5), and then adding wo havo 

(x^xa+Xg) 2 . (yi+yz+yj 2 . iz t +z t +z 9 )* 

+ 6 2 + 


...( 2 ) 




...(4 > 


...(3). 


q2 


C 2 


W+j 7&V l**+W+*^ 


V The plane PQR is a piano through (X, p, v) and perpendicular to 
the line whoso direction ratios are X, p, v. 
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or 3(X 2 +p 2 +v 2 ) 2 = a 2 X 2 +6 2 p 2 -}-c 2 v2, U 8 ing Art. 9-36 (I) and (II). 

locus of (X, p, V) is a 2 X 2 + 62 y 2 + c 2 2 2 = 3 ( ;c 2 + >> , 2 + 2 2 ) 2 . 

Ex. 2. Prove that the locus of the centre of the section of the ellipsoid 

x 2 v2 z 2 

— r +-i— 4 — — = 1 by the plane PQR is the ellipsoid 
a- b- c z 

x- y~_ z~_ 1 _ 

fl 2 + b* + c2 ~ 3 *' 

Prove that this is also the locus of the centroid of the triangle PQR. 

Ex. 3. Prove that the locus of the pole of the plane PQR is the ellipsoid 

-ff +-p-+ 7 T =3* {Sagar, 1961 ; Agra, 1954) 


Type III. Ex. 1. (i) Find the locus of the equal conjugate diameters 

of the ellipsoid +31 = 1 . 

( Allahabad , 1950, 1952, 1962 ; Delhi Hons., I960, 1962 ; I.A.S., 1954 ; 
Jodhpur, 1963 ; Karnatak, 1961 ; Nagpur T.D.C., 1962 ; Raj., 1951, 1955, 

1960 ; Agra, 1953, 1959 ; Vikram, 1961 ; Bombay, 1960) 


(ii) Show also that the plane through a pair of equal conjugate 


diameters touches the cone 


= 0 . 


a 2 (2a 2 — b 2 — c 2 ) 

(Agra, 1950 ; Karnatak, 1961 ; Raj , 1962). 


Sol. bet r b 3 the length of each of the equal conjugate semi-diameter 
of the ellipsoid 


*2 


+ "Z T + 


«2 T 62 


Z 2 
72 


= 1 


...d) 


Let P(.Vi,y lt z{), Q (x 2 , y } , z 2 ) and R (x a , y a , z 3 ) be the extremities of 
-equi -conjugate semi-diameters OP, OQ and OR. 

r2 = - v l“-T-J’l 2 + r l 2 =-*2 2 +.>'2 2 + 2 2 2 =-*3 2 -h>'3 2 + r 3 2 

3r2=(x 1 2 + X 2 2 +X 32 ) + (y 1 2+y a 2+y 3 2) + ( Zl 2 + Za 2 + 2 3 a) 

= 0 2 + 62 + c 2 f ...(2) 

using Art. 9-30. 

Let I, m, n bo the direction cosines of the semi-diameter OP. 


• 

• • 

Coordinates of P are 

( lr , mr, nr). 


• • 

• 

P lies on (1), 



• 

• # 

_« ( 1 2 , m2 

*S)-> 


or 

0 / /2 m- n- \ , 

r ‘ (. a* + A* + C 2 ) 

(Note this step) 

or. 

I 2 , m 2 n 2 

(/ 2 +m 2 +n 2 ) 3(/ 2 +m 2 +n 2 ) 

...(3) 


Q 2 + 6 2 + c- 

r 2 a a + 6 2 +c 2 

using ( 2 ). 
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locus of I lie equi-conjugate diameter of (I) is 
A* y 2 z 2 3(jr*+v 2 + z 2)* 

a- + b* + ~C~ ~ a 2+62+ C 2 


or 


or 


( *2 v 2 z 2 \ 

IT + ^2 + Tt -)( a2 + b2 + c ° ) = 3(*2 +> ,2 + z 2) 


^ (2fl2 - b- — c2) -f- ^ (262_ f ->_ 0 2 )+ _^. ( 2c2- a 2-/»2 ) = 0 . 


fl2 


c- 


whioh is a cone 

(//) The plane OQR through OQ arid OR, is the diametral plane of OP. 
equation of the plane OQR is 


, >21, 2Z i _ 0 

Ts +62 + cT - n 


.. (A) 


Thib will touch tho cone 

V * 2 

/ 1 


a 2(2 a 2_/,3_ c 2, 


= 0 if 


*1- 


or if 
or if 

or if 


£-^-.02(2a2_62_ c 2) = o, (Art. 9 15) 

-[ 2 - ( fl 2 + 62+c*)]/o2 » 0, 

23 J r 1 2-2^ 2 2 ( a 2 + 62 +c 2) = 0, 

3 ^i 2 +h 2 + *i 2 ) - «* 2 ■ + A- + f 2 ) ( -£$*+ = 0 


or if 3r2 = 02 + 6 2 + c 2, £-2 i-=l and X^+yf+z^r*, 

which is true, since OP, OQ and OR are equol. 


Aliter. 


r2 = AT 1 2 +>’i 2 + 2 1 2 = V+>- 2 2 + 232=^324^2+^2 
• 3r2=(X 1 2 + X 2 2 + .V 3 2) + ( > . 1 2 +y? + y£) + (2{L+zf + z£) 
= 0 2 +62 + c 2 


Equation of the plane QOR is the samo as tho 
diametral piano of OP. 

•\ equation of the plane QOR is 

a 2 + 62 + c2 

The given cono may be written as 


equation 


...(I) 

of tho 


...( 2 ) 


using (1). 


X 2 yt 2~ 

aHr*-a * ) + b*(r 2 - 62 ) + c 2. r 2_ ( 2) U ’ 


• • ( 3 ) 


* v tho equations of OP are — r = — 

I m n 

in view of (3), OP genorutos this cono. 
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Xow, the plane QOR touches the cone (3). if the normal to the plane 


(2), viz.. 


x 1 /a 2 ~y i lb 2 ~ zi/c 2 

is a generator of the cone reciprocal to (3), which is obviously 

a 2 (r 2 -a 2 )x 2 +bHr 2 -b 2 )y 2 + c 2 (r 2 -c 2 )z 2 =0. 

U is so if (r 2 — a 2 ) £j- + (r 2 -6 2 ) 4 (r--c 2 ) =0, 

<"■ if - W +. vr +^)-0 

or if r 2 — (.Vi 2 +^i 2 + ^i“) = 0, 

(V P(.v lt v lf z x ) lies on the given ellipsoid) 

or if r 2 — r 2 =0, 

or if 0 = 0, 

which is true. 

Hence the problem. 

Ex. 2. If X, [i , v be the angles between a set of equal conjugate 
'diameters, prove that 

3 Z(6 2 — c 2 ' 2 

COS 2 X + COS 2 IX + C06- V = 2(Q2 + ^ 2 ^- 2 y r 

(Raj., 1960 ; Agra, 1950 ; Aligarh, 1960 ) 

Ex 3. Show that any sot of three equal conjugate diameters of the 
•ellipsoid 

-i 

a 2 + b- 

b© on on a circular cone, and that the cosine of the angle between any two is 

(a n —b 2 )l(a 2 +2b 2 ). 

Type IV. [An important result. “If P be any point on an ellipsoid 
and OQ, OR be any two conjugate semi diameters of the ellipse in w «c 
the diametral plane of OP cuts the ellipsoid, then OP, OQ, OR are conju- 
gate semi-diameters of the ellipsoid. 

Proof. V OQ and OR are conjugate semi-diameters of the ellipse in 
which the diametral piano of OP cuts the ellipsoid, 

... OQ bisects all chorda of the ellipse, parallel to OR •••0) 

Now these chords aro also chords of the ellipsoid. 

... the diametral piano of OR bisects those chords •••(2) 

From (l) and (2), we conclude that tlio diametral plane of OR passes 
through OQ, i.e., through Q. 

Also, the diametral plauo of OR passes through P. 

the diametral plane of OR is the plane POQ. 

Similarly, the diametral plane of OQ is the plane ROP- 
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It is al9o given that the diametral plane of OP is the plane QOR. 

b y Def.. OP, OQ. OR are conjugate diameters of the ellipsoid. This 
provos the proposition]. 

Ex I. P is any point on the ellipsoid iL-f- - 2 L -f- an d 2 * 

a- b 2 c- 

and 2p are the principal axes of the section of the ellipsoid by the 
diametral plane of OP, prove that 

OP-=a 2 +b 2 -f c 2 — a 2 — p 2 , and that aPp = abc, 

■"here p is the perpendicular from O to the tangent plane at P. 

(Agra, 1956 : I.A.S., 1952 ; Nagpur, T.D.C , 1960) 

Sol. Lot P be the point (x lt y,, z,). 

Let Q(x 2 ,y 2 , z t ) and R(x 3 , y 3 , z 3 ) be the extremities of the sami-axes 
O' hich are conjugate diameters) of the ellipse which is the curve of inter- 
section of the ellipsoid and the diametral plane of OP. 

• •• by the above note, OP. OQ, and OR are conjugate semi-diaraetara 
Of the ellipsoid. 


Now, 

OQ2=x 2 2 + y 2 2 +-V= 

OR 2 =x 3 2 -fy 3 2 4-r 3 2 = 

Also, 

OP 2 =Xi 2 -fy 1 2 + r 1 2 . 



OP 2 + a 2 + p 2 = (x , 2 + x 2 2 + x 3 2 ) + <>- 1 2 + y 2 2 +y 3 2 ) + (-'!= + z a 2 + z 3 2 ) 

= a 2 + b 2 lining Art. 9*3G. 

O P2 = q 2 + b 2 + C 2 _ a 2 _ 


The tangent plane ut P is xx } + ‘2X y ££l = | 

fl- b 2 c 2 


1 

p 2 


x s. + >■>" + M- 
H 7PT+ ?r 


■? f, ~r-- 2 ) ~ • using the relntions 
a-b-c- 


( 


• * 


>’ 2 ^ 3 -> 3 - 
bc 

a 2 b 2 c 2 

^2 2^>2-3~>' 3-2)' 


*■)- 


etc. 


U81 °g Lagrange’s identity. 

=--a 2 p 2 — rx 2 x 3 +y 2 y 3 + z 2 z 3 ) 2 

•’ OQ and OR are. perpendicular. 

*2*3 3 + z 2 : 3 ~ ^ 


(*2 2 “K r 2 2 + -2“)(*3 2 +>’3 :i + :r 3 2 )""(*2*3+. v 2> , 3 + * 2 r 3 ) 2 • 

...(! ) 


• • 


•*. (1) becomes a 'b~c- _ a2 p 2> 

ap . p — abc. 
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Aliter. Volume of the tetrahedran (P, OQR) 


= J_ (Area of the X (-L from P 0,1 the P lane ° QR) 


j- (*«?>/» = - 6 


_ 


...(!> 


where p i. the length of the perpendienlar from P on the plane OQR. which ia 
the same aa the perpendicular from O on the tangent plane at P. 


and OR 


But the volume of the parallelepiped with coterminoua edgea OP. OQ 


=6(volume of the tetrahedron P, OQR) 


6 Of )-*■ 


By Art. 9 37 (B), the volume of the parallelopiped with cotermm 
edges OP, OQ and OR =abc. 

Hence ap p=obc. ^ 

F* 2 IfP U, Vi, Zi) >8 » P oint on fche el,i P 8oid and ^ 

{Ut u,. ^ a ) are extremities of the principal axes of the section of the ellipsoid y 
the diametral plane of OP, prove that 

l\Z.2 7 ll T l2 - 

cfl(bZ-c*) ~ b-(c--a-) c\a*-b*, 

1 (I.A.S., 1951 ; Allahabad, I960 ) 

SECTION VIII 
THE CONE 

9-38. Standard equation of the cone. 

A homogeneous equation of the form ax--\-by 4 cz 7 ? rep 
sents ^standard equation of the cone whose vertex .. the ong n 

Note. If (* 1 . yi- -l) be Gny P ° int ° n ,h€ ^ ° X2+ y 
(-v, -y u —zi) also lies on the cone. 

' we can regard this cone a central conicoid »•*«« centre is ™ 

of the cone. The coordinate planes are conjugate diametral p 
coordinate axes are conjugate diameters. 

9-39. Important results. 

As in the case of other central conicoids, the following results 
for the cone can also be established : 

The equation of the tangent plane at the point (*i. y» *i) 0 
the cone ax*+by* + cz* = 0 is axx^ byy. + cz^o. 
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(|7) The plane lx 4- my 4- nz = 0 touches the cone 

ax?+by z + cz 2 =Q if 

l 2 , m 2 , n- 
— -f =o. 

a b c 

( iii ) The equation of the polar plane of the point (x,, y Y , z x ) 
with respect to the cone ax--\-by % f cz 2 =0 is axx, 4-byy t 4 - czz, = o. 

(iv) The equation of the plane of the section of the cone 

ax 2 + by 2 + cz- = 0, whose centre is 

y\> ^i)» >s ax *i + byyj 4-czz 1 =ax 1 2 + by l 2 + cz, 2 . 

(v) The equation of the diametral plane of the cone 

ax* + by 2 cz- =0 , 

which bisects the chords parallel to the line -4* = — => — is 

alx f bmy-)-cnz=o. 

(vi) The locus of the tangents drawn from the point P(x p y x% z x ) 
to the cone ax'- +b\ 2 cz'- = 0 is the pair of the tangent planes 

(ax ? -f by 2 -f cz 2 )(ax 1 2 4- by 1 2 + cz 1 2 ) = (axx 1 4-byy, 4-czZj) 2 
whose line of intersection is OP, O being the vertex of the cone. 

(v/7) The diametral plane of OP is also the polar plane of P 
with respect to the cone. 


EXAMPELS IX (G) 

Type I. |Notc. Normal plane : Def. The normal plane through any 
generator of a cone is the plane through that generator perpendicular to the tangent 
Plane at any point of that generator. 

^ Find the equation to the normal plane of the cone 
•* 4-by 2 4-c* 2 =0 which passes through the generator 

_* y * 

I ,m n 

Sol. Equation of the given generator is 

x y _ 2 

F flay 

Any point on it is (/r, mr. nr'. 

The equation of the tangent piano at this point is 

alx+bmy + cnz=0 ...(1) 

Let the required normal plane be Tx-\- nTy+ n'z=Q ••■(2) 

it contains the generator. .-. IT + tnm' + nn' =0 ...(3) 

(2) is perpendicular to (I), 

**» oW + bmm' + cnn’ =0 


• ••(4) 
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From (3) and (4), 


ir 


mm 

c—a 


nn 


b—c c—a a—b 

. r - X(b ~ C) m’= Mc ~ a) n'= 

* * ' - l ,m m ‘ 

(2) becomes 2 ^ p-- =Q. 


=>., say. 
M«-b) 

■ • 
n 


Ex. 2. Lines drawn through the origin at right angles to noimal plenea 
of the cone ax 2 -\-by 2 +cz 2 *= 0 generate the cone. 

a(b -c)- ^ Q {Baroila, 1953 ; Raj., 1951) 

* X 2 

Type II. Ex. 1. Perpendicular tangent planes to ax 2 + b)“ + cz- = 0 

Intersect in generators of the cone £a(b + c)x 2 =0. 

t Allahabad , 1957 ; Punjab Hons. % 1957 ; Bihar , 1962} 


Sol. Let P be a point (a, (1, y)- 

X y z 

equations of OP are = — — = 

“ a p 

Equation of the tangent planes to OA"‘-+^’ 2 + cr- = 0 is 

[ax 2 +by 2 +cz 2 )(a* 2 +b$ 2 +cy 2 ) = (axx+bpy-t cyz) 2 . 


.. (1) 

. <2> 


These tangent planes will be at right angles, if the sum of the coefficients 
of x' 2 , y 2 and z- in (2) is zero. 

(ab$ 2 + acy 2 +baa. 2 +bcy 2 + ca*- + cb$‘ > =0 
or rt(6+c) a 2 +6(c4 a)3 2 + c(a+/>)Y 2 =0 

.*. OP generates the cone 2 a(b + c)x- = 0. 


Aliter. 


if 


or 


or 

or 


The plane Ix+nty+nz^O ...(1) touches the cone ax 2 -\-b) 2 -\ c:- — 0 


JL + ^ + Jt = o. 

a b c 


...( 2 > 


%bct 2 =0 

Eliminating n between (1) ond (2), we have 

We+nfic+ (J&ZZYab- 0. 

l 2 z 2 bc+m 2 z 2 ca+l 2 x 2 ab+in 2 y 2 ab + Umabxy— 0 , 
r~(abx'~ + bcz 2 ) -f m-(aby- + cuz'~) + 2cblmxy— 0 

This is a quadratic equation in , which indicates the existence of 


...(3> 


two tangent planes. 


_/ 

"»l 


1 and 


>il 2 aby 2 +caz 2 _ 

Wjm 2 ab.x 2 +bcz 2 * 

are the roots of the quadratic (3) in — . 
///* m 


where 
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fill - = -” 1 " 2 (by Symmetry) 

aby 2 -\-caz 2 abx 2 +bcz 2 bcy 2 +cax 2 

\* the tangent planes are perpendicular, 

v / 1 /2+ w l w, 2+ n l ,, 2 == 0 

or a6y 2 + c<ir 2 4-fl/>.v 2 +6cz 2 +6o’ 2 +fOA' 2 =0 

or 2 a(6+c).x 2 =0, where (.v, y, r) are the coordinates of any point on 

the lino of intersection. 

Ex. 2. The lines of intersection of pairs of tangent planes to ax 2 +by 2 
-fcr 2 = 0 which touch along perpendicular generators lie on the cone 

5 > 2 (M-c).v 2 = 0 . (Agra, 1955 ) 


Ex. 3. Planes which cut ax*+by 2 +cz 2 *=0 in perpendicular generators 


touch 




MISCELLANEOUS REVISION EXAMPLES ON CHAPTER IX 

1. Jf the line of intersection of two perpendicular tangent planes to the 
ellipsoid whose equation, referred to rectangular axes , is 

x 2 y- : 2 . 

q2 + fri + c 2 — ' 

passes through the fixed point (0, 0, k). show that it lies on the cone 

x 2 (b 2 +c 2 - A 2 ) +y 2 (c 2 4 a 2 — A 2 ) 4 (r- A)*(fl 2 4 b 2 ) = 0. 

( Katnatuk . 1961 ; Punjab Hons., 1960 ; Agra. l963) 

[Hint. Lot the equations of the line of intersection of two perpendicular 

tangent planes, through (0, 0, A) be •••(!) 

Let the equation of a tangent plane through (1) bo A.t4B>’4 C(r— A)=0, 
or Ax+By+Cr=CA — 

whore A/+l)/;i+Cr:=f>. 

V (2) touches the ellipsoid, 

A* a 2 + B 2*2 + C-c- = C 2*2 , 

or A 2 tj 2 4-B 2 /> 2 4-C 2 (c 2 — A 2 ) = 0 — < 4 > 

v two tangent planes aro at right angles, 

thoir normals aro also at right angles. 

•\ the lines whose direction ratios are given by (3) and (4), are at 
right angles. 

/. / 2 (6 2 +c 2 -A 2 ) + m 2 (c 2 - A 2 + a 2 )+/i 2 (a 2 4*> 2 )=0* -< 5 > 

Eliminate /, m, n between (1) and (5)]. 

Note. * The condition, dial the two lines whose direction cosines I, ni, n 
ore gi\en by ul+ vm + wn^O, al 2 +bm 2 + cn 2 =0, may be perpendicular, is 

2«2(6 + c)-0. 


...(4) 
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2 OP OQ OR are three radii of an ellipsoid whose centre is O and 
which are mutually at right augles to one another. Show that the plane PQR 
touches a sphere. (Lucknov Horn . , 1962 , Raj., 1954) 

3. If the feet of the six normals .from (a, p, yl are (x r , y r . r f l, r— 1. 
2 6, prove that 

0 c aS (J_) +A =p S ( — )+e=lS ( — ) « 

( Punjab Hons., 1952 ; A'lahabad , 1953 ; Bombay, 1961 ) 


[Hint. The feet of the normals from (a, P, y) a ' e S ,ven by 


a- a 2 


c2 li_=i t 


( a 2 +) 0 2 + ( 6 2 +>.) 2 T ( c 2 4 - X ) 2 

So 2 a2 1/»2 +X) 2 (c2+ X) 2 = ( a 2 + >.) 2 ( ^ + >•) 2 (° 2 + 2 1 

Sx« +2) * (a 2 + b*+ c 2 J + =0. 

Lc/ X|, X 2 >6 1/5 roo/5. 

S)-i=-2(o 2 +6 2 4-c 2 ) 


.+ 


or 

or 


... 0 ) 


/} Iso, the six feet of the normals ore given by 


a-7. 


6 2 P 


_£lY_ 
f 2 +X r 


, r=7, 2, ...» d. 


on<7 


* Vr “^fx r • >'^-z,2 + x r >Zr c-i 

*■2 ( i ) ) “ 2(a!+>f ’ 

6 2 PZ ( ^-^^ )= 2(62 +>rW 662 + SX i 

c 2 y 2 (^)=c 2 rS (^) =S(c 2 +x r )=5c 2 +Sx l . 
AW, e/c.] 


= 6a 2 + £'*i 


4. Through a fixed point (k, 0, 0) pairs of perpendicular tangent lines ^are 
drawn to the surface «.v 2 +6^ + :z*-l. Show that the plane through any p 


touches the cone 




^lAb+C + «aki- 1, - + ^ k '~-f A f im 


z 2 


■0. 


■or. 


[Hint. The enveloping cone is [a(x — A:) 2 +7>>’ 2 +<‘z 2 ] f {ak 
Transferring the origin to ( k , 0, 0), it becomes 
(o.x= + by*+ rz 2 ) (ak 2 - 1 ) = a n -k n -x 2 , 
ox 2 - 6(aA' 2 - 1 )y 2 - c(a* 2 - 1 )z 2 =0. 


_ 1 > == o2Ar 2 (.x — A) - 


Let the plane n.v + vy+H’z=0 through a pair cut the cone in perpendi- 
cular lines. 

... [a _(6 +c) ( fl fc2_i,] ( M 2 + v 2 + h- 2 ) = an 2 -b{ak* - 1 ) v 2 - c{ak-- 1 )h> 2 , 

or, [(b+){ok*-\)]u*+[c(ak2-l)-a]v*+[b{ak*-\)-d]w*=0. 
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or, 


tl.o normal to the plane generates the cone 

L.x 2 -fMy-+Nz 2 =0, where L = (6 + c)(o&- — 1 . 

Msc(a*2-l)-0. ^=b[ak-—\)—a. 

the plane touches the reciprocal cone which is 
M Nx 2 + N L v- +LMr-=0, 
r 2 v- r 2 
T + M + N * 


transforming origin back to (A:, 0 f 0), 


the equation is 


(x-k ) 2 , >' 2 


+ “M + 


4=°,e.c.] 


5. If OP, OQ, OR me conjugate diameters, and P\, P>- r$ : ~l- “ 2 - *} 
are thsir projections on any two given lines, then Px~i+P2~2+P3 -3 •’ 

[Hint. Let the lines be 

x-a y-p 2- Y *-*' 

/ 


m 


n 


X — a 
' " /' 


in 


n' 


be two given lines 


simllai ' xpr, " io " 

for P 2 r - 2 ^Pz^z an( l add.] 

6 . If through any given point (a. !5. y) perpendiculars are drawn to any 

. . .. r . . X- y- gj _ I the plane through 

three conjugate diameter? of the ellipsoid -^7 + ^2 ' c 2 

the feet of the perpendiculars passes through the fixed point 

/ o 2 a C J1 Y (Punjab, 195$) 

\ fl 2 + /, 2 +c 2 - » a*+b*+c- ’ a s +b 2 +c 2 / 

Sol. Lot OP, OQ and OR bo three conjugate semi-diameters of the 

given ellipsoid. Let the cDordinatos of P. Q an( ^ ^ * )0 * Vl ’ ' A “* * 

*») respectively. 

Lot A bo the foot of the perpendicular from D(a, 3, Y / to • 

Coordinates of A are [XXj, Xyi. X-ih 
V DA js perpendicular to OP t 
/. X|(AXi—a) +>'i(Xyi-p) + Zi(>zi- y)=°- 

>.—(x 1 «+J'i0+Xiy)/(Xi , +J'i*+*i 8 )- 

coordinates of A become 


or 


r v s x * g 

L 1 • 2^ ' 


y\ 


2xia 




W ' Z1 Z*i 


fj- 


Similarly, the coordinate. of the foot B and C of the porpand culara 
from (a, (J, y) on OQ and OR respectively oro 

■?*«* and 


* 2 2X* 2 ’ >>2 SX 2 2 ' 2X2 


^ Zx 2 a 

( x 2*»« 

V 3 I 


2*3* 


;*a 2 ' ** 2* 3 2 


2x a g \ 

• 23 2x 3 2 ; • 
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equation of the plane ABC is 


x 


y z 





2*i 2 


l 

l 


-v 2 2x 2 a /S.v 8 s v 2 2-v 2 a/2.v 2 2 1 


-v 3 S.v 3 «/Z-V3 2 v 3 2.r 3 */5>3 2 1 


1 

or 

-V 

.V 

Z 

1 



-Vi 2*1 a 

>'i 2 -vi* 

“i2*i a 

2*!- 



-v 2 2 -v 2 * 

r 2 S* 2 x 

" 2 2-v 2 ct 

2-V 2 2 


I 

-V 3 S-V 3 X 

V 3 2*3* 

r 3 2-v s a 

2 .V 3 2 


or 

.V 


•9 

1 



r/ 2 a 


**y 

a 2 + ^2 + t 2 


X>S^2 a 

v 2 2-v 2 * 


2*2” 



^ 3 S-v 3 * 

.Vj2*3* 

- 3 2-V 3 a 

2*3 2 



on adding tho third and fourth rows to tho second row and using Art. 9*30. 
This piano dearly passes through tho point 


(a** c 2 y \ 

\ £a 2 ’ v a 2 * y 


7. Prove that the locus of the point of intersection of three tangent 

A -2 v 2 -2 

pianos to +- = which aro parallel to conjugate diametral planes of 

a- b- c- 



( Punjab Hons., 1956) 

What doos this theorem become when a— 3=y 7950) 

[Hint. OP, 0(2, OP ///iy Jef n/ conjugate diameters of 

y 2 y 2 2 2 

-72- + + =/ - * bs (*i. -»’1. 2 1>* ( v 2. yz> z-z\ (* 3 . v 3 . r 3 ). 

three conjugate diametral planes are 


A-AV XVr 
^ 32 ^ 


- r 


a- 


=0, r = l,2,3. 
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Lei three tangent planes to ellipsoid 

-2L-lZ — ui_=/ parallel to {!) be l r x+m T y+n r : 

= y/a*l r *+b*m r *+cW r . r = l, 2,3. 
th(se 


xx r , yy r , ZZ T _ l a ' 1 Xr- . b-y r 1 ,f 

are + p 2 + Y 2 \/ ** 


r=l , 2,3. 

To obtain the required locus, square and add these equations. 

*2 J’2 - 2 . 

When a = P= Y ,-^r + + “I ~ 1 

becomes x 2 +>’‘ 2 +z'-=* 2 . 

whose conjugate diametral planes arc mutually perpendicular and tin 

director sphere x 2 +>' 2 T z- = a- +b- + c - .] 

8. OP, OQ and OR are conjugate diameters of an ellipsoid 

* - , >1 , _£r._ | 

*T + b- + c- ' 

At Q 'and R tangent lines are drawn parallel to OP, and p lt /> 2 - are 1,1011 
fences from O. The perpendicular from O to the tangent plane at right nngh - 

to OP is p. Provo that 


pi +p{i +p*i = Qi + 6- + 

[Hint. Let OP = r 1% OQ = r.», OR = r 3 . 
Equations to OP are 


{Raj., 1952) 


x y 


x x lr x ~yilr l ~ =ilr } 

Equations of the lino through Q parallel to OP ar. 

a-.v 2 y-y 2 : 


- •> 


...(l) 


xilr t yi/ri -i/'i 
/. p|2s= square of the perpendicular from O on (I) 

-(** + /V. +7T r * ) 

Similarly, pf-xf+yf + sf - ( “ ) 

Equation of tho plane perpendicular to OP i* 


*ji + m+“L ~ P . 

r\ T 'l r l 


• • 


it is a tangent plane, 


.. «2x I 2+/-r. 2 + <’-T 

I - r — i — 
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9. Prove that two normals to the ellipsoid 

*2 y2 Z 2 

-H 2 -+-S 2 + 72- 1 

lie in the plane 

lx+my+nz = 0 

and the line joining their feet has direction cosines proportional to 

a 2 (b 2 -c 2 )mn, b 2 {c 2 —a 2 )nl, c 2 (a 2 -b 2 )Im. 

Also, obtain the coordinates of thes points. ( Punjab Hons., 1957) 

[Hint. Equations of the normal at (x u y lt z x ) are 

x-x x y—yi 2 —z ! 
xja 2 ~ y x /b 2 - Zi/c 2 ’ 

// it lies in the plane 

lx + my+nz=0, 

and lxi + myi+nz x =0 

Solving for x x . y x , z x , we have 

x } _ y\ _£i 

a 2 nm(b 2 - c 2 ) ~b 2 nl(c 2 -a 2 ) c 2 lm(a 2 -b 2 ) 

= i 1 / \/ 'Lo 2 nfln 2 \b- — c 2 ) 2 ...(1) 

This gives the coordinates of the required points. Find the direction ratios of the 
- uin of these two points .] 
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Angle between two lines in which u 
plane cuts a cone, 215 
Angle between two non-intersecting 
lines, 9 

Angle between two planes, 47 
Angle formula, 16 

— for two lines, 16 

— for a line and a plane, 87 

Angle of intersection of two spheres, 
18) 


— of conicoid, 254 
Conjugate 6emi-diameters, 2/9 

— properties of, 281 

Constants in tho equation of a line, 85 
Coordinate axes, 1 
Coordinates of a point in space. 2 
Coordinate planes, 2 
Coplnnar lines, 93 

— condition of, 95 
Cylinder, 231 

Cylindrical coordinates of a point in 
space, 18 


Centre, 242 
Central conicoid, 240 
Change of origin, 141 
Change of direction of axes, 1 13 
Circle, 159 

Coaxal system of sphores, 186 

— kinds of, 187 
Complete distance formula, 53 
Condition of coplanarity of four 

points, 40 

Condition of tungoncy of a plane and a 
sphere, 170 

— of a plune and a cone, 213 

— of a plane and a conicoid, 247 
Condition of parullelism and perpendi- 
cularity 

— of a lino and a piano, 86 

— of two pianos, 47 
Cone, 195,292 

— equation with vertex as origin, 195 

— equation with given vertex and 
conic as base, 201 

Conicoid, 240 
Conjugate diameters, 245 
Conjugate diametral planes, 244, 279 
Conjugate points and conjugate planes, 
of sphere, 179 


Diarnetor, 24 1 
Diametral plunes, 24 I 
Direction cosines. 9 

— of a line, 9 

— of axes, 10 

— of lino joining two points, 

— of three mutually perpendicular 

linos, 145 

Direction ratios, 12 
Director sphote, 252 
Distance formula. 4 


Ellipsoid, 241 

Enveloping cone, of a conicoid. 261 

— of a sphere, 207 

Enveloping cylinder of a conicoid, 261 

— of a spheie, 233 


Equation of curve, 28 


Feet of normals from a point to an 
ellipsoid, 270, 271 


General equation of first degree, 33 
Generator ef a cone, 195 
Great circle, 160 
Guiding curve. 125 
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Homogeneous equation, 195 

Image of a point in a plane, 79 
Intersection of three planes, 124 
Intersection of two spheres, 160 

Lagrange’s identity, 1 7 
Length of perpendicular from a point 
on a line, 1 15 

Length of perpendicular from a point 
on a plane, 51, 52 
Limiting points, 188 
Line of greatest slope, 92 
Lines intersecting two or three lines, 120 
Loci of f(x) = 0, 26 

- of/(.v, y) = 0, 26 
-of f(x, y, z) = 0, 27 

— of a line intersecting given lines, 
120 

Middle point formula, 8 

Non-intersecting linos. 118 
Normal at a point on a conicoid, 266, 

267 

Normals from a point to an ellipsoid, 

268 

Oblate spheroid, 2-14 
Octants, 4 
Origin, 1 

Orthogonal projection of the area on a 
plane, 60 

Orthogonal spheres, 180 

Pair of planes, 58 
Plane, 32 

— equation parallel yz-plano, 32 

— equation of yr-plane, 33 
•— equation in one-point form, 34 

— equation in'perpendicular form, 34 

— equation in three point form, 36 

— equation through a line, 88 

— equation through a line parallel 

to a line, 88 

Plano bisecting angle between given 
planes, 55 


Plane of contact. 176 
Plane section of a sphere, 159 
Point of intersections of a line and a 
cone, 21 

— of a line and central conicoid, 245 

— of a line and a sphere, 167 
Polar plane, of a sphere, 177 

— of a conicoid, 253 
Polar lines, of a sphere, 179 

— of a conicoid, 254 
Pole of a plane, 1 79 
Position vector of a point, 4 
Power of a point, 153 
Principle axes, 245 
Principle planes, 245 
Projection of a point on a line, 12 

— of a segment of a line on another 
line, 12 

— of a straight line joining two 
points on a line, 15 

Prolate spheroid, 244 

Radical centre, 185 
Radical line, 185 
Radical plane, 183 
Reciprocal cone, 218 
Reduction of the non-9ymraetrioal 
form of the line to the symmetrical 
form, 81 
Reflection, 78 
Right circular cone, 202 
Right circular cylinder, 231, 232 

Section formula, 6 

Section with a given centre, 258 

Shortest distance, 96 

— equation and length of, 96 
Simplest oquution of two spheres, 185 
Skew lines, 96 

Sphere, 151 

— central equation of, 152 

— diameter form of equation of, 154 

— four point form of equation of, 156 

— general equation of, 153 

— standard equation of, 151 
Sphere through a circle, 161 
Straight line, 74 
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Straight lino, 74 

— Double point form of equation 

of, 76 

— Non-symmetrical form of equa- 
tion of, 74 

— Symmetrical equation of, 75 
Surface of revolution, 29 
System of planes, 71 

Tangent lines and planes, of central 
conicoid, 246 


Taegent lines and planes, of cone, 212 
— of sphere, 168, 169 
Three mutually perpendicular genera- 
tors, 219 

Tracing of loci, 24 ' 

Transformation formulae, 114 

Vertex of cone, 195 

Volume of tetrahedron, 61, 65, (6 





